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ABSTRACT: Monolayers from electrically charged micrometer-sized silica particles, spread on the air/water interface, are
investigated. Because of the electrostatic repulsion, the distances between the particles are considerably greater than their
diameters, i.e., we are dealing with nondensely packed interfacial layers. The electrostatic repulsion between the particles occurs
through the air phase. Surface pressure vs area isotherms were measured by Langmuir trough, and the monolayers’ morphology
was monitored by microscope. The mean area per particle is determined by Delaunay triangulation and Voronoi diagrams. In
terms of mean area, the surface pressure for monolayers from polydisperse and monodisperse particles obeys the same law. The
experiments show that Π ∝ L−3 at large L, where Π is the surface pressure and L is the mean interparticle distance. A theoretical
cell model is developed, which predicts not only the aforementioned asymptotic law but also the whole Π(L) dependence. The
model presumes a periodic distribution of the surface charge density, which induces a corresponding electric ﬁeld in the air phase.
Then, the Maxwell pressure tensor of the electric ﬁeld in the air phase is calculated and integrated according to the Bakker’s
formula to determine the surface pressure. Thus, all collective eﬀects from the electrostatic interparticle interactions are taken
into account as well as the eﬀects from the particle ﬁnite size. By evaporation of water, the particle monolayers are deposited on a
solid substrate placed on the bottom of the trough. The electrostatic interparticle repulsion is strong enough to withstand the
attractive lateral capillary immersion forces that are operative during the drying of the monolayer on the substrate. The obtained
experimental results and the developed theoretical model can be useful for prediction and control of the properties of nondensely
packed interfacial monolayers from charged particles that ﬁnd applications for producing micropatterned surfaces.

1. INTRODUCTION
The electrostatic repulsion in monolayers of charged micrometer-sized particles on an air/water or oil/water interface
leads to interparticle distances which are considerably greater
than particle diameters,1−3 i.e., we are dealing with nondensely
packed colloidal layers.4 During the past decade, such
monolayers have been investigated in view of their use for
producing micropatterned surfaces with applications for
antireﬂective and superhydrophobic coatings,4−6 microlens
arrays,7,8 and structures in biosensing and bioengineering,9,10
in relation to their importance for the interactions in Pickering
emulsions,11−14 and for phase-transfer catalysis.15,16
The ﬁrst surface-pressure measurements with nondensely
packed interfacial monolayers have been carried out with latex
particles.1−3 Aveyard et al.3 derived an analytic formula for the
© 2014 American Chemical Society

electrostatic surface pressure vs trough area, which agrees well
with experimental data over a wide range of surface pressures.
In subsequent studies with laser tweezers it was established that
the electrostatic interparticle forces obey the law of dipole−
dipole interactions throughout the nonpolar ﬂuid (oil, air).17
This interaction can be due to charges located at both the
particle/nonpolar-ﬂuid17 the and particle/water18 interfaces.
Nondensely packed particle monolayers have been investigated
at oil/water19,20 and air/water4,21 interfaces. The eﬀect of
applied external electric ﬁeld on the monolayer’s morphology22
and instabilities due to collective eﬀects engendered by longReceived: January 10, 2014
Revised: February 21, 2014
Published: February 24, 2014
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range capillary forces23,24 have been also studied. The particle
monolayer could be transferred onto a solid substrate via the
vertical Langmuir−Blodgett deposition or the horizontal
Langmuir−Schaeﬀer deposition.25,26 To prevent damaging of
the nondensely packed layer by the lateral capillary forces, a
horizontal deposition on a substrate covered by an adhesive
polymer layer was used.27
Our ﬁrst goal in the present study was to investigate whether
the surface pressure isotherm, Π(α) (with α being the surface
area per particle), obeys the same law for monodisperse and
polydisperse charged particles. For polydisperse particles, α can
be determined as an average value by Delaunay triangulation
and construction of Voronoi diagrams.28 The results showed
that the Π(α) dependences are really similar for polydisperse
and monodisperse particles. In both cases, the surface pressure
exhibits a wide asymptotic region with Π ∝ L−3 (at large L),
where L ≡ α1/2 is the characteristic interparticle distance within
the monolayer. The only available theoretical model3 for the
surface pressure of a monolayer from charged particles
asymptotically predicts a diﬀerent power law, viz. Π ∝ L−5 at
large L. Thus, our next goal was to construct a theoretical
model which yields an asymptotic dependence Π ∝ L−3, in
agreement with the experiment. The obtained Π(L) dependence describes very well the experimental surface pressure
isotherms at all interparticle separations, not only at large L.
Deposition of the produced nondensely packed interfacial
monolayers on a solid plate has been also attempted. The
intriguing point is whether the electrostatic repulsion between
the particles is strong enough to withstand the powerful
attractive lateral capillary immersion force that appears upon
the particle conﬁnement in a liquid ﬁlm on the substrate.29 The
results from the measurements are reported and discussed in
section 3, whereas the theoretical model is developed and
tested against experimental data in section 4.

2. MATERIALS, METHODS, AND PROCEDURES
2.1. Preparation of Electrically Charged Particles. In our
experiments, we used silica particles Excelica UF305 produced by
Tokuyama Corp., Japan, by melting of synthetic SiO2. The particles
were spherical but polydisperse. During the cleaning procedure (see
below), the smallest Brownian particles were removed. The diameters
of 7300 particles spread on the air/water interface were measured.
Following a procedure described elsewhere,30 the experimental
cumulative function was ﬁtted with the log-normal distribution. The
curve corresponding to the best ﬁt is shown in Figure 1a. The
maximum corresponds to Rp = 1.92 μm. The radii of 50% of the
particles belong to the interval 1.56 ≤ R ≤ 2.37 μm; for details, see eq
S1, Supporting Information, and the related text in Appendix A,
Supporting Information.
Before an experiment, the particle surfaces were cleaned following
procedures proposed elsewhere.31,32 First, the particles were placed in
sulfochromic acid for 2 h. Next, they were abundantly rinsed with
water. The particles were separated from the water by centrifugation at
5000 rpm for 3 min. The rinsing was repeated three times. Next, the
particles were placed in 0.01 M NaOH solution for 6 h. Afterward,
they were rinsed with deionized water and left for 40 min to sediment.
Further, the water phase was removed together with the smallest
(Brownian) particles. Finally, the particles were dried for 16 h at 80
°C.
The particles were hydrophobized by the following procedure:19,33
1 g of the cleaned and dried particles was placed in 30 g of a solution
of dichlorodimethylsilane (DCDMS, 99.5%, Fluka) in cyclohexane.
The closed glass beaker with solution + particles was sonicated in an
ultrasonic bath. This was executed for 40 min as a cyclic process: (i)
sonication until the temperature of the water bath reached 40 °C
followed by (ii) ceasing of sonication and cooling to room

Figure 1. (a) Size distribution of the used particles and its ﬁt with a
log-normal distributionthe solid line. (b) Illustrative size distribution
of the areas per particle at a given degree of compression for particles
of surface age 17 days. (c) Plot of the determined mean area per
particle, α, vs the area between the barriers, A, for particles of three
diﬀerent surface ages denoted in the ﬁgure.

temperature, etc. Further, the particles were rinsed once with pure
cyclohexane, twice with chloroform, and, ﬁnally, once with absolute
alcohol. The rinsing with a given solvent includes 15 min treatment in
an ultrasonic bath, followed by centrifugation to separate the particles
from the serum. After the last rinsing, the particles were ﬁrst dried in a
vacuum drier and next for 40 min at 110 °C. If such dried particles are
placed on the surface of water, they repel each other as visible from the
considerable distances between them. By placing a needle-shaped
electrode above the monolayer, we established that the particles are
negatively charged. A possible reason for these surface charges could
be adsorption of ions from the air on the particles during drying. It is
known that the air contains 200−800 negative ions per cm3 at normal
fair weather.34
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particle in the monolayer, α, was determined at diﬀerent stages of
compression, characterized by the total area between the barriers, A.
For this goal, the size distribution of the areas per particles was
determined (see Figure 1b), and α was calculated as an arithmetic
mean value. The data for α were plotted vs A (Figure 1c) to verify
whether the number of particles at the interface is constant during
compression of the monolayer, i.e., whether particles do not desorb in
the subphase upon compression, which has been observed by other
authors.35
Figure 2a shows a typical video frame of a particle monolayer, which
has been obtained at compression to surface area A = 25.6 cm2 for a

The prepared charged particles were stored in a closed beaker with
20 mL of isopropyl alcohol (IPA). The storage time is cited below as
surface age of the particles. Before each experiment, the glass beaker
with the particle suspension in IPA was sonicated in a water bath.
Afterward, a portion of the suspension was taken with a pipet and
spread on the surface of water in the Langmuir trough. The IPA
evaporates, and a particle monolayer is deposited on the water surface.
To estimate the particle contact angle, we carried out experiments
with water drops on ﬁnely polished ﬂat plates of fused quartzthe
same material as that of the particles. The plates were subjected to the
same procedure of cleaning and hydrophobization as the particles. The
air/water/plate contact angle was measured with drops from deionized
water deposited on the substrate by a vertical syringe using the dropshape method with an apparatus DSA30 (Krüss GmbH). The average
contact angle, determined from 10 independent runs, was 85.4° ±
1.5°.
Using silica particles hydrophobized by the same procedure, it has
been established19 that the interparticle repulsion is insensitive to
whether the dried particles are placed on the surface of deionized
water or on 1 M NaCl solution. This result means that the electric ﬁeld
is created by charges at the particle/nonpolar ﬂuid interface. An
analogous experiment was carried out with our hydrophobized
particles. First, the particles were spread on the surface of deionized
water and Π(A) isotherms were measured (A is the surface area).
Next, with the help of two syringes the water was replaced with 100
mM aqueous NaCl solution and Π(A) isotherms were measured again,
with the same particle monolayer. Interestingly, the data indicate that
Π is greater when NaCl is present in the water phase; see Figure S9 in
Appendix A, Supporting Information. This is exactly the opposite of
the eﬀect that should be observed if the electric ﬁeld is due to surface
charges at the particle/water interface. A possible explanation of the
observed eﬀect can be that the particle contact angle is greater in the
presence of NaCl, i.e., that the hydrophobic particles experience a
“salting out” eﬀect, so that the area of the particle/air interface (and
the total charge on this interface) increases. This eﬀect deserves a
special investigation, which is out of the scope of the present study.
Here, it is important only that the electric ﬁeld is created by charges at
the particle/air interface, as in ref 19.
2.2. Particle Monolayers in a Langmuir Trough. In our
experiments, a KSV NIMA Minimicro Langmuir trough was used. The
particle monolayers formed in the trough were observed from below
(through a glass window in the bottom of the trough) by an inverted
microscope Axiovert 40 MAT (Carl Zeiss). The inner dimensions of
the trough are 195 × 51 × 4 mm, with a maximal distance of 170 mm
between the two barriers. The whole setup was mounted on an active
vibration isolation system TS-150 and closed in a container with
transparent walls to avoid contaminations from the air. The surface
pressure, Π, was measured using the Wilhelmy plate method.
The trough was ﬁlled with a layer of deionized water of 3 mm
thickness. The experiments begin if the initial surface pressure is Π <
0.5 mN/m. The initial area between the barriers was 40 cm2. Before
each experiment, the suspension of silica particles in isopropyl alcohol
was dispersed by sonication. Next, several drops of the suspension
were placed on the water surface between the barriers of the trough.
The number of drops was 5 for particles of surface age ≤ 5 days (of
greater charge), whereas the number of drops was 12 for particles of
age >10 days (of smaller charge). After placing the particles on the
water surface, we waited for 1−2 h until a stable value of Π is
established. Next, the variation of Π was recorded during several cycles
of continuous compression/expansion of the particle monolayer at
rates of 0.017 and 0.05 cm2/min. (These low rates are due to the use
of a mini-trough.) No eﬀect of the compression/expansion rate on the
surface pressure isotherm was observed, in agreement with ref 26,
where no eﬀect was detected even at much higher rates, in the range
from 10 to 814 cm2/min. One of the compressions was carried out in a
stepwise manner. At each step, diﬀerent parts of the monolayer were
recorded by a video camera at ﬁxed distance between the barriers. The
working temperature was 25 °C.
2.3. Determining the Mean Area Per Particle by Processing
of Video Frames. From the video records, the average area per

Figure 2. Illustration of the procedure for computer processing of
video frames. (a) Photograph of a given portion of the monolayer. (b)
Centers of the neighboring particles are connected (Delaunay
triangulation). (c) Voronoi diagram is constructed; area of the
polygon surrounding each particle is identiﬁed with the respective area
per particle.
suspension of surface age 17 days. The processing of the video frames
was carried out using the functions Delaunay triangulation, convex
hull, Voronoi diagram, and bounded diagram from the computational
geometry package of Wolfram Research, Inc., Mathematika, Version
8.0, Champaign, IL (2010). First, the centers of all particles were
determined and the centers of all neighboring particles were
connected. Thus, the plane is covered with a set of triangles (Figure
2b). Further, the centers of the circumscribed circles of all neighboring
triangles are connected with segments (Delaunay triangulation), and in
this way, each separate particle is surrounded by a polygon (Voronoi
cell), i.e., a Voronoi diagram is constructed;28 see Figure 2c. The
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The characteristic distance between the particles L = α1/2
varies in the range 6.5 ≤ L ≤ 10.5 μm for the lower line in
Figure 1c and in the range 11.4 ≤ L ≤ 15.8 μm for the upper
line in the same ﬁgure. All these interparticle distances are
considerably greater than the Debye screening length in the
aqueous phase, which is κ−1 = 0.961 μm for pure water and κ−1
= 0.203 μm for water equilibrated with the atmospheric CO2,
which is the case of our experiments. These facts
unambiguously indicate that we are dealing with interparticle
repulsion across the nonpolar ﬂuid (air, oil), as ﬁrst established
by Aveyard et al.,3,17 and conﬁrmed in a number of subsequent
studies.18−21
3.2. Surface Pressure Isotherms. A typical surface
pressure isotherm, Π vs A, is shown in Figure 3a for a
compression/expansion cycle. To illustrate the experimental
reproducibility, two such compression/expansion isotherms
obtained with the same monolayer are compared in Figure 3b.
The experimental curves are reproducible, although there is a
weak tendency for the curves obtained upon expansion to lie
slightly lower than those obtained upon compression. The
separate points in Figure 3b correspond to processed video
frames, from which the coeﬃcient N = A/α (for conversion of
the area between the barriers, A, into mean area per particle, α)
is determined; see the previous subsection. Once determined,
this coeﬃcient is used to convert the experimental Π(A) curves,
obtained by continuous compression or expansion of a given
monolayer, into Π(α) dependencies.
At the greatest expansions (lowest Π), the experimental
Π(α) dependences are very slant. This could be explained with
the fact that the electrostatic interaction has a certain range, so
that above a given distance between the particles they are not
strongly interacting and, thus, only a “gas” phase of particles is
present. Our study is focused on the steep part of the surface
pressure isotherm. The slant part is taken into account by an
additive constant, Π0, in the Π(α) dependence (see below).
In Figure 3b, the surface pressure is plotted vs α−3/2, because
we established that in this scale the experimental curves are
transformed into straight lines

surface area that belongs to a given particle is identiﬁed with the area
of the Voronoi cell for this particle. The size distribution of the areas of
all cells in Figure 2c is shown in Figure 1b. Finally, by calculating the
mean arithmetic of this distribution, we determine the mean area per
particle, α, for the respective video frame.
2.4. Deposition of a Nondensely Packed Particle Monolayer
on a Solid Plate. In these experiments, a circular silica plate of
diameter 30 mm and thickness 3 mm was placed on the bottom of the
Langmuir trough. Next, deionized water was poured in the trough to
form an aqueous layer of thickness 4 mm. Thus, the thickness of the
water layer above the plate is 1 mm. Further, a monolayer of particles
is spread on the air/water interface, as described above. The
monolayer is compressed to a given area between the barriers,
corresponding to a certain mean distance between the charged
particles. During the evaporation of water from the trough, the
monolayer’s behavior is recorded by video camera connected to the
microscope. After a certain period of time (which is about 2 h for
evaporation in the atmospheric air at a temperature of 27 °C), the
particle monolayer is deposited on the surface of the solid plate. The
video record of the whole process shows whether the structure of the
initial nondensely packed monolayer is preserved after its deposition
on the plate (after its complete drying) and how large are the changes
in the interparticle distances, if any.

3. EXPERIMENTAL RESULTS AND DISCUSSION
3.1. Mean Area Per Particle vs the Degree of
Compression. As illustrated in Figure 1b, the distribution of
the areas per particle is symmetric, close to Gaussian. For this
histogram, which is obtained with particles of surface age 17
days (of relatively low surface charge), the mean area is 72.5
μm2, which is considerably greater than the mean area of the
particle equatorial cross-section, 11.6 μm2. In other words, even
for the investigated particles of lower surface charge we are
dealing with nondensely packed interfacial monolayers. Additional photographs, Voronoi diagrams, and histograms
corresponding to diﬀerent degrees of compression of a given
monolayer are shown in Figures S1−S3 in Appendix A,
Supporting Information.
In Figure 1c, each experimental point represents the value of
the mean area per particle, α, determined by processing of a
given video frame using the procedure illustrated in Figure 2.
As seen in Figure 1c, the data comply well with straight lines
through the coordinate origin. The data for the particles of
surface age 13 and 17 days can be ﬁtted with the same line.
The relation between A and α is simple, viz. A = Nα, where
N is the total number of particles contained in the monolayer
conﬁned between the barriers of the Langmuir trough. Thus,
from the slopes of the upper and lower lines in Figure 1c we
determine N = 10.6 and 36.4 million particles, respectively. The
constancy of the slope for a given line means that the total
number of particles, N, remains constant during compression of
the monolayer, i.e., particles are not forced out in the aqueous
subphase. This is fulﬁlled for all experimental data reported in
this article.
We avoided experiments at higher degrees of compression,
for which the Π(A) isotherms obtained in diﬀerent
compression/expansion cycles with the same monolayer
become irreproducible, which could mean occurrence of
irreversible aggregation or particle desorption.
The scattering of the data around the straight line is greater
for the particles of 1 day surface age in Figure 1c. This could be
explained with a greater polydispersity of the particle electric
charges. The particle charging seems to be an essentially
stochastic process.

Π = Cα −3/2 − Π 0

(1)

where the coeﬃcient C characterizes the slope of the
experimental lines and Π0 is a background surface pressure
(see above). We found that at not so high compressions the
experimental surface pressure curves obtained by Vermant et
al.20 also follow a linear dependence when plotted vs α−3/2; see
Figure 3c. As shown in Figure S4 in Appendix A, Supporting
Information, the same is true for the data by Aveyard et al.,3 but
in this case the region with linear dependence is narrower.
These data have been obtained with monolayers from
monodisperse polystyrene latex particles of radius Rp = 1.3
μm on a octane/water interface3 and Rp = 1.55 μm on a
decane/water interface.20 The area of the monolayer, A, has
been scaled with its value at close packing, Ah = 2√3Rp2N
(hexagonal lattice), which is identiﬁed with the experimental
value of A at the onset of monolayer’s collapse.3 Having in
mind that N = A/α, we obtain the relation between the scales
on the horizontal axes in Figure 3b and 3c
A /Ah = α /(2 3 R p2)

(2)

Thus, linearization of the experimental curves in Figure 3b
(polydisperse particles) and 3c (monodisperse particles)
indicates that in both cases the same asymptotic law, eq 1,
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For the experiment documented in Figure 4, particles of
surface age 13 days were spread on the air/water interface and

Figure 4. (a) Plot of the mean area per particle, α, vs time during the
drying of a nondensely packed monolayer deposited on a planar
substrate by evaporation of the solvent. Observations begin after the
ﬁrst changes are observed in the monolayer when the biggest particles
are touching the substrate. (b) Photograph of a portion from the
obtained dry particle monolayer deposited on the substrate.

the monolayer was compressed from 40 to 23.5 cm2 area. At
that, the initial mean area per particle was α = 57.5 μm2.
Initially, during evaporation of water no changes were observed
in the monolayer. Small changes in the particle positions began
2 h 15 min after the start of the experiment when, supposedly,
the bottoms of the bigger particles touched the substrate. These
changes continued 3 min until complete drying of the particle
monolayer on the substrate, but they were relatively small, so
that the only way to quantify them was to process video frames
of the process and determine the variations in α from the
Voronoi diagrams, as described in section 2.3. Results are
shown in Figure 4a. The data show that during the drying of
the monolayer on the substrate, α decreases from 57.5 to 47.5
μm2 (a shrinking of ∼17%), which corresponds to a decrease in
the characteristic distance L from 7.6 to 6.9 μm. This shrinking
of the monolayer can be explained with the action of the
attractive capillary immersion forces.29 At this, the overall
morphology of the layer is preserved, excluding the appearance
of small clusters around some of the bigger particlessee the
photograph of the dried monolayer on the substrate in Figure
4b; see also Figures S6 and S7 in Appendix A, Supporting
Information.
Using the same software, from the Delaunay triangulation we
determined the number of neighbors of each particle on video

Figure 3. (a) Plot of our data for the surface pressure, Π, vs the area,
A, for one compression/expansion cycle. (b) Plot of Π vs α−3/2 for two
compression/expansion cycles, where α is determined from A using
the calibration lines in Figure 1c (1 day surface age). Points
correspond to photographs used to determine the calibration line.
(c) Plot of Π vs (A/Ah)−3/2 for data from ref 20; Ah is the value of A at
close packing, just before the collapse.

holds. Theoretical interpretation of this result is given in section
4.4.
3.3. Results for the Monolayer Deposition on a Solid
Plate. As described in section 2.4, the plate was laid on the
bottom of the Langmuir trough, 1 mm below the particle
monolayer at the air−water interface. Evaporation of water
leads to a gradual decrease of the distance between the
monolayer and the substrate. During the whole process, the
monolayer is observed by optical microscope.
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frames taken before and after depositionsee the histogram in
Figure S8 in Appendix A, Supporting Information. The particles
with six neighbors were 43.9% before deposition and became
42.5% after deposition. This diﬀerence is in the framework of
the statistical scattering of the data. The results do not indicate
any signiﬁcant change in the degree of particle ordering during
deposition.
The result of this experiment shows that nondensely packed
layers of particles can be successfully deposited by evaporation
of the solvent, as described above. The essential part of the
deposition (when the thickness of the water layer is smaller
than the particle diameters) takes about 3 min. The
electrostatic repulsion between the particles is strong enough
to preserve the monolayers morphology, despite the hydrodynamic drag forces accompanying evaporation of water and
the lateral capillary attraction. If electrostatic interparticle
repulsion was missing, the capillary forces would lead to
formation of domains of densely packed particle monolayer, as
observed in the process of convective self-assembly.36

4. THEORETICAL MODEL
4.1. Preliminary Discussion. Let us consider a charged
colloidal sphere attached to the water/nonpolar-ﬂuid interface.
(The nonpolar ﬂuid could be air or oil.) Because of the
boundary conditions, the electric ﬁeld in the nonpolar ﬂuid
asymptotically behaves as a ﬁeld of a dipole. Charges at both
the particle/water and particle/nonpolar-ﬂuid interfaces can
contribute to the eﬀective dipole moment.3,18,37−39
The dipolar asymptotics of the ﬁeld makes it possible to
model the particle as a pair of electric charges separated at a
ﬁnite distance (the particle charge and its mirror image with
respect to the interface).3 The superposition of the forces of
interaction of a given particle-dipole with all other dipoles in
the half-plane makes it possible to derive an analytical formula
for the net electric force per unit length of the edge of the halfplane, i.e., for the surface pressure Π.3 This approach to the
calculation of Π yields Π ∝ L−5 at large L. However, the linear
dependencies in Figure 3b and 3c indicate that at large α the
experiment gives Π ∝ α−3/2 = L−3. For this reason, we tried
diﬀerent versions of a theoretical model in order to achieve
agreement with the experiment. A cell model with a periodic
surface charge density (rather than discrete dipoles) that yields
the experimental asymptotic relation, eq 1, is described below.
4.2. Model with Periodic Surface Charge Density. To
take into account all collective eﬀects that contribute to the
value of Π, let us model the monolayer of charged particles as
an interface with a periodic surface charge density (Figure 5a).
The xy plane of the Cartesian coordinate system is chosen to
coincide with the interface, whereas the z axis is perpendicular
to it. The contribution of the electric ﬁeld to the surface
pressure, Πel, can be calculated using the Bakker formula40
Πel =

∫0

Figure 5. (a) Surface pressure due to a periodic surface charge
distribution on the water/nonpolar-ﬂuid interface can be calculated by
integrating the excess Maxwell pressure, PT − PN, in accordance with
the Bakker formula, eq 3, and averaging over one period, eq 6. (b)
Cells of the periodic distribution can be modeled as squares of area L2,
equal to the actual mean area per particle, α, containing a square
particle of side 2R, where R = 0.9306Rp; see eq 26.

ε
ε
⎛
⎞
Pij = ⎜p0 + n E2⎟δij − n EiEj , E ≡ −∇ψ
⎝
8π ⎠
4π

where δij (i,j = 1, 2, 3) is the Kronecker delta, εn is the dielectric
constant of the nonpolar ﬂuid, E and Ei denote the vector of the
electric ﬁeld and its component, ψ is the electrostatic potential,
and p0 is a background pressure.
From a mathematical viewpoint, the electric ﬁeld created by
the periodically distributed surface charges can be presented as
a two-dimensional expansion in Fourier series. It is convenient
to work with a square lattice (Figure 5b). The lattice is of
period L and has the same area per particle as the real system.
To calculate Π, we will take average values of the acting
pressures over one period of the two-dimensional lattice. For
this reason, the ﬁnal result is not expected to be sensitive to the
shape of the elementary cell, square or hexagon of the same
area.
If the vertical plate in Figure 5a is oriented perpendicular to
the x axis, from eq 4 we obtain
PT − PN = Pxx − Pzz =

εn ⎡⎛ ∂ψ ⎞2 ⎛ ∂ψ ⎞2 ⎤
⎢⎜ ⎟ − ⎜ ⎟ ⎥
⎝ ∂x ⎠ ⎦
4π ⎣⎝ ∂z ⎠

(5)

(Because of the symmetry of the system, the ﬁnal result would
be the same if the plate was oriented perpendicular to the y
axis.) Then, the expression for the surface pressure acquires the
form

∞

(PT − PN)dz

(4)

(3)

where PT and PN are the tangential and normal components of
the Maxwell pressure tensor with respect to the interface.
Equation 3 corresponds to integration of the excess tangential
pressure along a semi-inﬁnite plate of unit width, which is
situated perpendicular to the interface (Figure 5a). In general,
the Maxwell tensor, which expresses the pressure due to the
electric ﬁeld, has the form41

Πel ≡
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L /2
L /2
1
d
dy
x
−L /2
L2 −L /2
⎡⎛ ∂ψ ⎞2 ⎛ ∂ψ ⎞2 ⎤
⎢⎜ ⎟ − ⎜ ⎟ ⎥
⎝ ∂x ⎠ ⎦
⎣⎝ ∂z ⎠

∫

∫

∫0

∞

dz

εn
4π
(6)
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Our next task is to ﬁnd the potential ψ(x,y,z), which obeys the
Laplace equation in the nonpolar ﬂuid
∂ 2ψ
∂ 2ψ
∂ 2ψ
+
+
=0
∂x 2
∂y 2
∂z 2

(7)

In view of Figure 5, the periodic surface charge, σ, can be
expressed in the form
∞

⎛

∞

⎞

⎛

∑ am,0 cos⎜⎝mπ 2x ⎟⎠ + ∑ a0,n cos⎝⎜nπ

σ
=
σpn

L

m=1

∞

∑

+

m,n=1

n=1

2y ⎞
⎟
L⎠

⎛ 2x ⎞ ⎛ 2y ⎞
am , n cos⎜mπ ⎟cos⎜nπ ⎟
⎝
L⎠ ⎝ L⎠

(8)

am,n (m,n = 0, 1, 2 ...) are dimensionless coeﬃcients, which can
be determined if the function σ(x,y) is speciﬁed; σ is scaled
with the charge density at the particle/nonpolar-ﬂuid interface,
σpn. The boundary condition at the charged interface is

∂ψ
4π
= − σ at z = 0
∂z
εn

(9)

In view of eqs 8 and 9, the solution of eq 7 is
∞

ψ=

⎛

Figure 6. (a) Surface pressure due to a periodic surface charge
distribution on the water/nonpolar-ﬂuid interface can be calculated by
integrating the excess Maxwell pressure, PT − PN, in accordance with
the Bakker formula, eq 3, and averaging over one period, eq 6. (b)
Cells of the periodic distribution can be modeled as squares of area L2,
equal to the actual mean area per particle, α, containing a square
particle of side 2R, where R = 0.9306Rp; see eq 26.

⎞

∑ A m,0 cos⎜⎝mπ 2x ⎟⎠exp(−bm,0z)
L

m=1
∞

+

⎛

∑ A 0,n cos⎜⎝nπ
n=1
∞

+

∑
m,n=1

2y ⎞
⎟exp( − b z)
0, n
L⎠

⎛ 2x ⎞ ⎛ 2y ⎞
A m , n cos⎜mπ ⎟cos⎜nπ ⎟exp( −bm , nz)
⎝
L⎠ ⎝ L⎠

the free counterions on the liquid interface may have a
nonuniform distribution, because they are attracted by the
oppositely charged particle. As illustrated in Figure 5b, the
particles are modeled as squares of side 2R, whereas a
qualitative picture of the surface charge distribution within a
cell of the periodical surface lattice is shown in Figure 6b. As
already mentioned, the diﬀerences between the real (rounded)
and the model (square) particle shape is not so essential in view
of the averaging in eq 6. In addition, the charge distribution in
Figure 6a implies that the net charge within an interfacial cell
must be zero

(10)

where the coeﬃcients are
bm , n =

Am,n =

2π 2
(m + n2)1/2
L

4πσpn am , n
εn

bm , n

(11)

(m , n = 0, 1, 2, ...)
(12)

Substituting eq 10 into eq 6, after some transformations
described in Appendix A, Supporting Information, we obtain
2 ⎛ ∞
σpn
L
a2
⎜ ∑ 0, m + 1
Πel =
2εn ⎜⎝ m = 1 m
2

∞

∑
m,n=1

⎞
⎟
(m2 + n2)3/2 ⎟⎠

L /2

L /2

∫−L/2 dx ∫−L/2 dyσ(x , y) = 0

m2am2 , n

(14)

Note that σ(x,y) deﬁned by eq 8 satisﬁes eq 14. Equation 14
corresponds to a cell model, i.e., all counterions of a given
particle are contained in an elementary cell of area L2. This is
one of the main diﬀerences with the model with discrete
dipoles,3 where the counterions of a given particle are
distributed over the whole liquid interface.
As demonstrated in Appendix A, Supporting Information, the
above requirements are satisﬁed by the following model
expression for σ(x,y)

(13)

Equation 13 expresses the electrostatic surface pressure for any
periodic distribution of the surface charges, σ(x,y), described by
eq 8. The next step is to specify σ(x,y) and determine the
coeﬃcients am,n.
4.3. Cell Model of the Surface Charge Distribution.
When calculating electrostatic interactions across the nonpolar
ﬂuid between charged particles located at a liquid interface, a
very good approximation is to assume that the electric ﬁeld
does not penetrate in the aqueous phase.39 The reason is the
considerably greater dielectric constant of water and the fact
that the aqueous phase always contains ions. Then, in
accordance with the boundary condition εnEn|z=0 = 4πσ, each
line of the electric ﬁeld, emanating from a charge at the
particle/nonpolar-ﬂuid interface, ends at an oppositely charged
eﬀective counterion at the liquid interface, as sketched in Figure
6a. Here, we assume that the charges ﬁxed at the particle/
nonpolar ﬂuid interface have a uniform density, σpn, whereas

2

g
σ (x , y )
ξ2
= 2 0 2 f (x )f (y ) − 2
g (x )g (y )
σpn
g0 − ξ
g0 − ξ 2

(15)

where ξ = 2R/L and f(x) is a stepwise function
⎧ 1 for |x| ≤ R
f (x ) = ⎨
⎩ 0 for R < |x| ≤ L /2

(16)

g is a continuous even function of x that satisﬁes the relations
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g (x) = 1 for |x| ≤ R and

dg
L
= 0 for |x| =
dx
2

(17)

The Fourier series expansion of g(x) reads
∞

g (x ) = g 0 +

⎛

∑ gn cos⎜⎝nπ
n=1

2x ⎞⎟
L⎠

(18)

The coeﬃcient g0 in eq 18 is the same quantity that takes part
in eq 15. First, we will work with g(x) expressed as a Fourier
series (eq 18), and subsequently, the coeﬃcients in this series
will be determined.
The coeﬃcients in eq 15 have been determined in such a way
that the electroneutrality condition of the cell model, eq 14, is
satisﬁed; see Appendix A, Supporting Information. Expanding
eq 15 in Fourier series and comparing with eq 8 we ﬁnd the
coeﬃcients in eq 13
am ,0 = a0, m =

am , n =

f0 g0
g02

− f02

(g0fm − f0 gm)

g02fm fn − f02 gmgn
g02 − f02

Figure 7. Plot of the dimensionless electrostatic surface pressure εn
Πel/(Rσpn2) vs ξ3 for four values of κd denoted in the ﬁgure. At κd ≤
0.1 the calculated curves coincide with the uppermost dashed line,
whereas at κd ≥ 20 the calculated curves coincide with the solid line.

(19)

to the value of κd. For κd ≤ 0.1 the isotherms coincide with the
upper curve in Figure 7, whereas at κd > 20 the isotherms
coincide with the curve with κd = 20 in the same ﬁgure.
Remarkably, the curve with κd ≥ 20 in Figure 7 has a long linear
portion at the lower values of the surface pressure, in agreement
with the experimental data in Figure 3b and 3c. This curve is
tabulated in Appendix A, Supporting Information (see Table S1
therein). In the next section, the experimental data are ﬁtted
with the model at ﬁxed κd = 20 using σpn in eq 13 as an
adjustable parameter.
4.4. Comparison of the Theoretical Model with
Experimental Data. The side L of the square cell (see
Figures 5 and 6) can be deﬁned as follows

(m , n = 1, 2, ...)
(20)

where f n (n = 0, 1, 2, ...) are the coeﬃcients in the Fourier series
expansion of the function f(x) deﬁned by eq 16
f0 = ξ , fn =

2
sin(nπξ) (n = 1, 2, ...)
nπ

(21)

Finally, we have to introduce a model expression for the
distribution of the counterions on the water/nonpolar-ﬂuid
interface around the particle; see Figure 6a. In other words, we
have to specify the form of the function g(x) at R < x ≤ L/2. A
deﬁnition of g(x), which is compatible with eqs 17 and 18, is as
follows
g (x ) =

cosh[κs(L − 2|x|)]
L
for R < |x| ≤
cosh[κs(L − 2R )]
2

⎛ A ⎞1/2
L = 2R ⎜ ⎟
⎝ Ah ⎠

At close packing, A/Ah = 1, eq 25 yields L = 2R, as it must be;
see Figure 5b. In view of the relation α = L2, substitution of A/
Ah from eq 2 into eq 25 yields the following relation between
the model’s parameter R and the particle radius Rp

(22)

This model expression for g(x) corresponds to a decrease of the
counterion surface concentration with the distance from the
charged particle (Figure 6b). Moreover, g(x) has a minimum in
the middle between two neighboring particles, as it must be.
The characteristic decay length κs−1 is to be determined as an
adjustable parameter when comparing the model with
experimental surface pressure isotherms.
Using eqs 17 and 22, we determine the coeﬃcients in eq 18
g0 = ξ +

gn =

⎛1 − ξ ⎞
ξ
tanh⎜
κd⎟ , κd ≡ 2κsR
⎝ ξ
⎠
κd

R = (0.5 3 )1/2 R p ≈ 0.9306R p

(26)

Assuming that the electric ﬁeld in the real system is due to
charges at the particle/nonpolar-ﬂuid interface with surface
density σ, we can set equal the particle charges in the real and
model systems
2πR p2(1 − cos θ )σ = (2R )2 σpn

(23)

(27)

Equation 27 can be used to determine the real surface charge
density, σ, from the value of σpn obtained from the data ﬁt if the
particle contact angle θ is known. Finally, in view of eq 1, the
experimental surface pressure Π and the theoretical electrostatic component of surface pressure, Πel, are related as follows

2κd2[sin(nπξ) + nπ (g0 − ξ)cos(nπξ)]
nπ (n2π 2ξ 2 + κd2)

(25)

(24)

where κd is a dimensionless screening parameter; see Appendix
A, Supporting Information, for details.
Now, the model surface pressure isotherm is completely
determined: Πel is deﬁned as a function of the dimensionless
interparticle distance ξ−1 = L/(2R) by eq 13, along with eqs 19,
20, 21, 23, and 24. The dependence of the dimensionless
surface pressure εnΠel/(Rσpn2) on ξ is a universal function,
which depends on a single parameter, κd. This dependence is
plotted in Figure 7 for four diﬀerent values of κd. The results
show that the dimensionless surface pressure is not so sensitive

Π = Πel − Π 0

(28)

where Π0 is an additive constant that is to be determined from
the ﬁt.
All theoretical curves in Figures 8 and 9 are drawn with a
ﬁxed κd = 20, whereas σpn and Π0 are determined as adjustable
parameters from the ﬁts; the obtained values are shown in the
respective ﬁgures. Figure 8a shows one of the experimental
surface pressure isotherms in Figure 3b; the full circles are the
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Figure 9. Experimental data for Π vs A/Ah (the points) and respective
best ﬁts with the theoretical model (the lines). (a) Data by Aveyard et
al.3 (b) Data by Vermant et al.20 Values of σpn and Π0 determined from
the ﬁts are shown in the ﬁgure.

considerable decrease of the particle surface charge upon
storage in isopropyl alcohol (IPA). Because Πel ∝ σpn2, see eq
13, a 2-fold decrease in the surface charge density leads to a
decrease in the surface pressure with a factor of 4.
Our experiments indicate that the particles are negatively
charged after drying in the end of the hydrophobization
procedure (see above). The decrease of their charge during
storage in IPA could be explained with desorption of ions
bound to the particle surfaces, which is facilitated by the
relatively high relative dielectric constant of IPA, ε = 18.6 at 25
°C.
Figure 9a and 9b shows a comparison of the model with
literature data3,20 for the surface pressure of monolayers from
latex particles at oil/water interfaces. In this case, the
experimental data include the whole range of interparticle
distances, both the asymptotic region with Πel ∝ L−3 and the
region near collapse, A/Ah → 1. The agreement of the model
with the experimental data is excellent at all degrees of
monolayer compression.
The results for the model’s parameter σpn in Figures 8 and 9
are compared in Table 1. The fourth column shows the values
of the real surface charge density, σ, estimated from eq 27,
along with eq 26. For this estimate, values of the contact angle
obtained in the respective studies were used, viz. θ = 85.4°, 80°,
and 130° for the data from Figures 8, 9a, and 9b, respectively.
For the latex particles, the surface densities of ionizable groups
are known, 7.7 and 9.1 μC/cm2 for Figures 9a and 9b,
respectively.3,20 The values of σ in Table 1 for these two

Figure 8. Our data for the surface pressure (the points) and respective
best ﬁts with the theoretical model (the lines). (a) Plot of Π vs A/Ah
for particles of 1 day surface age. (b) Same data plotted as Πel vs (A/
Ah)−3/2. (c) Plots of Πel vs (A/Ah)−3/2 for particles of 13 and 17 days
surface age. Values of σpn and Π0 determined from the ﬁts are shown
in the ﬁgure.

separate points in Figure 3b at which video frames have been
processed to determine N. There is an excellent agreement
between the data and the theoretical curve. In Figure 8b, the
same data are plotted as Πel vs (2R/L)3. The obtained linear
dependence indicates that the whole set of experimental data
belongs to the asymptotic region where Πel ∝ L−3. The additive
constant Π0 has been determined in such a way that the straight
line in Figure 8b passes through the coordinate origin.
Figure 8c shows similar plots of data for monolayers from
silica particles that have been stored for 13 and 17 days in
isopropyl alcohol before the experiment. The slopes of the plots
are considerably smaller than those in Figure 8b and
correspond to smaller values of σpn determined from the ﬁt,
which are shown in the ﬁgure. The results indicate a
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obeys the same law as for monodisperse particles. The
experiments indicate that at large interparticle separations this
law reduces to Π ∝ L−3. A theoretical cell model is developed,
which predicts the aforementioned asymptotic law. The model
presumes a periodic distribution of the surface charge density,
which induces a corresponding electric ﬁeld in the air phase.
Then, the Maxwell pressure tensor of the electric ﬁeld is
calculated and integrated according to Bakker’s formula to ﬁnd
the surface pressure, Π, which is obtained in the form of a
Fourier series. Thus, all collective eﬀects from the electrostatic
interparticle interactions are taken into account. The model
considers particles of ﬁnite size, so that the excluded area eﬀects
are also taken into account. It excellently agrees with
experimental data obtained by us and other authors3,20 in the
whole range of interparticle separations, not only at large L. In
all investigated cases, the variations in Π upon compression or
expansion of the particulate monolayer are completely
dominated by the electrostatic interactions, the entropic
contribution in Π being negligible.
By evaporation of the water in a Langmuir minitrough, the
particle monolayers have been deposited on a solid substrate
placed on the bottom of the trough. The electrostatic
interparticle repulsion is preserved during the whole deposition
process. This repulsion is strong enough to withstand the
attractive lateral capillary immersion forces that are operative
during the ﬁnal stage of drying of the particle monolayer on the
substrate.29,36 The capillary forces cause only a slight shrinking
of the layer, within ca. 17%.
The obtained experimental results and the developed
theoretical model could be useful for prediction and control
of the properties of nondensely packed interfacial monolayers
from charged particles, which are utilized for producing
micropatterned surfaces with wide potential applications.4−10

Table 1. Surface Charges Determined from Fits of Surface
Pressure Isotherms
material

σpn (μC/
cm2)

σ (μC/
cm2)

speciﬁc area (nm2/
charge)

8a, 1 day

silica

0.35

0.21

76.2

8c, 13 days

silica

0.23

0.14

116

8c, 17 days

silica

0.21

0.12

129

9a
9b

latex
latex

0.15
0.14

0.10
0.047

160
342

data from
Figure
age
Figure
age
Figure
age
Figure
Figure

experiments correspond to ionization degrees α = 1.3% and
0.52%, which are not so diﬀerent from the values α = 1.03%
and 0.33% determined in refs 3 and 20 by means of ﬁts with a
diﬀerent model.
The developed theoretical approach refers to electric charges
of surface density σ located at the particle/nonpolar-ﬂuid
interface. However, this approach is applicable also if the
electric ﬁeld in the nonpolar ﬂuid is due to electric charges of
density σpw located at the particle/water interface. In the
nonpolar ﬂuid, such charges create the same electric ﬁeld as
charges of density
σ=

εn(1 + cos θ )
εw κR pD sin 3 θ

σpw
(29)

located at the particle/nonpolar-ﬂuid interface. Here, κ is the
Debye screening parameter in the aqueous phase, D = D(θ,εpn)
is a known dimensionless function, which can be calculated by
means of Table 1 and eq D.1 in ref 42, εpn ≡ εp/εn is the ratio
of the dielectric constants of the particle and nonpolar ﬂuid,
and εw is the dielectric constant of water. Equation 29 is
obtained by setting equal the eﬀective particle dipole moments,
pd, due to charges at the particle/water and particle/nonpolarﬂuid interfaces; see eqs 1.2 and 1.3 in ref 39. To calculate Πel,
the charge density estimated from eq 29 is to be summed up
with the real charge density at the particle/nonpolar-ﬂuid
interface (if any). Equation 29 shows that the contribution of
σpw decreases with the rise of both the particle radius Rp and the
salt concentration in the water phase (via κ).
The fact that the data in Figures 8 and 9 have been ﬁtted
with the theoretical curve at κd = 20 (see Figure 7) calls for
discussion. As already mentioned, at κd ≥ 20 the theoretical
curves coincide and exhibit a long asymptotic region where Πel
∝ L−3. (The latter was the reason to choose κd = 20 for the
ﬁts). κd ≥ 20 corresponds to κs−1 ≤ 0.1 R and means that the
eﬀective counterions on the liquid interface (see Figure 6a) are
concentrated in the close vicinity of the charged particles, which
is compatible with the expectation for dipolar character of the
ﬁeld at long distances.17,18
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5. SUMMARY AND CONCLUSIONS
In the present work, we investigate nondensely packed spread
monolayers of electrically charged micrometer-sized silica
particles on the air/water interface. The electrostatic repulsion
between the particles occurs through the air phase. Surface
pressure vs area isotherms were measured by Langmuir trough,
and the monolayers’ morphology was monitored by microscope. The mean area per particle is determined by Delaunay
triangulation and Voronoi diagrams. In terms of mean area, the
surface pressure for monolayers from polydisperse particles
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