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Influence of Ionic Surfactants on the Drainage Velocity
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The process of thinning of liquid films in the presence of ionic
surfactants and background electrolytes is studied. The lubrication
approximation is used to obtain the influence of spatial dynamic
distribution of the different ions and the electric potential on the
mobility of film interfaces and on the additional nonequilibrium
part of the electrostatic disjoining pressure. The material properties
of the interfaces (Gibbs elasticity and surface viscosity) are taken
into account. The bulk and surface diffusivities of ionic species tend
to restore the equilibrium and suppress the role of the Gibbs elas-
ticity. The problem is linearized under the assumptions of small
deviations of the adsorption and the concentration from their equi-
librium values and of small Peclet number. In the case of plane
parallel films an analytical solution is obtained. The correctness of
the assumptions, widely used in the literature, of constant surface
charge, of constant surface potential, and of the quasi-equilibrium
approach is discussed. Numerical analysis of the governing equa-
tions shows that the ionic surfactants influence the film drainage
in two ways. For small surfactants and background electrolyte
concentrations the main effect is a reduction in surface mobility,
which decelerates the drainage of the film. At high surfactant or
salt concentrations the interfaces become tangentially immobile
and then dynamic changes in the concentration, adsorption, electric
charge, and middle plane potential affect the film thinning due to
the change in the nonequilibrium part of the electrostatic disjoining
pressure. C© 2001 Academic Press

Key Words: influence of ionic surfactants; thin liquid films;
drainage velocity; mobility of interfaces; disjoining pressure; back-
ground electrolyte.
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1. INTRODUCTION

Surfactants play an important role in the dynamic prop
ties of thin liquid films formed between emulsion droplets
foam bubbles (1–3). The lifetime of the films is one of the m
quantitative parameters in the generalized interpretation o
Bancroft rule (4, 5) and the theory of simultaneous floccula
and coalescence in emulsion and foam systems (6–8). In
tice, nonionic and ionic surfactants and background electrol
1 To whom correspondence should be addressed. Fax: (+359) 2 962 5
E-mail: KD@LTPH.BOL.BG.
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and their mixtures are used to stabilize or destabilize emuls
and foams (9, 10). Hence the detailed study of the surfac
influence on the velocity of film drainage is a starting point
many publications in the literature.

Detailed review of the publications concerning the draina
velocity of thin films is given in Refs. (1–5, 11). Mostly, the lubr
cation approximation is used to solve the mathematical prob
arising from the physical model of the system (1, 2, 4, 11–1
This approximation is applicable not only to plane para
films but also to films with deformed interfaces, dimples, a
pimples (17).

The physical picture of the film thinning can be describ
schematically as follows: Under the action of an external for
the liquid flows out from the film to the meniscus, carrying aw
surfactant molecules from the bulk and the surface. These
and surface convective fluxes disturb the equilibrium distribut
of the different ions, causing gradients in the bulk and the sur
chemical potentials. Both surface and bulk diffusion fluxes a
to restore the equilibrium. In addition, the surface intermol
ular attractive or repulsive forces (18, 19) strongly affect
whole process of film drainage when the film thickness is be
100 nm.

Even though the process of film thinning is widely inves
gated in the literature, there are few theoretical works that d
with the influence of ionic surfactants on that process. The
of the dynamic properties of ionic surfactants in the stability
equilibrium thin liquid films is discussed in Refs. (20, 21). T
authors have used the so-called “quasi-equilibrium” approa
which assumes the equilibrium Boltzmann distribution of
ions in the whole process of evolution of fluctuations. Theref
the effect of ionic surfactants is accounted for only through
electric potential, which in that simplification does not depe
on the radial coordinate,r . As was mentioned above, the film
thinning disturbs the equilibrium distribution of the ions in bo
radial and vertical directions, causing bulk and surface diffus
fluxes. Hence, to illustrate the effect of ionic surfactants on
process of film thinning a detailed description of the dynam
of different ions is needed. To do so, together with the diffus
processes, one must specify the mechanism of adsorption o
ferent ions to determine the surface electric charge. Follow
recent work on the thermodynamics of ionic surfactants,
0
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effect of counterion binding must be taken into accou
(23–27). It is shown theoretically and experimentally (23–2
that the adsorption of counterions and the presence of e
trolytes increase the adsorption of the surface active ions
interfacial elasticity and decrease the interfacial tension.

In this work we present a solution to the problem of draina
of a thin liquid film in the presence of ionic surfactants a
background electrolytes. In Section 2 the mathematical mo
of the problem based on the lubrication approximation is f
mulated. The bulk and surface diffusion of all species and
surface elasticity and viscosity are taken into account. In the c
of small deviation of surfactant concentrations and adsorpti
from equilibrium the problem is linearized and the influen
of surfactant is accounted for in the mobility of the interfac
(Section 3). Analytical treatment of the problem for plane p
allel films is described in Section 4. Numerical results, given
Section 5, show the effects of surface mobility and the noneq
librium part of the electric pressure on film drainage. Some c
cluding remarks are presented in Section 6.

2. MATHEMATICAL FORMULATION OF THE PROBLEM:
LUBRICATION APPROXIMATION

The physical background of the influence of ionic surfacta
on the drainage process of thin liquid films can be expresse
the following schematic way. When the film interfaces approa
each other, the liquid flows toward the meniscus and carries a
the surfactant molecules (Fig. 1). The surface velocity,u, cre-
ates surface convective fluxes of thei th ion, j i,c = 0i u (0i is
the nonequilibrium adsorption), which generate gradients of
surface electrochemical potentials,µi,s(i = 1, . . . ,n). Due to
these gradients, the reverse surface electrodiffusion fluxesj i,s,
tend to restore the equilibrium (Fig. 1). Similarly, the gradien
in the bulk electrochemical potentials,µi , produce bulk elec-
trodiffusion fluxes,j i , which oppose the bulk convective tran

FIG. 1. Schematic picture of a thin liquid film stabilized by ionic surfactan

The ion bulk and surface diffusion fluxes are respectivelyj i andj i,s. The surface
convective flux isj i,c.
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port, ci v (ci is the nonequilibrium concentration of surfacta
andv is the bulk velocity). The characteristic time of the a
sorption processes is much less than the time of film drain
Therefore, it can be assumed that the surface electroche
potentials are equal to the subsurface bulk electrochem
potentials; hence the nonequilibrium adsorptions,0i , and the
subsurface concentrations,ci,s, are related through the gene
adsorption isotherms0i = 0i (c1,s, c2,s, . . . , cn,s). These pro-
duce additional differences between the electrochemical po
tials close to the interfaces and in the middle plane of the fi
which are compensated by the component of bulk electrod
sion fluxes directed towards the interfaces (Fig. 1).

The process of adsorption of ionic surfactants on the film
terfaces is accompanied by an increase in the surface el
potential,ψs, and the charge density,qs. In its own turn, the
presence of surface electric potential is related to the for
tion of a diffuse electric double layer (EDL) inside the film
The charged surfaces repel the newcoming surfactant mole
(Fig. 1), which results in deceleration of the adsorption proc
The diffusion transport of the surface active ions, counteri
and coions is strongly affected by the electric field in the
fuse EDL. It is important to note that the electric double la
in the vicinity of an adsorption monolayer of ionic surfacta
contains a Stern layer and a diffuse electric double layer
Fig. 1 in Ref. 23). The Stern layer consists of adsorbed co
terions, whereas the diffuse layer contains free ions involve
Brownian motion. Near the charged surfaces there is an a
mulation of counterions and a depletion of coions. In the z
where the diffuse EDLs of the two film interfaces overlap,
electric potential distribution changes and influences the d
sion processes in the gap region. Herein the term EDL refe
the diffuse EDL.

The nonuniform surfactant distribution along the surface le
to variations in the local value of the surface tension,σ , which
brings about the surface elastic force (Gibbs elasticity). On
other hand, the adsorption layer and the EDL may underg
lational and shear deformations during motion, which prod
surface viscous stresses. Finally, the surface elements are
the action of the bulk stress caused by the liquid flow and by
electric potential distribution in the film. If the film is relative
thin, the intermolecular forces also affect the drainage thro
the disjoining pressure,5. For slow motion (low Reynolds num
ber) the intermolecular, electric, and viscous forces counte
ance the driving force,F , at every given moment,t .

In the present work we investigate the drainage process
symmetric thin liquid film, formed between two drops or bu
bles, which is stabilized by a mixture of nonionic and ionic s
factants and a background electrolyte. The problem is desc
in a cylindrical coordinate system,Orz, where the droplet in
terface,S, is defined byz= H (t, r )/2 andH is the local film
thickness. In addition we will consider only axially symmet
flows, in which none of the parameters depend on the me

ian angle. The middle plane isz= 0 and the unit normal at the
surfaceSpointed to the drop phase isn. The common solution to



A

o
e

l
w
t

u
.
r

h
p

a

h

c
t

ce
lk
[4]
the

face

let
[2]

ib-

ic
-

o-
m

ich
e

ter-

ults
ns,

ec-
d in
cript
ic

-

402 VALKOVSKA

such problems (1, 2, 4, 11–17) is to use the lubrication appr
mation. The general assumptions for this approximation ar
small Reynolds number, (ii) small film thicknesscompared to the
characteristic drop radius, and (iii)small slope of the interfaces.

The film between the drops is stabilized by a mixture
nonionic and ionic surfactants and the background electro
(salt). To find the surfactant distribution of the different ions
employ the following assumptions, which are widely used in
literature (1, 2, 4): (iv)small Peclet numberin the gap and (v)sur-
factants and salt are soluble only in the continuous(film) phase
(in this case the viscous friction from the fluid in the drople
is negligible compared to the friction from the continuo
phase—the emulsion system behaves as a foam—see Ref

Under these assumptions the governing equations are fo
lated in the following subsections.

2.1. Mass Balance of Components and Electric
Potential Distribution

The changes in the concentrations of the different specie
the bulk are compensated by the convective,ci v, and the bulk
electrodiffusion,j i , fluxes:

∂ci

∂t
+∇ · (ci v+ j i ) = 0, i = 1, . . . ,n, [1]

j i = −Di

(
∇ci + ci

zi

kT
∇ψ

)
, i = 1, . . . ,n. [2]

Hereψ is the electric potential in the bulk,k is the Boltzmann
constant,T is the temperature,Di is the bulk diffusion coeffi-
cient, andzi is the electric charge of the ionic components. T
second term in the definition of the bulk diffusion flux [2] re
resents the so-called “electromigration” term, which accou
for the influence of the EDL on the diffusion process of diffe
ent ions. The two-dimensional analogue of Eq. [1] is the m
balance equation of the surfactant species at the film interfa

∂0i

∂t
+∇s · (0i u+ j i,s) = n · j i , i = 1, . . . ,n, [3]

where∇s is the surface gradient operator (2) andn · j i is the
bulk electrodiffusion flux from the contiguous bulk phase to t
interface.

After integrating Eq. [1] from 0 toH/2 with respect toz,
using the kinematic boundary condition at the film interfa
and summing the result with Eq. [3], we obtain the integra
mass balance of each species:

∂

∂t

0i +
H/2∫
0

ci dz

 = −1

r

∂

∂r

×
r

0i u+ Ji,s+
H/2∫

(ci νr + Ji ) dz

 , i = 1, . . . ,n.
0

[4]
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Hereνr andu are the radial components of the bulk and surfa
velocities, andJi andJi,s are the radial components of the bu
and surface electrodiffusion fluxes, respectively. Equation
expresses the fact that the local change in the mass of
molecules across the film is compensated by the bulk and sur
convective and diffusion fluxes (see Fig. 1).

In the case of lubrication approximation and for small Pec
numbers, the leading order of the diffusion equations [1],
becomes

∂ci

∂z
= −ci

zi

kT

∂ψ

∂z
, i = 1, . . . ,n. [5]

The solution to Eq. [5] gives the leading order of the nonequil
rium concentration in the bulk phase,ci . It obeys a distribution,
similar to the Boltzmann type:

ci = ci,m exp

[
− zi

kT
(ψ − ψm)

]
≡ ci,n exp

(
−ziψ

kT

)
, i = 1, . . . ,n. [6]

Hereci,m(t, r ) andψm(t, r ) are the concentration and the electr
potential in the middle planez= 0, respectively. The concen
tration, ci,n(t, r ) ≡ ci,m exp[ziψm/(kT)], can be interpreted as
the limit of the concentration when the electric potential,ψ ,
goes to zero. In the case of nonionic surfactant solution (zi = 0),
ci,n(t, r ) is exactly the concentration of the nonionic comp
nents at the middle plane. Our model is distinguished fro
the quasi-equilibrium approach used in Refs. (20, 21), wh
assumes thatci,n(t, r ) is a constant and its value is equal to th
concentration of the species at infinite distance from the in
face,ci,∞. Due to this assumption the formal limitψ → 0 made
from the results in Refs. (20, 21) does not give the simple res
for nonionic surfactants (4) where the surfactant concentratio
ci,n, may depend significantly ont andr in the process of film
thinning.

We use the subscripts “m” and “s” to indicate that the resp
tive values of the different physical parameters are calculate
the middle plane and on the surface, respectively. The subs
“n” refers to the value of the variables in the case of nonion
surfactant, which can be derived when the formal limitψ → 0
is performed.

Using Eqs. [2], [5], and [6] the leading order of the radial com
ponent of the bulk diffusion flux,Ji , appearing in the integrated
mass balance equation [4], can be rewritten in the form

Ji = −Di

(
∂ci

∂r
+ zi ci

kT

∂ψ

∂r

)
= −Di exp

(
−ziψ

kT

)
∂ci,n

∂r
, i = 1, . . . ,n. [7]
Therefore, the quasi-equilibrium approach (ci,n = ci,∞, where
ci,∞ is the concentration of thei th ion at infinity distance from the
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interface) does not take into account the bulk diffusion proce
of the different ions.

To define the surface diffusion fluxes we must spec
the mechanism of adsorption. It was proven in the literat
(1, 25–27) that for the process of film thinning the mechan
of adsorption is diffusion controlled. From a thermodynam
viewpoint it follows (23, 24) that the electrochemical surfa
potential of each species,µi,s, is equal to the electrochemic
bulk potential in the contiguous layer (the boundary betw
the Stern and the diffuse EDL; see Ref. 23). Hence, from
general definitions of the surface diffusion flux (28, 29) and
electrochemical potential (23, 24), and from the leading-or
concentration distribution [6] the following simple relationsh
is obtained:

Ji,s = −Di,s0i

kT

∂µi,s

∂r
= −Di,s0i

ci,n

∂ci,n

∂r
, i = 1, . . . ,n. [8]

HereDi,s is the surface diffusion coefficient. For the same r
son, as was mentioned before, the quasi-equilibrium appr
(20, 21) does not account for the influence of the surface d
sion on the film drainage (in this approachJi,s = 0). The formal
limit for one nonionic component in Eq. [8] gives the expre
sion for the surface diffusion flux widely used in the literatu
(1, 2, 4, 11).

The electric potential,ψ , is related to the bulk charge densi
q, through the well-known Poisson equation. In the lubricat
approximation it is written as

∂2ψ

∂z2
= −4π

ε
q = −4π

ε

n∑
i=1

zi ci , [9]

where the dielectric permittivity isε. If the Boltzmann-type dis-
tribution [6] is substituted into Eq. [9] and the resulting equat
is integrated with respect toz, the following first integral can be
obtained: (

∂ψ

∂z

)2

= 8πkT

ε

n∑
i=1

(ci − ci,m). [10]

The condition for electroneutrality of the solution as a wh
is equivalent to the Gauss law, which determines the sur
charge density,qs. In the lubrication approximation it reads (2

∂ψ

∂z
= 4π

ε
qs = 4π

ε

n∑
i=1

zi0i at z= H/2. [11]

The assumption for diffusion-controlled adsorption allows
to close the system of equations [1]–[11] with the respec
isotherms for the different species,0i = 0i (c1,s, c2,s, . . . , cn,s).
Usually (23, 24) the coions do not adsorb in the Stern layer
their adsorptions are practically zero. The list of commonly
countered isotherms is given in a recent work (23). Therefor
we know the velocity distribution, the problem of the concent

tions, the adsorptions, and the electrical potential distributi
is completed.
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2.2. Integrated Bulk Continuity Equation, Tangential Stress
Balance, and Force Balance

In the case of a multicomponent ionic liquid mixture the de
sity of the electric force,qE (E = −∇ψ is the electric field),
plays the role of a spatial body force in the well-known Navie
Stokes equation of motion (30). In the lubrication approximat
the radial and vertical components of the momentum bala
equation are simplified to

∂p

∂r
+

n∑
i=1

zi ci
∂ψ

∂r
= η∂

2vr

∂z2
, [12a]

∂p

∂z
+

n∑
i=1

zi ci
∂ψ

∂z
= 0. [12b]

The dynamic viscosity and the dynamic pressure are den
by η and p, respectively. After substituting the expression f
the leading-order surfactant distribution [6] into Eq. [12b] a
integrating the result, we derive the following expression for
pressure distribution:

p = pm+ kT
n∑

i=1

(ci − ci,m) ≡ pn+ kT
n∑

i=1

(ci − ci,n). [13]

Here pm(t, r ) and pn(t, r ) are the pressures in the middle plan
and in the limiting case of nonionic surfactant solution wh
ψ → 0, respectively. It is seen that the pressure in the continu
phase,p, depends on the vertical coordinate,z, only through its
osmotic part generated from the electric potential.

The substitution of Eqs. [6] and [13] into the radial compone
of the momentum balance equation [12a] leads to the follow
expression for the radial component of the velocity:

η
∂2vr

∂z2
= ∂pn

∂r
+ kT

n∑
i=1

[
exp

(
−ziψ

kT

)
− 1

]
∂ci,n

∂r
. [14]

The last term in the right-hand side of Eq. [14], which re
resents the electric force, is a complex function of the verti
coordinate,z. It is important to note that in the quasi-equilibrium
approach (ci,n = ci,∞) (20, 21) this term is equal to zero. Thi
shows that under the quasi-equilibrium approach (20, 21)
electric force appears as a potential force in the momen
balance equation. Therefore, this model is equivalent to the
called “body force approach” (22) and the effects of the ionic s
factants on the film drainage and stability are accounted for o
through the classical electrostatic part of the disjoining press

To simplify all equations below we introduce new function
mik , which are defined as

mi 0 = exp

(
−ziψ

kT

)
− 1,

2
z∫
ons mik =
h

0

mi,k−1 dz i = 1, . . . ,n, k = 0, . . . ,3, [15]
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where h is the minimal thickness of the film. Hence, usi
Eqs. [14] and [15], the condition for the symmetry of the fi
with respect to the middle plane, and the kinematic bound
condition at the film surface, one can calculate the distribu
of the radial component of the velocity as

vr = u+ 4z2− H2

8η

∂pn

∂r
+ kT h2

4η

n∑
i=1

(mi 2−mi 2,s)
∂ci,n

∂r
, [16]

wheremi 2,s is the value of the functionmi 2 calculated at the film
surfacez= H/2. In the case of nonionic surfactantsmik = 0
and Eq. [16] gives the corresponding expression for the velo
in Ref. (12).

To close the system of equations for fluid motion, the tang
tial stress boundary condition and the force balance equa
are used. The boundary condition for the balance of the sur
excess linear momentum takes into account the influence o
surface tension gradient (Marangoni effect), surface visco
(Boussinesq effect), and the electric part of the bulk pres
stress tensor (see Refs. 23, 30). In the lubrication approxima
the tangential stress boundary condition at the interface, u
Eqs. [13] and [16], is simplified to

H

2

∂pn

∂r
+ kT

h

2

n∑
i=1

mi 1,s
∂ci,n

∂r
+ qs

∂ψ

∂r
+ 2π

ε
q2

s
∂H

∂r

= ∂σa

∂r
+ ηs

∂

∂r

[
1

r

∂(ru)

∂r

]
. [17]

The surface viscosityηs is the sum of the interfacial shear an
dilational viscosities. The gradient of the interfacial tension
Eq. [17] is calculated using only the adsorption part of the in
facial tension,σa, because the diffuse electric part ofσ is already
included in the electric part of the pressure tensor (see Ref.
The formal limit (ψ → 0) transforms Eq. [17] into the tange
tial stress boundary condition for nonionic surfactants use
Refs. (1, 2, 4, 11–14).

The film between the bubbles thins due to the action of
external force,F , which for small Reynolds number is balanc
by the hydrodynamic drag force and the intermolecular for
Hence, in the lubrication approximation we obtain.

F = 2π

∞∫
0

(pm+5nel− p∞)r dr

= 2π

∞∫
0

[
pn+ kT

n∑
i=1

(ci,m− ci,n)+5nel− p∞

]
r dr, [18]

where p∞ is the pressure at infinity in the meniscus reg
and5nel is the disjoining pressure which takes into account
nonelectric types of intermolecular interactions [van der Wa

steric, etc., except the electrostatic disjoining pressure com
nent (18, 19)].
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If the surface equation of state (dependence of the interfa
tension,σ , on the adsorption), the adsorption isotherms, and
film profile, H , are known, the model given above describes
physical picture of the film drainage. If the normal balance eq
tion is included, the model can be applied also to investigat
of the long-wave stability of films (31).

3. SMALL DEVIATIONS OF ADSORPTION AND
SURFACTANT CONCENTRATION

FROM EQUILIBRIUM

The problem described in Section 2 has no analytical solu
for ionic surfactants nor for nonionic surfactants due to the str
nonlinear dependence of the interfacial tension and adsorp
on the subsurface concentration. To overcome this difficulty
the literature (1, 2, 4, 11–15) the assumption of small deviati
of the adsorption and the concentration from their equilibriu
values is used. Then the electric potentialψ , the adsorption0i ,
and the concentrationsci andci,n are presented as a sum of the
equilibrium values (corresponding to zero velocity and deno
with subscript “e”) and small deviations from this basic state
denoted byδ:

ψ = ψe+ δψ, 0i = 0i,e+ δ0i , ci = ci,e+ δci ,

ci,n = ci,∞ + δci,n, i = 1, . . . ,n. [19]

It is important to note that the equilibrium values,0i,e(H ),
ci,e(H, z), andψe(H, z), depend on the vertical coordinate,z,
and on the local film thickness,H , because of the overlappin
of both EDLs. The equilibrium values of concentrations ob
the classical Boltzman law (23)

ci,e = ci,∞ exp

(
−ziψe

kT

)
, i = 1, . . . ,n. [20a]

The electric potential at equilibrium,ψe, is a solution of the Pois-
son equation (see the particular case of Eq. [10] at equilibriu(

∂ψe

∂z

)2

= 8πkT

ε

n∑
i=1

ci,∞

×
[
exp

(
−ziψe

kT

)
− exp

(
−ziψem

kT

)]
, [20b]

with the respective boundary condition for the conservation
the charge (see the Gauss law, Eq. [11]). The appropriate ads
tion isotherms close the equilibrium problem [20]. Through t
vertical distribution of the electric potential all parameters d
pend on the local film thickness,H . The subscript “m” indicates
that the respective value of the physical parameter is calcul
in the middle plane.

The transformation of the integrated mass balance equatio

po-the surfactant species [4] into a linear form is the first important
simplification of the problem in the case of small deviations
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from equilibrium. If the expansions [19] and the relationsh
for the diffusion fluxes [7] and [8] are substituted into Eq. [4
the final form of the mass balance equations can be derived

∂

∂t

0i,e+
H/2∫
0

ci,e dz

+ 1

r

∂

∂r

×
r

0i,eu+
H/2∫
0

ci,evr dz−Di,eff
0i,e

ci,∞

∂δci,n

∂r

 = 0. [21a]

In Eq. [21a] the influence of the surface and bulk diffusion
surfactants is combined into one effective diffusion coefficie
Di,eff, defined as

Di,eff ≡ Di,s+ Di

0i,e

H/2∫
0

ci,e dz i = 1, . . . ,n. [21b]

From the Boltzmann distribution [20a] and the definition [21
it is seen that the influence of the bulk diffusivity on the su
face active ions, which are repelled from the interface, is no
pronounced. But for counterions this effect may become sig
icant. Usually, for nonionic surfactants the second term in [2
is negligible (1, 4) and the effective diffusion coefficient is equ
to the surface diffusion coefficient.

The time derivative in Eq. [21a] cannot be neglected beca
the equilibrium values of the adsorption,0i,e, and the concentra
tion of different ions,ci,e, depend on the local film thickness,H ,
which changes during the process of film drainage. To illust
this effect we calculated the adsorption,0i,e, the subsurface po
tential,ψes, and the electric potential in the middle plane,ψem,
for different values of the minimal film thickness,h. As an exam-
ple we used the parameters of the surface tension and adsor
isotherms for a solution of sodium dodecyl sulfate (SDS) in
presence of NaCl. It is shown in the literature (23) that for t
solution the Frumkin and Stern adsorption isotherms are
most appropriate:

(K1+ K2c2,es)c1,es= 01,e

0∞ − 01,e
exp

(
−2β01,e

kT

)
, [22a]

02,e

01,e
= K2c2,es

K1+ K2c2,es
. [22b]

Here index 1 is used for DS− ions and index 2 correspond
to Na+, 0∞ = 4.42× 10−6 mol · m−2 is the maximum possi-
ble surfactant adsorption corresponding to a close packin
the surfactant headgroups,β = 0.4kT/0∞ is the interaction
parameter in the Bragg–Williams lattice model, and the c
stantsK1 = 156 m3 · mol−1 and K2 = 0.128 m6 · mol−2 are

related to the standard free energies of surfactant and counte
adsorption.
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FIG. 2. Dependence of the electric potential in the middle plane on fi
thickness.

The influence of the film thikness,h, and the surfactan
concentration on the equilibrium parameters is illustrated
Figs. 2–4. The electric potential in the middle plane, which gi
the magnitude of the electrostatic part of the disjoining press
is negative and its absolute value increases when the dist
between the interfaces decreases (see Fig. 2). The higher
concentration decreases the thickness of the EDL and the
trostatic part of the disjoining pressure goes down. The influe
of the NaCl is similar. If the concentration of SDS is consta
then the increase in the salt concentration leads to a decr
in the absolute value of the electrostatic potential in the mid
plane. For small capillary pressures the electrostatic compo
of the disjoining pressure may become large enough to bala
the capillary pressure and the other nonelectric parts of the
joining pressure. At that moment the film reaches its equilibri
thickness (18, 31). For that reason below we will assume tha
capillary pressure is high enough to provide monotonous
thinning.

When ionic surfactant solutions are described in the lite
ture (18), two simplifications are usually discussed: cons
surface potential and constant surface charge. To illust
the validity of these assumptions, we calculated the sur
potential,ψs, and the relative change of the surface char
(01,e− 02,e)/(01,e∞ − 02,e∞), as functions of the film thick-
ness, where0i,e∞ is the equilibrium adsorption at an individua
interface for the same concentration. Numerical results are p
ted in Fig. 3. It is seen that at higher surfactant concentration
surface potential and the surface charge do not change sig
cantly in the whole range of thicknesses greater than 5 nm;
both hypotheses prevail. In contrast, at lower surfactant c
centrations the surface potential changes from−145 to−165
mV and the relative change in the surface charge is about 5
Therefore, neither hypothesis is valid for small concentratio

rionand the time derivative in Eq. [21a] cannot be neglected. The
added salt decreases the thickness of the EDL and makes the
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FIG. 3. Change in the surface potential (a) and in the surface charge (
film thickness.

effect less pronounced. For example, forc1,∞ = 0.01 mM and
c3,∞ = 1.0 mM the surface potential does not change sign
cantly (see Fig. 3a). In contrast, the relative change in the
face charge for small film thickness is about 20% (see Fig.
In this particular case the film thins in the regime of a cons
surface potential.

In the mass balance equation [21a] the bulk and surface
fusivity are accounted for through the effective diffusion coe
cient,Di,eff. The values of the bulk diffusion coefficients we us
are D1 = 5.5× 10−10 m2 · s−1, D2 = 6.06× 10−10 m2 · s−1,
and D3 = 6.61× 10−10 m2 · s−1 (27). For our calculation we
used the same values of the surface diffusion coefficients a
respective values of the bulk diffusion coefficients. In all ca
we found that the effective diffusion coefficient of DS− does not
change considerably and is equal to the surface diffusion co
cient. In contrast, the effective diffusion coefficient of the coun
rion changes more than 100 times because of the role of the
diffusion (see Fig. 4). The lower the surfactant concentration

larger the effective diffusivity of the counterion. The dependen
on the film thickness is small. When the concentration of surf
ND DANOV

) vs

ifi-
sur-
b).

ant

dif-
fi-
d

the
es

effi-
te-
bulk
the

tant becomes close to the critical micellar concentration, the e
ctive diffusion coefficient of counterion is close to the surfa
diffusion coefficient. Therefore, the counterions tend to rest
their quasi-equilibrium distribution much faster than the surfa
active ions.

The final step in completion of the system of equations is
reduction of the force balance equation [18] to the form

Fhd = 2π

∞∫
0

[
pn+ kT

n∑
i=1

(δci,m− δci,n)− p∞

]
r dr, [23a]

where the hydrodynamic drag force,Fhd, is defined as the dif-
ference between the driving force,F , and the total disjoining
pressure calculated from the equilibrium parameters of the
factant concentrations:

Fhd ≡ F − 2π

∞∫
0

[
kT

n∑
i=1

(ci,em− ci,∞)+5nel

]
r dr. [23b]

The electrostatic disjoining pressure is calculated using the c
sical formula (see Eq. [23b] and Refs. 18 and 19). Therefo
in the case of small deviations of the adsorption and surfac
concentration from equilibrium, the ionic surfactants influen
the hydrodynamic resistance through the mobility of the int
face and the additional change of the dynamic pressure
Eq. [23a]).

If the film profile, H , is known, applying the standard pro
cedure described in Section 2 for linearization of the probl
around the equilibrium adsorption, concentration, and pot
tial reduces the system of equations to a linear problem for
parameters of the drainage flow. The coefficients of the lin
problem are functions only of the equilibrium distribution of th
electric potential and the film profile.

FIG. 4. Dependence of the effective diffusion coefficient,D2,eff, on film

ce

ac-
thickness, calculated at three different surfactant concentrations in the absence
of a background electrolyte.
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4. INFLUENCE OF IONIC SURFACTANTS ON DRAINAGE
VELOCITY OF PLANE PARALLEL FILMS

In Section 3 it was demonstrated that the influence of io
surfactants becomes more pronounced when the EDLs of
interfaces overlap, i.e., for small film thicknesses. At these th
nesses the experimental results (3, 9, 10) show that the foam
have a uniform thickness,h, and they thin without significan
change of the film radius,R. That is why we will focus below
only on the case of plane parallel film thinning. Then the mo
ity parameter of the interfaces can be calculated from the m
described in Sections 2 and 3.

To find the dimensionless numbers and characteristic m
sures for the parameters, the equation of continuity (∇ · v =
0) is integrated along thez coordinate from 0 toh/2 with re-
spect to the kinematic boundary condition and the solution
the radial component of the velocity [16]. In the resulting e
pression the expansion [19] is used to derive the final relat
ship

hu− h3

12η

∂pn

∂r
+ kT h3

4η

n∑
i=1

(mi 3,es−mi 2,es)
∂δci,n

∂r
= Vr

2
,

[24]

where the drainage velocity of the film isV = −dh/dt. For
the particular case of plane parallel films the surface velo
and ther derivatives of the pressure, concentration, and ads
tion are proportional to the radial coordinate,r , as is also the
case for nonionic surfactants (12). Therefore, the most co
nient way to solve the problem is the introduction of the dim
sionless amplitudes for the velocity,U , the pressure gradien
P, the potential and concentration gradients,8(z) andCi (z),
and the adsorption gradient,Gi . These amplitudes are define
as

u ≡ Vr

2h
U,

∂pn

∂r
≡ −6ηVr

h3
P,

∂δψ

∂r
= 6ηVr

Ih3e
8, [25a]

∂δci

∂r
= 6ηVr

kT h3
Ci ,

∂δ0i

∂r
= 6ηVr

kT h3

0i,e

I
Gi , i = 1, . . . ,n,

[25b]

wheree is the elementary electric charge,Zi and ξi are the
valency and the molar fraction ofi th ionic species, andI is the
total bulk ionic strength of the solution defined as

I ≡ 1

2

n∑
i=1

Z2
i ci,∞, Zi ≡ zi

e
, ξi = ci,∞

I
, i = 1, . . . ,n.

[25c]

Following the convention used in Sections 2 and 3, the dim
sionless amplitude of the concentration gradients correspon
to the limitψ → 0 is denoted byCi,n. The values of the dimen

sionless amplitudes of the concentration and the electric po
tial gradients in the middle plane and at the boundary betwe
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the Stern and diffuse EDLs areCi,m ≡ Ci (0),8m ≡ 8(0), and
Ci,s ≡ Ci (h/2),8s ≡ 8(h/2), respectively.

After partial integration of the expression for the hydrod
namic force [23a] from 0 to the film radius,R, and after sub-
stitution of the definitions [25a] and [25b] into the resultin
equation, the following relationship for the drainage velocity
derived:

V

VRe
=
[

P −
n∑

i=1

(Ci,m− Ci,n)

]−1

, VRe≡ 2h3Fhd

3πηR4
. [26]

In Eq. [26] VRe, the Reynolds velocity, expresses the thinnin
rate of a planar film between two solid disks, i.e., for tangentia
immobile film interfaces (32, 33). The influence of the equili
rium part of the disjoining pressure is included in the definitio
of the hydrodynamic force [23b]. Therefore, if the amplitud
are found, then the mobility parameter,V/VRe, is known from
Eq. [26].

If the definition [25] is substituted into Eq. [24] a simpl
relationship for the amplitudes is obtained:

U + P + 3
n∑

i=1

(mi 3,es−mi 2,es)Ci,n = 1. [27]

The linear form of the tangential stress boundary conditi
[17] is derived after using the expansion [19] and the definitio
[25],

−P +
n∑

i=1

mi 1,esCi,n+ 2qes

eIh
8s+

n∑
i=1

2Ei

kT Ih
Gi = 0, [28a]

whereEi is the Gibbs elasticity of the interface correspondin
to the change of the adsorption ofi th species at equilibrium; i.e.

Ei ≡ − ∂σa,e

∂ ln0i,e
i = 1, . . . ,n. [28b]

It is important to note that in the particular case of planar film
the surface viscosity does not influence the drainage velocit
the films (1, 4). The effect of the surface viscous friction can
accounted for if the problem is solved for the meniscus and
film regions simultaneously (11, 14). Equations [27] and [28
give the pressure and velocity amplitudes if all other amplitud
are known.

To obtain the values of the concentration amplitudes in
middle plane and at the surface, expansion [19] is substituted
the Boltzmann-type distribution [6] and the resulting equation
linearized around the equilibrium state. Using the definition
the dimensionless parameters the final result acquires the fo

Ci = (Ci,n− ξi Zi8) exp

(
−ziψe

kT

)
, i = 1, . . . ,n. [29]
ten-
enRespectively, the linearization of the general adsorption
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isotherms,0i = 0i (c1,s, c2,s, . . . , cn,s), around the equilibrium
state gives

Gi =
n∑

i=1

bik

(
Ck,n

ξk
− Zk8s

)
, bki ≡ ∂ ln0k,e

∂ ln ci,es
, [30]

wherebki is the log–log slope of the equilibrium adsorption,0k,e,
with respect to the equilibrium subsurface concentration,ci,es,
i , k = 1, . . . ,n. Equations [29] and [30] are used to calcula
the adsorption and the concentration amplitudes in the mid
plane and at the surface.

The amplitudesCi,n are calculated from the mass balan
equation [21a]. The velocity distribution [16], simplified in th
case of small deviations from equilibrium, is substituted in
Eq. [21a] and the respective integrals are calculated. After l
but trivial mathematical transformations the final dimensionl
linear equation for the amplitudes reads(

1+mi 1,es+ 20i,e

hci,∞

)
U + (1+ 3mi 2,es−3mi 3,es)P

+
n∑

k=1

nikCk,n− 24ηDi,eff0i,e

kT h3c2
i,∞

Ci,n

= 2

ci,∞

d

dh

0i,e+
h/2∫
0

ci,e dz

, i = 1, . . . ,n. [31a]

Here the coefficientsnik , which depend only on the equilibrium
potential distribution, are calculated from the expressions

nik ≡ 6

h

h/2∫
0

(mi 0,e+ 1)(mk2,e−mk2,es) dz i, k = 1, . . . ,n.

[31b]

Now only the values of the amplitudes for the electric poten
in the middle plane and at the surface are unknown.

To obtain the linear form of the first integral [10] followin
from the Poisson equation the expansions [19] are substit
therein and the result is linearized around the equilibrium st

∂ψe

∂z

∂δψ

∂z
= 4πkT

ε

n∑
i = 1

(δci − δci,m). [32a]

Using the linearized form of the Boltzmann-type distributi
[6] after long mathematical transformations Eq. [32a] can
presented in the following complete differential form:

2
n∑

i = 1

(ci,e− ci,em)
∂

∂z

[
(δψ − δψm)

(
∂ψe

∂z

)−1
]

n∑ (
δci,n zi δψm

)

=

i = 1

(ci,e− ci,em)
ci,∞
−

kT
. [32b]
ND DANOV

te
dle

e

to
ng
ss

ial

ted
te:

n
be

After integrating Eq. [32b] from 0 toh/2 and transforming the
result in the dimensionless from using the definitions [25a] a
[25b], we derive the relationship for the electric potential in t
middle plane and at the surface:

8s = 8m+ κ
2h2

8

qes

eIh

n∑
i = 1

gi

(
Ci,n

ξi
− Zi8m

)
. [33a]

Here the coefficients,gi , depend only on the equilibrium con
centration distribution and are calculated from the expre
ions

gi ≡ 2

h

h/2∫
0

(ci,e−ci,em)

[ n∑
k= 1

(ck,e−ck,em)

]−1

dz, i = 1, . . . ,n.

[33b]

The inverse Debye screening length,κ, is defined byκ2 ≡
8πe2I /(εkT).

Finally, the Gauss law [11] linearized around the equilibriu
state gives the connection between the amplitudes of the su
and middle-plane electric potential gradients:

n∑
i = 1

(
Ci,s− Ci,m− κ

2h2

2

qes

eIh

0i,e

hci,∞
ξi Zi Gi

)
= 0. [34]

Solving the linear system of equations [27], [28a], [30], [31
[33a], [34], and [29], written in the middle plane and at t
boundary between the Stern and diffuse EDLs, the amplitu
of the adsorption, concentration, and electric potential are fou
The problem cannot be simplified more because of the com
dependence of the coefficients on the equilibrium electric
tential,ψe, and the film thickness,h. That is why in Section 5
the illustrated results are obtained numerically.

5. NUMERICAL RESULTS AND DISCUSSION

The experiments show that the surfactant and salt conce
tions strongly affect the behavior of the thin liquid films (1
34). To illustrate their influence on the process of film draina
we calculated the velocity of film thinning as a function of su
factant and salt concentrations for a real foam system stabi
by SDS in the presence of NaCl. All numerical calculations
performed for the values of surface and bulk diffusion coe
cients and for the parameters of SDS isotherm given in S
tion 2. First we calculatedV/VRe vs concentration of SDS. Th
results are plotted in Fig. 5a. The curves correspond to th
different salt concentrations: the solid line represents the c
without salt, and the other two curves correspond toc3,∞ = 0.01
mM andc3,∞ = 0.1 mM NaCl, respectively. The film thicknes
is chosen to beh = 20 nm. The numerical results show th

when the SDS concentration increases, the relative drainage ve-
locity decreases, passes through a minimum, and then slightly
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FIG. 5. Dependence of the mobility,V/VRe (a) and of the amplitude of the
surface velocityU (b) on surfactant concentration.

increases and tends to unity for high surfactant concentrat
The presence of background electrolyte slows down the drai
process and forc3,∞ = 0.1 mM the velocity of film thinning
is very close to the Reynolds velocity for the whole range
surfactant concentrations. From Fig. 5a it is seen that the
a region of surfactant concentrations in which the film th
with velocity lower than the Reynolds velocity. This fact w
be explained more precisely in the discussions below. At
surfactant and salt concentrations the main effect is the re
tion of the surface mobility with the increase of the surfact
concentration. This effect is confirmed by Fig. 5b, where
amplitude of the surface velocity,U , is plotted as a function
of SDS concentration. The values of the film thickness,h, and
salt concentrations,c3,∞, are the same as those in Fig. 5a.
closing, the surface velocity decreases with surfactant and
concentrations. At a higher SDS concentration the surface
locity becomes negative. From a physical viewpoint this me
that there is a small reverse surface convective flux from

meniscus region, which decelerates the film drainage. This
arises from the different mobility of the surface active ions a
IQUID FILMS 409
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counterions (see the definition of the effective diffusion coef
cients in Section 3). This flux brings new surfactant molecu
back to the film in order to maintain the total charge density, th
creating additional dynamic pressure, which decelerates the
thinning.

The addition of salt leads to a decrease in relative draina
velocity and surface velocity. To explain this effect quantit
tively, we calculatedV/VRe andU as a function ofc3,∞, for
three different values of surfactant concentration (see Fig.
The film thickness is kept constant,h = 10 nm. From Fig. 6a
it is seen that at higher SDS concentrations, 0.05 and 0.1 m
the relative velocity of thinning remains almost constant for t
chosen range of salt concentrations, and forc1,∞ = 0.1 mM the
velocity of thinning is practically equal to the Reynolds velo
ity. It is important to note that in this case the surface veloc
is not zero; i.e., the film surfaces are still tangentially mob
(see Fig. 6b). From Fig. 6b is also seen that the surface velo
decreases with increasing of NaCl concentration and rema
almost constant at low salt concentrations. From the literat
(23, 24) it is known that an increase in NaCl concentrati
flux
nd

FIG. 6. Influence of the background electrolyte on mobility of the interfaces:
(a) V/VRe; (b) amplitude of the surface velocity.
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decreases the interfacial tension and favors adsorption
surfactant ions. This influence is more pronounced when
salt and surfactant concentrations have the same order of
nitude or when the NaCl concentration is higher. This is w
demonstrated in Figs. 6a and 6b.

In the case of nonionic surfactants (1, 4, 12) the relative
locity is a linear function of 1/h:

V/VRe= 1+ b+ hs/h. [35a]

Coefficientsbandhs account for the bulk and surface diffusivit
They are defined as

b = 3ηD

EG

(
∂c

∂0

)
e

, hs = 6ηDs

kT0
. [35b]

To check this dependence for ionic surfactants, the relative ve
ity vs film thickness is calculated in two ways: from the pres
model for ionic surfactants and by using Eq. [35]. The coe
cientsb andhs for the nonionic surfactant model are calculat
by adapting the surfactant isotherm for ionic surfactants to
Langmuir type—this way is widely used in the literature (35, 3
Thus the diffusion and adsorption processes in both models
accounted for and the differences between the results arise
additional osmotic pressure caused by the distribution of dif
ent ions (see Eq. [23a]). The results are plotted in Fig. 7a for
different sets of concentrations. The general trend follows
havior similar to that of nonionic surfactants—the larger the fi
thickness, the smaller the relative velocity and the more imm
bile the film interface. The functional dependence is differen
for ionic surfactants the decrease in the surface mobility is m
greater. The increase in surfactant concentration has a stabil
effect. At large film thickness (about 100 nm) the curves co
sponding to the nonionic model tend to 1+ b, which corresponds
to small interfacial mobility. For ionic surfactants the velocity
film thinning is smaller thanVRe. To investigate this behavior in
more detail, the results for the amplitude of the surface velo
for the same surfactant concentrations are presented in Fig
For high surfactant concentrations the lower velocity can be
lated to the reverse surface convective fluxes. On the other h
for small surfactant concentrations the effect of surface mo
ity cannot explain this tendency of the relative velocity. This
attributed to the very complex dynamic processes in the io
species mass transport and electric potential distribution
Fig. 7b).

In Fig. 8 the relative velocity,V/VRe, and the amplitude of the
electric potential in the middle plane are plotted as a functio
SDS concentration. The NaCl concentrations are varied as
1.0, and 10.0 mM and the film thickness is constant at 10
The relative velocity is smaller than 1 in the whole range
surfactant concentration close to the critical micelle concen

tion. In all cases the surface mobility is not low. It is interestin
to note that the minimum corresponds toκh ≈ 1. At a given
ND DANOV
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FIG. 7. V/VRe (a) and the amplitude of the surface velocity (b) vs film
thickness at different surfactants and salt concentrations.

NaCl concentration the amplitude of the electric potential
the middle plane does not change considerably (see Fig.
When the concentration is low, both EDLs are fully overlapp
and the bulk liquid flow carries away approximately the sam
number of ions in the whole film. Then the increase in the s
factant concentration decreases the interfacial mobility and
velocity profile becomes closer to the Poiseuille flow. The ad
tional “dynamic disjoining pressure,” coming from the positiv
values of the electric potential amplitude in the middle plan
slows the film thinning. When the thickness of the EDL becom
smaller than the film thickness, the number of ions carried
from the drainage liquid flow is different for the surfactant ion
and counterions. Their equilibrium values change considera
only close to the interface, and therefore their influence on
dynamic pressure in the whole film is not so pronounced; i
the film starts to drain more like the film stabilized by nonion
surfactants. Then the numbers of the surfactant ions and cou
rions carried out from the liquid flow in the middle plane becom

gcomparable; i.e., they are equivalent to the decreases in surfac-
tant concentrations which, as it is illustrated in Fig. 2, increase
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FIG. 8. Dependence of the relative velocity of thinningV/VRe (a) and the
amplitude of the electric potential in the middle plane (b) on surfactant and
concentrations.

the electric potential in the middle plane. For that reason
relative velocity in Fig. 8a at SDS concentrations close to
critical micelle concentration of 5 mM is lower at higher Na
concentrations. The difference between the Reynolds velo
and the calculated drainage velocity is exactly due to the cha
in the disjoining pressure (see Fig. 8b).

It is important to note that Figs. 5a–8a represent the ratio
tween the velocity of draining film,V , and the Reynolds veloc
ity, VRe. From Eqs. [23b] and [26] the influence of the disjoini
pressure is included in the calculation of the Reynolds velo
Therefore, the lifetime of the film, which depends onV , depends
not only on the mobility parameterV/VRe, but also on the mag
nitude of the Reynolds velocity, i.e., on the disjoining press
itself.

6. CONCLUSIONS
A theoretical model for calculating the influence of ionic su
factants and background electrolytes on the drainage velocit
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thin liquid films is developed. This model takes into account t
bulk and surface electrodiffusion fluxes of ions, which count
balance the convection of species due to the bulk and surface
uid velocity. The resulting redistribution of ions leads to chang
in bulk and surface charge density and electric potential. The
terfacial rheology (surface elasticity and viscosity) is includ
in the model to show the role of the material properties of t
interfaces.

In the case of small deviations of the adsorption and the s
factant concentration from their equilibrium values, the qua
equilibrium part of the electrostatic interaction is included
the disjoining pressure, whereas the different mobilities of io
influence the interfacial elasticity. Thus, the resulting force re
resents the hydrodynamic driving force, which defines the
drodynamic resistance of the film. The measure of the resista
is the ratio between the drainage velocity and the Reynolds
locity of film thinning. The influence of the surface and bu
diffusion is coupled in one effective diffusion coefficient, whic
shows that for the surface active ions the bulk diffusion is sm
compared to the surface diffusion. In contrast, the effect of
bulk diffusion on the mass transfer of counterions may pla
dominant role.

The quantitative calculations for plane parallel films illustra
the main conclusions. The ionic surfactants and backgro
electrolyte (salt) change the hydrodynamic resistance of
films in two ways—they reduce the surface mobility, and th
change the dynamic pressure and the electric body force of
composition.

Increases in surfactant concentration and salt concentra
increase surface elasticity. The interfacial mobility decrease
the films behave more like films between two rigid surfaces. T
effect is more pronounced with changes in surfactant concen
tion. The background electrolyte favors adsorption of the surf
active ions and decrease in the interfacial tension. Both the
face and bulk diffusion processes tend to restore the equilibri
suppress the gradient of the interfacial tension, and make the
terfaces more mobile. With the increase in the film thickne
the hydrodynamic friction in the vicinity of the interfaces de
creases and the influence of the surface diffusion becomes
pronounced.

The complex dynamic processes of the mixture of ions ca
changes in their concentrations in the bulk and at the surfa
They produce dynamic variations of the bulk and surfa
charge and an additional dynamic effect on the electric for
Due to the dynamic part of the electric force and the cha
variations, the dynamic pressure of the film increases and
drainage of the films slows down. Increases in surfactant
salt concentrations decrease the thickness of the diffuse ele
double layer, and the dynamic electric interaction between t
interfaces decreases. At high concentrations, the electric do
layers are located mainly close to the interfaces and the ef
of the additional deceleration of the film thinning is negligible

r-
y of

The developed model can be also applied to investigations of
the stability of the equilibrium thin liquid films.
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