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a b s t r a c t
The depletion force can be considered as a special (limiting) case of the oscillatory structural force at short distances between two surfaces. Here, we consider analytical expressions for the structural force in the depletion
zone and compare their predictions with experimental data. In the case of particles that interact as hard spheres,
an expression for the depth of the depletion minimum as a function of the particle volume fraction ϕ is available.
This expression has been used to predict the rise of the contact angle α of plane-parallel foam ﬁlms from nonionic
surfactant solutions with the increase of surfactant concentration — a depletion effect due to the nonionic
micelles, which can be treated as hard spheres. Further, knowing the theoretical α-vs.-ϕ dependence, from the
experimental values of α the micelle aggregation number has been calculated, and the results agree well with
data obtained by other methods. In the case of electrically charged particles, the depletion effect is strongly affected by the soft and long-range electrostatic repulsion. This interplay of electrostatic and depletion effects can be
quantiﬁed by upgrading the Poisson–Boltzmann theory of electric double layer to take into account the presence
of charged particles (macroions). The resulting theoretical model predicts the equilibrium thickness, h0, of planeparallel ﬁlms formed from micellar solutions of ionic surfactants in excellent agreement with the experiment.
© 2014 Elsevier Ltd. All rights reserved.

1. Introduction
One of the ﬁrst observations of depletion effect was reported by
Bondy [1], who detected coagulation of rubber latex in the presence of
polymer molecules in the disperse medium. Asakura and Oosawa [2] explained the observed interparticle attraction by the overlap of depletion
layers at the surfaces of two neighboring colloidal particles. de Hek and
Vrij [3] studied systematically the ﬂocculation of sterically stabilized
silica suspensions in cyclohexane by polystyrene molecules. Patel and
Russel [4] investigated the phase separation and rheology of aqueous
polystyrene latex suspensions in the presence of polymer (Dextran
T-500). It was found [5] that in some cases the stability of dispersions
is due to the balance between electrostatic repulsion and depletion
attraction. Interplay of steric repulsion and depletion attraction was
studied theoretically by van Lent et al. [6] for the case of polymer solution between two surfaces coated with anchored polymer layers.
Joanny et al. [7] and Russel et al. [8] re-examined the theory of depletion
interaction by taking into account the internal degrees of freedom of the
polymer molecules. Their analysis conﬁrmed the earlier results of
Asakura and Oosawa [2]. Evans and Needham [9] measured the depletion energy of two interacting bilayer surfaces in a concentrated
Dextran solution and their results also conﬁrmed the basic paper, Ref.
[2]. The effect of polymer polydispersity on the depletion interaction
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between two plates immersed in a nonadsorbing polymer solution
was studied by the self-consistent-ﬁeld theory [10]. The results showed
that the range of the depletion potential increases, whereas the depth of
the potential decreases with the rise of polydispersity. Synergistic
effects of polymers and surfactants on the depletion forces have been
also examined [11].
Depletion force in a bidisperse granular layer was investigated in experiments and simulations of mixtures of large and small steel spheres
[12]. Sphere/wall and sphere/sphere interactions in a dilute suspension
of inﬁnitely thin rods were numerically calculated [13]. Shear-affected
depletion interactions with disc-shaped particles were experimentally
studied [14]. A detailed review on depletion surface forces can be
found in the book by Lekkerkerker and Tuinier [15].
Foams and emulsions are often formed from solutions which contain
colloidal particles. Such are the micellar solutions of nonionic and ionic
surfactants, where the micelles play the role, respectively, of hard and
charged spheres. In general, the conﬁnement of colloid particles and
surfactant micelles in liquid ﬁlms gives rise to the oscillatory structural
surface force [16,17]. The depletion interaction corresponds to the ﬁrst
minimum of the oscillatory force at small thicknesses, at which the
particles are forced out of the ﬁlm [18,19].
Based on the fact that the depletion force represents a special case of
the oscillatory force, here we consider theoretical expressions for the
oscillatory force in the depletion limit and compare their predictions
with experimental data for the equilibrium thickness and contact
angle of thin foam ﬁlms formed from micellar surfactant solutions. In
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particular, Section 2 is dedicated to the case of particles that interact as
hard spheres, which is an adequate model for uncharged colloidal beads
and nonionic surfactant micelles. The cases of plane-parallel ﬁlms
(Fig. 1a) and two interacting larger particles (Fig. 1b) are considered.
The available analytical expressions are compared with data for foam
ﬁlms from micellar solutions of nonionic surfactants. Likewise, in
Section 3 we present analytical expressions describing electrostatic interactions inﬂuenced by the depletion force in the case of electrically
charged particles. Next, the theoretical predictions are compared with
the experimental equilibrium thicknesses of foam ﬁlms formed from
micellar solutions of ionic surfactants. The developed methodology
can be applied to quantitatively interpret experimental data in many
other systems affected by the depletion surface force.
2. Depletion attraction due to hard spheres and nonionic micelles
2.1. The depletion force as a special case of the oscillatory structural force
The stepwise thinning (stratiﬁcation) of liquid ﬁlms formed from solutions containing surfactant micelles or colloidal (e.g. latex) particles
was interpreted as a layer-by-layer thinning of an ordered structure of
micelles or particles inside the ﬁlms [17,20,21], i.e. with the action of
the oscillatory structural force [16,18,22–24]. At the ﬁnal stage of ﬁlm
thinning, all micelles/particles are forced out of the ﬁlm (Fig. 1a).
Then, the two ﬁlm surfaces experience a depletion attraction due to
the osmotic pressure of the particles in the bulk liquid phase (Plateau
border) around the ﬁlm. In stable ﬁlms, a repulsive force (electrostatic,
steric, etc.) counterbalances the depletion attraction between the ﬁlm

surfaces. The depletion attraction affects the values of the ﬁnal ﬁlm
thickness, h, and contact angle, α (Fig. 1a) — it tends to decrease h and
increase α [25].
As already mentioned, the depletion force is a special case of the
oscillatory structural force for 0 b h/d b 1, where h is the thickness of
the ﬁlm's liquid core and d is the diameter of the particles that create
the osmotic pressure. In superposition with the van der Waals and electrostatic surface forces, the depletion force gives rise to a minimum in
the total interaction energy per unit area W at h/d b1, which can be directly detected by colloidal probe atomic force microscopy (CP-AFM)
[26], as well as by a surface-force apparatus [27]. In experiments with
stratifying ﬁlms, the effect of depletion interaction on the ﬁnal ﬁlm
thickness, contact angle and disjoining pressure can be registered by
using the capillary cell of Scheludko and Exerowa (SE cell) [28] and
the porous-plate cell by Mysels and Jones (MJ cell) [29]; for examples,
see Refs. [25,30]. At low values of the particle volume fraction ϕ, the oscillatory maxima and minima disappear, and the oscillatory structural
force completely degenerates into the depletion force; see Fig. 2a.
2.2. Quantitative theoretical description for hard spheres
In the case of particles and micelles that can be treated as hard
spheres, the oscillatory structural force (and the depletion force as its
special case) has been calculated by using the equations of statistical
mechanics [24,31–33] and numerical simulations [19,34,35]. Simpler,
but quantitative semiempirical expressions have been proposed [18,
36] on the basis of analytical and numerical results for hard sphere
ﬂuids. Here, following Ref. [25] we will present the predictions and application of the model from Ref. [36], which has been successfully tested
against data from Monte Carlo simulations, CP-AFM measurements [37]
and data for stratifying ﬁlms [25]. This model yields the following expressions for the interaction energy per unit area of a plane-parallel
ﬁlm due to the oscillatory force, Wosc [36]:
2

W osc d2
p d3 
^ − 2σ hs d ; for 0≤ hb1
^
¼ − hs
1−h
kT
kT
kT

ð1Þ
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W osc d
^ þ φ e−qh^ þ w eδð1−h^Þ ; for h≥1:
^
¼ w0 cos ω h
1
1
kT

ð2Þ

Here, ĥ = h/d is the dimensionless surface-to-surface distance; d is
the micelle diameter; k is the Boltzmann constant and T is the absolute
temperature; phs is the pressure of a hard-sphere ﬂuid expressed
through the Carnahan–Starling formula [38], and σhs is the scaledparticle-theory [39] expression for the excess surface free energy of a
hard-sphere ﬂuid:
3

Fig. 1. (a) Sketch of a liquid ﬁlm of thickness h, which is formed from a solution that
contains uncharged colloidal spheres of diameter d; at h b d the ﬁlm does not contain
any particles. (b) The depletion zone between two larger particles of radius R is the region
of contact, where the smaller colloidal spheres cannot penetrate.
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The parameters w0, ω, φ1, q, w1 and δ in Eq. (2) are known functions
of the hard-sphere (micelle) volume fraction, ϕ; see, e.g., Eqs. (8)–(16)
in Ref. [37]. In particular, the parameters w0, ω, and q characterize,
respectively, the amplitude, period and decay length of the oscillations.
Fig. 2a shows the dependence of the dimensionless energy
Woscd2 / (kT) on h/d calculated from Eqs. (1)–(4) for three different
particle volume fractions, ϕ = 0.15, 0.26 and 0.38. At the lowest
volume fraction, ϕ = 0.15, the amplitude of the oscillatory maxima
and minima is rather small and the interaction energy is dominated
by the depletion minimum at h/d b1. At the greater values of ϕ, the
amplitude of decaying oscillations at h/d N1 increases considerably,
and the depletion minimum of Wosc becomes deeper.
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Here, h is the shortest surface-to-surface distance between the two
spheres of radius R and h is an integration variable. The substitution of
Wosc from Eqs. (1) and (2) into Eq. (5) leads to an analytical expression
for Uosc(h,ϕ) (see Ref. [25]), which has been used to calculate the curves
in Fig. 2b. In particular, the depth of the depletion minimum, Udep =
Uosc(0,ϕ), is given by the expression:
U dep ðϕÞd
πd2
¼−
ðp d þ 4σ hs Þ þ uosc ð1; ϕÞ
kTR
2kT hs

ð6Þ

where phs and σhs are given by Eqs. (3) and (4), and
uosc ð1; ϕÞ ¼

Fig. 2. (a) Plot of the dimensionless energy of the oscillatory structural force per unit area of
the ﬁlm, Woscd2 / (kT), calculated from Eqs. (1)–(4), vs. the dimensionless ﬁlm thickness h/d.
(b) Plot of the dimensionless energy of interaction between two particles, Uoscd/(kTR) vs. h/d,
calculated from Eq. (5). (c) Comparison of the dependencies of Wdep and Udep on the volume
fraction ϕ of the small particles.

The contribution of the oscillatory structural force to the energy
(Uosc) of interaction between two colloidal spheres, which are immersed in a ﬂuid of smaller colloidal spheres of diameter d (Fig. 1b),
can be calculated by integrating Wosc(h,ϕ) in accordance with the
Derjaguin's approximation [40]:
Z∞
U osc ðh; ϕÞ ¼ πR
h



W osc h; ϕ dh:

ð5Þ

−q

πw0 e
½q cosðω þ φ1 Þ−ω sinðω þ φ1 Þ:
ω 2 þ q2

ð7Þ

Note that the conﬁgurations shown in Fig. 1a and b correspond to
interactions described by Eqs. (1)–(2) and (5)–(6), respectively.
As illustrated in Fig. 2b, the amplitude of the oscillations markedly
increases with the rise of ϕ, the ﬁrst maximum always having the
greatest amplitude. At lower ϕ, the depletion minimum, Udep =
Uosc(0,ϕ), is the deepest one as compared with the oscillatory minima
at greater h values. At ϕ = 0.26, its depth (characterized by the algebraic
value of Udep) is the maximal: Udepd/(kTR) = −0.64. For ϕ N 0.26, Udep
increases, and for ϕ N 0.37 it becomes positive. Nevertheless, the depletion minimum always leads to particle aggregation because the ﬁrst
oscillatory maximum serves as a high barrier to particle detachment.
In Fig. 2c, the non-monotonic dependence Udep vs. ϕ is compared
with the monotonic dependence of Wdep ≡ Wosc(0,ϕ) on ϕ. At close
contact between the two surfaces (for a thin ﬁlm without particles/
micelles), the depth of the depletion minimum, |Wdep (ϕ)|, is an
increasing function of ϕ, in agreement with the experiment [26].
Physically, this means that the depletion attraction (due to the sucking
osmotic pressure engendered by the particles in the bulk phase) increases with the rise of ϕ. In contrast, because Udep(ϕ) is an integral of
Wosc(h,ϕ), see Eq. (5), it contains contributions not only from the depletion zone (0 b h/d b 1), but also from the oscillatory zone (h/d N 1), thus
including zones of negative and positive Wosc. Physically, this is due to
the fact that the gap between two spherical particles (Fig. 1b) has a
non-uniform thickness, where the local excess pressure could be either
attractive or repulsive depending on the local thickness. For this reason,
it is not obvious whether the attraction or repulsion will prevail in the
integral interaction energy between two spherical particles in contact,
Udep(ϕ). Fig. 2b shows that both cases (Udep b 0 and Udep N 0) are possible depending on the value of ϕ [25]. The non-monotonic behavior of
the depletion-minimum depth Udep(ϕ) predicted by the semiempirical
model, Eqs. (1)–(4), needs to be validated by independent methods, e.g.
computer simulations.
The applicability of the Derjaguin approximation to calculate depletion forces is sometimes called into question. To clarify this point, here
we brieﬂy recall the derivation of the Derjaguin's formula and the
used approximations. After White [41], we consider the general case
of two curved (not necessarily spherical) surfaces. The goal is to
calculate the energy of interaction, U(h), between two curved surfaces
(e.g. the two particles in Fig. 1b) using the expression for the interaction
energy per unit area of a plane-parallel ﬁlm, W(h). The latter is the work
to bring the two ﬁlm surfaces from inﬁnity to a ﬁnite separation h.
Derjaguin proposed the formula [40,42]:
Z∞ Z∞
U¼

W ðhðx; yÞÞ dxdy

ð8Þ

−∞ −∞

h(x,y) is the running distance between the two curved surfaces in the
contact zone; the integration is carried out over the midplane between
the two particles, and (x,y) are Cartesian coordinates in the midplane.
The energy W(h) must decay sufﬁciently rapidly with distance h so
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that contributions to U are insigniﬁcant from area elements very far
from the zone of close contact. Furthermore, using the fact that the
two smooth curved surfaces can be approximated by paraboloids in
the contact zone, h(x,y) can be expressed in the form [41–43]:
1
2

2

1 0 2
2

h ¼ h0 þ c x þ c y

ð9Þ

surfactant adsorption layers. Insofar as the steric repulsion can be
modeled as hard wall repulsion, the contact angle α of the foam ﬁlm
(Fig. 1a) is determined by a superposition of the van der Waals and
depletion attraction [25,45]:
cosα ¼ 1 þ

W vw þ W dep ðϕÞ
2σ

ð15Þ

where c and c′ are coefﬁcients depending on the surface geometry in
the contact zone. Next, polar coordinates (ρ,φ) are introduced in the
xy-plane:

σ is the solution's surface tension; Wvw is the energy of van der Waals
interaction per unit area of the ﬁlm [16]:

ρ
x ¼ pﬃﬃﬃ cosφ;
c

W vw ¼ −

ρ
y ¼ pﬃﬃﬃ0ﬃ sinφ:
c

ð10Þ

Z2π Z∞
0

0

ð16Þ

h0 is the ﬁnal thickness of the ﬁlm; AH is the Hamaker constant; as
before Wdep = Wosc(0,ϕ) is the energy of the depletion interaction per
unit area of the ﬁlm [25]:

Then, Eq. (8) acquires the form:

U¼

AH
12π h20

ρdρdφ
W ðhðρÞÞ pﬃﬃﬃﬃﬃﬃ0
cc

ð11Þ
W dep ðϕÞ ¼ −

6kT
ϕ
π d2 ð1−ϕÞ3

!
ϕ ϕ2
3
1− − −ϕ :
2
2

ð17Þ

2

where h = h0 + 12ρ (the dimension of ρ is m1/2). Integrating with
respect to φ and using the relationship dh = ρ dρ one ﬁnally obtains
[41]:
2π
U ðh0 Þ ¼ pﬃﬃﬃﬃﬃ0ﬃ
cc

Z∞
W ðhÞdh;

ðinteraction energyÞ:

ð12Þ

h0

Mathematically, one can derive [41–43]

 0

0
0
0
0 0
2
0
2
cc ¼ c1 c1 þ c2 c2 þ c1 c2 þ c1 c2 sin ω þ c1 c2 þ c1 c2 cos ω:

ð13Þ

Here, c1 and c1′ are the principal curvatures of the ﬁrst surface, whereas
c2 and c2′ are the principal curvatures of the second surface in the
contact zone; ω is the angle subtended between the directions of the
principle curvatures of the two surfaces in this zone. It was conﬁrmed
both theoretically [32] and experimentally [44] that Eq. (12) provides a
good approximation for the interaction energy in the range of its validity.
For two spherical particles of radius R separated at a surface-tosurface distance h0 (Fig. 1b) one has c1 = c1′ = c2 = c2′ = 1/R. Then,
from Eqs. (12) and (13) we obtain Eq. (5).
For two crossed cylinders used in the surface force apparatus [16],
i.e. for two inﬁnitely long rods of radii r1 and r2 separated at a transversal
surface-to-surface distance h0 and subtending an angle ω, one has c1 =
1/r1, c1′ = 0, c2 = 1/r2 and c2′ = 0. Then, Eqs. (12) and (13) lead to
U ðh0 Þ ¼

pﬃﬃﬃﬃﬃﬃﬃﬃﬃ Z∞
2π r 1 r 2
W ðhÞdh
sinω

ðtwo cylindersÞ:

ð14Þ

h0

Because of the general mechanical (phenomenological) approach
used for its derivation, the generalized Derjaguin's formula, Eq. (12), is
applicable to any type of force law (attractive, repulsive, oscillatory) if
only (i) the range of the forces and (ii) the surface-to-surface distance
are much smaller than the surface curvature radii [41]. This formula is
applicable to any kind of surface force, irrespective of its physical origin:
van der Waals, electrostatic, steric, oscillatory-structural, depletion, etc.
2.3. Effect of depletion forces on the contact angles of foam ﬁlms
As an illustrative example for the application of the above theoretical
model, let us consider a foam ﬁlm formed from a micellar solution of
nonionic surfactant. At the ﬁnal stage of ﬁlm thinning, no micelles are
present in the ﬁlm (Fig. 1a), but the osmotic effect of the micelles in
the Plateau border gives rise to attraction between the ﬁlm surfaces,
which is counterbalanced by the steric repulsion between the two

Eq. (17) follows from Eqs. (1), (3) and (4) for h = 0 and corresponds
to the depletion minimum. In agreement with the experiments (see
Table 1), Eqs. (15) and (17) indicate that the contact angle should
increase with the rise of ϕ in the whole interval 0 ≤ ϕ ≤ 0.494. The
upper limit ϕ = 0.494 corresponds to the Kirkwood–Alder–Wainwright
phase transition in a hard-sphere ﬂuid [46,47]. For micelles of diameter
d, the micelle volume fraction ϕ is related to the total surfactant concentration, C s, and the micelle aggregation number, Nagg , by the
equation [25]:
Nagg ¼

π d3 C s −CMC
ϕ
6

ð18Þ

where CMC denotes the critical micellization concentration. From
the experiment, we know Cs, CMC and d, whereas ϕ is unknown. In
particular, d can be determined by dynamic light scattering, or
estimated as the doubled length of the surfactant molecule. Nagg is
expected to slightly increase with the rise of Cs [48].
Under such circumstances, the predictions of the model of depletion
interaction can be veriﬁed in the following way. First, for given experimental values of the contact angle α and the ﬁnal ﬁlm thickness h0,
we calculate the micelle volume fraction, ϕ from Eqs. (15)–(17). Second,
the determined ϕ is substituted in Eq. (18) and the obtained Nagg is
compared with experimental data for the micelle aggregation number.
Table 1 shows data for α and h0 measured by an SE cell for foam ﬁlms
from micellar solutions of the nonionic surfactants Brij 35 and Tween
20. Because h0 is an equivalent water thickness of the ﬁlm determined
interferometrically [25,28,30], the value of the Hamaker constant for
water, AH = 3.7 × 10− 20 J [16], is to be used in Eq. (16). The other
parameter values are as follows: d = 8.8 nm and CMC = 9 × 10−5 M
for Brij 35, and d = 7.2 nm and CMC = 5 × 10−5 M for Tween 20. The
Table 1
Experimental data from [25] for the ﬁnal ﬁlm thickness h0 and contact angle α of ﬁlms
from micellar solutions of the nonionic surfactants Brij 35 and Tween 20, and calculated
micelle bulk volume fraction ϕ and aggregation number Nagg (details in the text).
Cs (mM)

h0 (nm)

α (deg)

ϕ

Nagg

Brij 35
10
50
80
100

14
13
12.5
12

0.87
1.64
2.24
2.65

0.033
0.163
0.257
0.315

65
66
67
69

Tween 20
80
100

10.4
10.2

1.87
2.09

0.135
0.167

70
70
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last two columns of Table 1 show the values of ϕ and Nagg determined as
explained in the previous paragraph. The obtained Nagg is in good agreement with literature data and molecular-size estimates; see Ref. [25] for
details. These results conﬁrm the adequacy of the described model of
depletion attraction in a hard-sphere ﬂuid.
3. Depletion attraction due to charged particles and micelles
3.1. Electrostatic interactions inﬂuenced by the depletion effect
Here, we consider the occurrence of the depletion effect with
charged particles, including micelles of ionic surfactants. In this case,
the hard-core repulsion is replaced with the soft and long-range electrostatic repulsion, which is acting between each two particles; between
the particles and the ﬁlm surface, and between the two surfaces of the
liquid ﬁlm. We are dealing with electrostatic interactions inﬂuenced
by the depletion effect.
Fig. 3 represents a sketch of a liquid ﬁlm formed from a solution
containing charged particles. The two main differences with the case
of uncharged particles are as follows. Firstly, the main contribution in
the osmotic pressure is due to counterions dissociated from the charged
particles (micelles), rather than to the particles themselves.
Secondly, because of the powerful repulsion between the two likecharged ﬁlm surfaces, the ﬁnal (equilibrium) ﬁlm can be considerably
thicker than the micelle diameter. For example, Fig. 4a shows data for
the evolution of the thickness of foam ﬁlms formed from micellar
solutions of sodium dodecyl sulfate (SDS). The thickness undergoes
stepwise transitions (stratiﬁcation) due to the oscillatory structural
force. The steps of thickness h0, h1 and h2 correspond to states of the
ﬁlm in which it contains, respectively, n = 0, 1 and 2 layers of micelles.
In particular, at 50 mM SDS the equilibrium thickness of the ﬁlm is h0 =
17.3 nm, whereas the hydrodynamic diameter of the SDS micelle is
4.6 nm [49]. In such a case, the expulsion of the micelles from the ﬁlm
interior (the depletion effect) is due to the long-range electrostatic
repulsion, rather than to the hard-core effect (as in Fig. 1a). Because
the electrostatic repulsion is soft, some micelles can penetrate into the
ﬁlm (Fig. 3) driven by the entropy of mixing. However, at h = h0 the micellar concentration in the ﬁlm is much lower than that in the neighboring bulk liquid phase [49].
For h b h1 (in the depletion zone) the disjoining pressure in the ﬁlm
can be presented in the form
∏ðhÞ ¼ ∏el ðhÞ þ ∏vw ðhÞ

ð19Þ

Fig. 4. (a) Experimental stepwise thinning of a foam ﬁlm formed from a micellar SDS
solution in an SE cell [49]. (b) Comparison of the calculated Π(h) dependences in the
depletion zone (the solid lines) with experimental data obtained by an MJ cell [50]; the
equilibrium thickness h0 is determined from the equation Π(h0) = Pc. (c) Plots of h0 vs.
Cs; the points are experimental values; the solid lines are predicted by the theory without
using any adjustable parameters [49]; details in the text.

where Πel represents the contribution of the electrostatic interaction inﬂuenced by the depletion effect, whereas Πvw is the van der Waals component of disjoining pressure:
Fig. 3. Sketch of a liquid ﬁlm of thickness h, which is formed from a solution containing
charged colloidal particles (e.g. ionic surfactant micelles). The main particle contribution
to the osmotic pressure is due to counterions (depicted as dots) dissociated from the particles. P1 and P2 are the pressures in the aqueous suspension and in the air (oil), whereas Π
is the additional “disjoining” pressure acting per unit area of the ﬁlm surface.

∏vw ðhÞ ¼ −

AH
6πh3

ð20Þ
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Πel is equal to the difference between the osmotic pressures in the
midplane of the ﬁlm and in the bulk solution [16,49]:
∏el ¼ ðP osm Þmidplane −ðP osm Þbulk :

ð21Þ

The bulk osmotic pressure can be estimated from the expression [49]:
h
i
ðP osm Þbulk ¼ kT 2ðc1 þ c3 Þ þ ðZ þ 1Þcp :

ð22Þ

The ﬁrst term in the brackets in Eq. (22) expresses the contributions
from the background electrolyte. In the case of micellar solution of an
ionic surfactant, c1 is the bulk concentration of surfactant monomers;
c3 is the bulk concentration of coions from the added electrolyte (if
any), and the multiplier 2 stands for their counterions; 1:1 electrolytes
are assumed. The second term in the brackets is the contribution of
the particles/micelles (cp) and of the counterions dissociated from
them (Zcp); Z is the number of elementary charges per particle/micelle.
Likewise, the osmotic pressure in the middle of the ﬁlm can be estimated using the Boltzmann law for the concentrations of ions in electric
ﬁeld [49]:
h


i
Φ
−Φ
Φ
−ZΦm
: ð23Þ
ðP osm Þmidplane ¼ kT ðc1 þ c3 Þ e m þ e m þ Zcp e m þ cp e
Here, Φm = e|ψm|/(kT) is the dimensionless electric potential in the
ﬁlm midplane; ψm is the respective dimensional potential and e is the
magnitude of the elementary electric charge. The contribution of the
depletion effect to Πel can be identiﬁed with the terms proportional to
cp in Eqs. (22) and (23).
As mentioned above, the predominant contribution of the charged
particles to Posm is due to counterions dissociated from their surfaces.
The effect of the ﬁnite particle volume, which is important for
uncharged particles, becomes negligible for charged particles. To demonstrate that, let us expand the fraction in Eq. (3) in series for small ϕ.
The second term in this expansion, 4kTcpϕ where cp = 6ϕ/(πd3), gives
the contribution of the ﬁnite particle volume to the osmotic pressure.
On the other hand, the osmotic contribution of the “point” particles
and their counterions to Eq. (22) is (Z + 1)kTcp. The ratio of these two
terms, 4ϕ/(Z + 1), is a small quantity. For example, using parameter
values for SDS from Eq. (18) one estimates ϕ ≈ 0.05 for micelles of hydrodynamic diameter d = 4.8 nm and aggregation number Nagg = 65 in
100 mM SDS solution. With Z = 35, this yields 4ϕ/(Z + 1) = 5.6 × 10−3,
i.e. the osmotic effect of the micelle ﬁnite volume is really negligible as
compared with the osmotic effect of the “point” particle and the dissociated counterions.
3.2. Comparison of theory and experiment
The theory of electrostatic interactions inﬂuenced by the depletion effect can be veriﬁed by comparing its predictions with the
experimental dependence of the ﬁnal thickness of foam ﬁlms, h0 ,
on the total surfactant concentration, Cs , for micellar solutions of
ionic surfactants [49]. Theoretically, h0 can be determined as a solution of the equation

∏ðh0 Þ ¼ P c

ð24Þ

where Π is given by Eqs. (19)–(23) and Pc is a constant parameter —
the capillary pressure, which is known from the experiment. The
Laplace pressure of the curved meniscus is Pc = P2 − P1, where P2
and P1 are the pressures in the air (oil) and in the aqueous suspension; see Fig. 3. As illustrated in this ﬁgure, the force balance per
unit area of the ﬁlm surface reads P2 = P1 + Π, which is equivalent
to Eq. (24).

In view of Eq. (23), to ﬁnd the dependence Π(h0), we have to determine the dependence Φm(h). For that purpose, we have to integrate the
Poisson–Boltzmann equation, which can be presented in the form:
h

i
d Φ
Φ
−ZΦ
:
¼ 4πLB 2ðc1 þ c3 Þ sinhΦ þ Zcp e −e
2
dx
2

ð25Þ

The x-axis is perpendicular to the ﬁlm surfaces and x = 0 corresponds to the ﬁlm midplane; Φ = e|ψ|/(kT) is the dimensionless electric
potential; ψ is the respective dimensional potential; LB = e2/(4πεε0kT) is
the Bjerrum length, which is equal to 0.72 nm for water at 25 °C. From
Eq. (25), using two subsequent integrations one can derive [49,50]:
1=2 e

ð2πLB Þ

ZΦs

h¼

½ F ðΦ; Φm Þ

−1=2

dΦ

ð26Þ

Φm



Φ
Φ
F ðΦ; Φm Þ ¼ 2ðc1 þ c3 Þð coshΦ− coshΦm Þ þ Zcp e −e m


−ZΦ
−ZΦm
þ cp e
−e

ð27Þ

where e
h ¼ h−ha is the thickness of the aqueous core of the ﬁlm; h is the
total ﬁlm thickness, including the two surfactant adsorption layers, each
of them of thickness ha/2; Φs is the dimensionless electrostatic potential
at the ﬁlm surface; Φs can be determined from the ﬁrst integral of the
Poisson–Boltzmann equation [49,50]:

1=2
Γ1
1
¼
F ðΦs ; Φm Þ
:
2πLB
1 þ K St γ  c2 expΦs

ð28Þ

Γ1 is the adsorption (surface density) of surfactant molecules at the
air/water interface; c2 = c1 + c3 + Zcp is the bulk concentration of
free counterions. The left-hand side of Eq. (28) represents the ﬁlm surface charge density expressed through the Stern equation of counterion
binding, whereas the right-hand side of Eq. (28) represents the same
quantity expressed through the Gouy equation for the ﬁlm, which
relates the surface charge with the surface potential; γ± is the activity
coefﬁcient; for details, see [49]. The term with KSt in Eq. (28) accounts
for the effect of counterion binding at the ﬁlm surface, which decreases
the effective surface charge. The adsorption at CMC, Γ1 = 2.41 × 1018
molecules/m2 and the Stern constant, KSt = 0.653 M− 1 have been
determined from ﬁts of surface-tension isotherms for SDS [49].
It is convenient to calculate the Πel(h) dependence in parametric
form: Πel = Πel(Φm) and h = h(Φm). For known c1, c3, cp, and Z
(Z ≈ 35 for SDS micelles), and for a given Φm, we calculate Πel(Φm)
from Eqs. (21)–(23). Next, from Eqs. (26) and (27) we calculate the dependence h(Φm), where Φs is determined from Eq. (28). Furthermore,
Π = Πel + Πwv is calculated using Eq. (20). By variation of Φm, we
ﬁnd the value of this quantity, for which Π = Pc, i.e. Eq. (24) is satisﬁed.
The respective value of h = h0 is the equilibrium ﬁlm thickness.
As an illustration, in Fig. 4b we compare the theoretical disjoining
pressure isotherm Π(h) in the depletion zone, calculated as described
above, with the experimental Π(h) isotherm independently measured
by means of an MJ cell at two SDS concentrations, Cs = 30 and 50 mM
[50]. The theoretical curves agree very well with the experiment; no
adjustable parameters have been used. In accordance with Eq. (24),
the intersection points of the horizontal line Π = Pc = const. with the
Π(h) curves determines the equilibrium ﬁlm thickness, h0. For the considered experiments, the capillary pressure value is Pc = 52 Pa [50].
In this way, one can calculate h0 for various total surfactant concentrations, Cs. As seen in Fig. 4c, the theoretical h0 vs. Cs dependencies are in excellent agreement with experimental data for three surfactants: SDS,
CTAB (cetyl trimethylammonium bromide) and CPC (cetylpyridinium
chloride); no adjustable parameters have been used.
The excellent agreement between theory and experiment can be utilized to solve the reverse problem, viz. to determine the micelle charge Z
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from the measured ﬁnal ﬁlm thickness, h0. This approach has been used
in Ref. [50] to ﬁnd the values of Z at various concentrations of six different surfactants. Furthermore, one can determine the degree of micelle
ionization, αmic = Z/Nagg. For ionic surfactants, the aggregation number
Nagg can be calculated from the height of the step, Δh, determined in the
same ﬁlm-stratiﬁcation experiment, as in Fig. 4a:
3

Nagg ¼ ðC s −CMCÞðΔhÞ :

ð29Þ

In Eq. (29), Cs and CMC have to be expressed as number of molecules
per unit volume. The values of Nagg determined from Eq. (29) are in very
good agreement with aggregation numbers determined by other
methods; see Refs. [30,49,50] for details.
The above quantitative approach can be used to determine the
disjoining pressure Π(h) and ﬁlm thickness h in the depletion zone,
0 b h b h1. Unfortunately, in the case of electrically charged particles analytical theory for Π(h) in the zone of the oscillatory structural force,
h ≥ h1, has not yet been developed. For this reason, there are no analytical expressions for the energy per unit ﬁlm area, W(h), and the interaction energy between two particles, U(h), which represent integrals of
Π(h) over the whole range of ﬁlm thicknesses, including both the depletion and oscillatory zones. For h ≥ h1, only numerical results obtained by
Monte Carlo simulations are available [51,52].
In the case of charged particles, the upper limit of the depletion zone,
h1, can be identiﬁed as the experimental thickness of the stratiﬁcation
step with one layer of micelles in the ﬁlm; see Fig. 4a. Theoretically,
this limit can be estimated as h1 = h0 + deff, where deff is the effective
diameter of the charged micelle (particle) given by Eq. (3) in Ref. [50],
and h0 can be determined as described above.
4. Summary and conclusions
The conﬁnement of colloidal particles between two surfaces gives
rise to the oscillatory structural surface force. The depletion force represents a special (limiting) case of the structural force at short distances
between the two surfaces. Here, we consider analytical expressions for
the structural force in the depletion zone and compare their predictions
with experimental data.
The analytical semiempirical model of structural force [36], which is
based on the expressions by Carnahan–Starling [38] and scaled-particle
theory [39] for hard sphere ﬂuids, has been used to derive an expression
for the depth of the depletion minimum, Wdep, as a function of the
particle volume fraction, ϕ; see Eq. (17). This expression can be used
to predict the rise of the contact angle, α, of plane-parallel foam ﬁlms
from nonionic surfactant solutions with the increase of surfactant
concentration. The effect is due to the depletion effect of the nonionic
surfactant micelles, which can be treated as hard spheres. Further,
knowing the theoretical α-vs.-ϕ dependence, from the experimental
values of α the micelle aggregation number, Nagg, was calculated. The results compare very well with values of Nagg obtained by other methods
(see Table 1). In this way, the applicability of the considered model of
the oscillatory structural force to calculate the depletion force is
conﬁrmed for the case of particles that interact as hard spheres.
In the case of electrically charged particles, the depletion effect is
strongly affected by the soft and long-range electrostatic repulsion. In
this case, the osmotic effect of the ﬁnite particle volume becomes negligible in comparison with the osmotic effect of the counterions dissociated from the particles. The interplay of electrostatic and depletion
effects can be quantiﬁed by upgrading the Poisson–Boltzmann theory
of electric double layer to take into account the presence of charged particles (macroions). The contribution of the depletion effect can be identiﬁed with the terms containing the particle concentration, cp; see
Eqs. (21)–(23). The resulting theoretical model predicts the equilibrium
thickness, h0, of plane-parallel foam ﬁlms formed from micellar solutions of ionic surfactants in excellent agreement with the experiment
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(Fig. 4c). Further efforts are necessary to quantify the depletion effect
for non-planar charged surfaces.
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