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The process of thinning of liquid films in the presence of ionic
surfactants and background electrolytes is studied. The lubrication
approximation is used to obtain the influence of spatial dynamic
distribution of the different ions and the electric potential on the
mobility of film interfaces and on the additional nonequilibrium
part of the electrostatic disjoining pressure. The material properties
of the interfaces (Gibbs elasticity and surface viscosity) are taken
into account. The bulk and surface diffusivities of ionic species tend
to restore the equilibrium and suppress the role of the Gibbs elas-
ticity. The problem is linearized under the assumptions of small
deviations of the adsorption and the concentration from their equi-
librium values and of small Peclet number. In the case of plane
parallel films an analytical solution is obtained. The correctness of
the assumptions, widely used in the literature, of constant surface
charge, of constant surface potential, and of the quasi-equilibrium
approach is discussed. Numerical analysis of the governing equa-
tions shows that the ionic surfactants influence the film drainage
in two ways. For small surfactants and background electrolyte
concentrations the main effect is a reduction in surface mobility,
which decelerates the drainage of the film. At high surfactant or
salt concentrations the interfaces become tangentially immobile
and then dynamic changes in the concentration, adsorption, electric
charge, and middle plane potential affect the film thinning due to
the change in the nonequilibrium part of the electrostatic disjoining
pressure.  © 2001 Academic Press
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1. INTRODUCTION

and their mixtures are used to stabilize or destabilize emulsiol
and foams (9, 10). Hence the detailed study of the surfacta
influence on the velocity of film drainage is a starting point for
many publications in the literature.

Detailed review of the publications concerning the drainag
velocity of thin filmsis givenin Refs. (1-5, 11). Mostly, the lubri-
cation approximation is used to solve the mathematical proble
arising from the physical model of the system (1, 2, 4, 11-16
This approximation is applicable not only to plane paralle
films but also to films with deformed interfaces, dimples, anc
pimples (17).

The physical picture of the film thinning can be describec
schematically as follows: Under the action of an external force
the liquid flows out from the film to the meniscus, carrying away
surfactant molecules from the bulk and the surface. These bt
and surface convective fluxes disturb the equilibrium distributio
of the differentions, causing gradients in the bulk and the surfax
chemical potentials. Both surface and bulk diffusion fluxes aris
to restore the equilibrium. In addition, the surface intermolec
ular attractive or repulsive forces (18, 19) strongly affect the
whole process of film drainage when the film thickness is belo
100 nm.

Even though the process of film thinning is widely investi-
gated in the literature, there are few theoretical works that de
with the influence of ionic surfactants on that process. The rol
of the dynamic properties of ionic surfactants in the stability o
equilibrium thin liquid films is discussed in Refs. (20, 21). The
authors have used the so-called “quasi-equilibrium” approac
which assumes the equilibrium Boltzmann distribution of al
ions in the whole process of evolution of fluctuations. Therefor

Surfactants play an important role in the dynamic prope'ihe effect of ionic surfactants is accounted for only through th

ties of thin liquid films formed between emulsion droplets ol€ctric potential, which in that simplification does not depen
foam bubbles (1-3). The lifetime of the films is one of the maifin the radial coordinate, As was mentioned above, the film

quantitative parameters in the generalized interpretation of fining disturbs the equilibrium distribution of the ions in both
Bancroft rule (4, 5) and the theory of simultaneous flocculatid@dial and vertical directions, causing bulk and surface diffusio
and coalescence in emulsion and foam systems (6-8). In prgltp_(es. Hence, to illustrate the effect of ionic surfactants on th

tice, nonionic and ionic surfactants and background electroly@cess of film thinning a detailed description of the dynami
of different ions is needed. To do so, together with the diffusiol

processes, one must specify the mechanism of adsorption of ¢
1To whom correspondence should be addressed. Fax: (+359) 2 962 5dgfent ions to determine the surface electric charge. Followir
E-mail: KD@LTPH.BOL.BG. recent work on the thermodynamics of ionic surfactants, th
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THINNING OF LIQUID FILMS 401

effect of counterion binding must be taken into accoumtort, civ (¢ is the nonequilibrium concentration of surfactants
(23-27). It is shown theoretically and experimentally (23—2@ndyv is the bulk velocity). The characteristic time of the ad-
that the adsorption of counterions and the presence of elsorption processes is much less than the time of film drainac
trolytes increase the adsorption of the surface active ions ahgerefore, it can be assumed that the surface electrochemi
interfacial elasticity and decrease the interfacial tension. potentials are equal to the subsurface bulk electrochemic

In this work we present a solution to the problem of drainagmtentials; hence the nonequilibrium adsorptioris,and the
of a thin liquid film in the presence of ionic surfactants andubsurface concentrations,, are related through the general
background electrolytes. In Section 2 the mathematical modelsorption isotherm§; = I'i(C1s, C2s, - .-, Cns). These pro-
of the problem based on the lubrication approximation is foduce additional differences between the electrochemical pote
mulated. The bulk and surface diffusion of all species and tlials close to the interfaces and in the middle plane of the filn
surface elasticity and viscosity are taken into account. In the cagleich are compensated by the component of bulk electrodiffi
of small deviation of surfactant concentrations and adsorptiosien fluxes directed towards the interfaces (Fig. 1).
from equilibrium the problem is linearized and the influence The process of adsorption of ionic surfactants on the film ir
of surfactant is accounted for in the mobility of the interfaceterfaces is accompanied by an increase in the surface elec
(Section 3). Analytical treatment of the problem for plane papotential,ys, and the charge densitgs. In its own turn, the
allel films is described in Section 4. Numerical results, given presence of surface electric potential is related to the form
Section 5, show the effects of surface mobility and the nonegtibn of a diffuse electric double layer (EDL) inside the film.
librium part of the electric pressure on film drainage. Some comhe charged surfaces repel the newcoming surfactant molecu
cluding remarks are presented in Section 6. (Fig. 1), which results in deceleration of the adsorption proces

The diffusion transport of the surface active ions, counterion

2 MATHEMATICAL FORMULATION OF THE PROBLEM: and coions is strongly affected by the electric field in the dif
LUBRICATION APPROXIMATION fuse EDL. It is important to note that the electric double laye

in the vicinity of an adsorption monolayer of ionic surfactan

The physical background of the influence of ionic surfactant®ntains a Stern layer and a diffuse electric double layer (s
on the drainage process of thin liquid films can be expressedrig. 1 in Ref. 23). The Stern layer consists of adsorbed cou
the following schematic way. When the film interfaces approadtrions, whereas the diffuse layer contains free ions involved
each other, the liquid flows toward the meniscus and carries avBrpwnian motion. Near the charged surfaces there is an acc
the surfactant molecules (Fig. 1). The surface velocifygre- mulation of counterions and a depletion of coions. In the zor
ates surface convective fluxes of ttth ion, j; . = [ju (I is  where the diffuse EDLS of the two film interfaces overlap, the
the nonequilibrium adsorption), which generate gradients of thkectric potential distribution changes and influences the difft
surface electrochemical potentiajs,s(i = 1,...,n). Due to sion processes in the gap region. Herein the term EDL refers
these gradients, the reverse surface electrodiffusion fljpgs, the diffuse EDL.
tend to restore the equilibrium (Fig. 1). Similarly, the gradients The nonuniform surfactantdistribution along the surface leac
in the bulk electrochemical potentialg;, produce bulk elec- to variations in the local value of the surface tensionwhich
trodiffusion fluxesj;, which oppose the bulk convective transbrings about the surface elastic force (Gibbs elasticity). On tt
other hand, the adsorption layer and the EDL may undergo c
lational and shear deformations during motion, which produc
surface viscous stresses. Finally, the surface elements are ur
the action of the bulk stress caused by the liquid flow and by tt
electric potential distribution in the film. If the film is relatively
thin, the intermolecular forces also affect the drainage throuc
the disjoining pressuré]. For slow motion (low Reynolds num-
ber) the intermolecular, electric, and viscous forces counterb:
ance the driving forcef-, at every given moment,

In the present work we investigate the drainage process o
symmetric thin liquid film, formed between two drops or bub-
bles, which is stabilized by a mixture of nonionic and ionic sur
factants and a background electrolyte. The problem is describ
) | in a cylindrical coordinate systen@rz, where the droplet in-

. e terface,S, is defined byz = H(t,r)/2 andH is the local film
coion  counterion surface active ion thickness. In addition we will consider only axially symmetric
FIG.1. Schematic picture of a thin liquid film stabilized by ionicsurfactantflows’ in which npne of the parameters depe_nd on the meri
The ion bulk and surface diffusion fluxes are respectijiedndj; s. The surface lan angle. The middle plane zs= 0 and the unit normal at the
convective flux igi c. surfaceSpointed to the drop phaserisThe common solution to
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such problems (1, 2, 4, 11-17) is to use the lubrication approkerev, andu are the radial components of the bulk and surfac
mation. The general assumptions for this approximation are ®locities, and); and J; s are the radial components of the bulk
small Reynolds numbg(ii) small film thicknessompared to the and surface electrodiffusion fluxes, respectively. Equation [4
characteristic drop radius, and (igjnall slope of the interfaces expresses the fact that the local change in the mass of t
The film between the drops is stabilized by a mixture agholecules across the filmis compensated by the bulk and surfe
nonionic and ionic surfactants and the background electrolytenvective and diffusion fluxes (see Fig. 1).
(salt). To find the surfactant distribution of the different ions we In the case of lubrication approximation and for small Pecle
employ the following assumptions, which are widely used in theumbers, the leading order of the diffusion equations [1], [2
literature (1, 2, 4): (ivsmall Peclet numben the gap and (WMur- becomes
factants and salt are soluble only in the continudfiisn) phase 96 Z 9y
(in this case the viscous friction from the fluid in the droplets ===,
is negligible compared to the friction from the continuous 0z KT 9z
phase—the emulsion system behaves as a foam—see Ref. Zhe solution to Eq. [5] gives the leading order of the nonequilib
Under these assumptions the governing equations are formrium concentration in the bulk phas®, It obeys a distribution,
lated in the following subsections. similar to the Boltzmann type:

i=1....n [5]

2.1. Mass Balance of Components and Electric 7
Potential Distribution C = Gm exp[ - ﬁ(w - wm)}

The changes in the concentrations of the different species in 2
the bulk are compensated by the convectiyg, and the bulk = ci.nexp(—'—> , 1=1...,n [6]

electrodiffusionj;, fluxes: kT
aCi . L - Herec m(t, r) andyn(t, r) are the concentration and the electric
at +V-@VH) =0 i=1...n, [ potential in the middle plane = 0, respectively. The concen-

. z . tration, G n(t, r) = ¢.m €xplz ¥m/(KT)], can be interpreted as
Ji = —D; (VCi +G EV’#), i=1...,n [2] the limit of the concentration when the electric potentigal,
goes to zero. In the case of nonionic surfactant solutioa:(0),

Herey is the electric potential in the bulk,is the Boltzmann Gin(t:r) is exactly the concentration of the nonionic compo-
constantT is the temperatureD; is the bulk diffusion coeffi- Nents at the middle plane. Our model is distinguished fror
cient, andy is the electric charge of the ionic components. Th#1€ quasi-equilibrium approach used in Refs. (20, 21), whic
second term in the definition of the bulk diffusion flux [2] rep@Ssumes tha o(t, r) is a constant and its value is equal to the
resents the so-called “electromigration” term, which accourft@ncentration of the species at infinite distance from the inte
for the influence of the EDL on the diffusion process of differf@ceCi.c. Due to this assumption the formal limjit — 0 made

ent ions. The two-dimensional analogue of Eq. [1] is the maliem the results in Refs. (20, 21) does not give the simple resul

balance equation of the surfactant species at the film interfad@F nonionic surfactants (4) where the surfactant concentration
Ci.n, may depend significantly anandr in the process of film

aT . L thinning
— +Vs-(Tiu+jis)=n-j;, i=1...,n, 3 ’ . Lo
+ Vs (fiut]is) i 3] We use the subscripts “m” and “s” to indicate that the respec

at
where Vs is the surface gradient operator (2) andj; is the tive values of the different physical parameters are calculated

bulk electrodiffusion flux from the contiguous bulk phase to thﬁg'f,a middle plane and on the surfgce, re_spectwely. The S“k?sc,r
interface. n” refers to the value of the variables in the case of nonioni

After integrating Eq. [1] from O toH /2 with respect taz surfactant, which can be derived when the formal lighit> 0

using the kinematic boundary condition at the film interfacéS Performed. _ ,
and summing the result with Eq. [3], we obtain the integrated YSin9 Eds. [2], [5], and [6] the leading order of the radial com:
mass balance of each species: ponent of the bulk diffusion fluxj;, appearing in the integrated

mass balance equation [4], can be rewritten in the form

H/2
3 19 aG | ZG oy
— 1\ cdz| =—-—=-— — D [ au 77
at '+/' rar b= D'<8r+kT8r>
0
W\ 9Gn .
H/2 = —D; exp(—%) a"”, i=1...,n. [7]
xr Fiu—i-Ji_S—i-/(Ci\)r—l-Ji)dZ , i=1,...,n r
0

Therefore, the quasi-equilibrium approach,(= G ~, where
[4] ¢ .~ istheconcentration of thi¢hion atinfinity distance from the
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interface) does not take into account the bulk diffusion process22. Integrated Bulk Continuity Equation, Tangential Stress
of the different ions. Balance, and Force Balance
To define the surface diffusion fluxes we must specify : S
. . : . In the case of a multicomponent ionic liquid mixture the den
the mechanism of adsorption. It was proven in the literature

- . L ._sity of the electric forcegE (E = — V1 is the electric field),
(1, 25-27) that for the process of film thinning the mechan|§n?ays the role of a spatial body force in the well-known Navier-

of adsorption is diffusion controlled. From a thermodynami tokes equation of motion (30). In the lubrication approximatio

viewpoint it follows (23, 24) that the electrochemical surfaCﬁf1e radial and vertical components of the momentum balan
potential of each specieg; s, is equal to the electrochemical . L
eguation are simplified to

bulk potential in the contiguous layer (the boundary between

the Stern and the diffuse EDL,; see Ref. 23). Hence, from the p & v 32y,
general definitions of the surface diffusion flux (28, 29) and the o Z 4G =0 [12a]
electrochemical potential (23, 24), and from the leading-order i=1
concentration distribution [6] the following simple relationship p & Y
is obtained: 32T 21: 46— = 0. [12b]
|=
Jem— Disli dpis _ _ Disli 9Cin i=1.. . .n [8

The dynamic viscosity and the dynamic pressure are denot
. o o by n and p, respectively. After substituting the expression fol
HereD; s is the surface diffusion coefficient. For the same reghe leading-order surfactant distribution [6] into Eq. [12b] anc

son, as was mentioned before, the quasi-equilibrium approagtegrating the result, we derive the following expression for th
(20, 21) does not account for the influence of the surface diffgressure distribution:

sion on the film drainage (in this approagh = 0). The formal
limit for one nonionic component in Eq. [8] gives the expres-
sion for the surface diffusion flux widely used in the literature
1,2, 4,11).

The electric potentialy, is related to the bulk charge densityHere pm(t, r) and py(t, r) are the pressures in the middle plane
q, through the well-known Poisson equation. In the lubricationd in the limiting case of nonionic surfactant solution whel

kT or Cin or '’

p= pm+KkT Z(Q —G,m) = Pn+ KT Z(Ci —Cin). [13]

n
i=1 i=1

approximation it is written as ¥ — 0, respectively. Itis seenthatthe pressure inthe continuo
phase p, depends on the vertical coordinatepnly through its
4 Az A & g] ©smotic part generated from the electric potential.
92 - 0T T L ES B the substitution of Egs. [6] and [13] into the radial componer

e . .
' of the momentum balance equation [12a] leads to the followin

where the dielectric permittivity is. If the Boltzmann-type dis- expression for the radial component of the velocity:
tribution [6] is substituted into Eq. [9] and the resulting equation

is integrated with respect @ the following first integral can be 0%ur = 9Pn kT , _ay -1 9%.n 14

obtained: 022 or + Zl: O T wT ar - [14]
[ 2 _ 8rkT i(q o) [10] The last term in the right-hand side of Eq. [14], which rep
9z) e — mr resents the electric force, is a complex function of the vertic:

coordinatez. Itisimportantto note that in the quasi-equilibrium

The condition for electroneutrality of the solution as a wholgpproach ¢ , = ¢ .».) (20, 21) this term is equal to zero. This
is equivalent to the Gauss law, which determines the surfasigows that under the quasi-equilibrium approach (20, 21) tt
charge densitygs. In the lubrication approximation it reads (23)electric force appears as a potential force in the momentu
N balance equation. Therefore, this model is equivalent to the s

W _4n, _ M zTi atz=H/2. [11] called“body force approach”(22) and the effects of the ionic su

0z e © & = factants on the film drainage and stability are accounted for on
] o . through the classical electrostatic part of the disjoining pressul
The assumption for diffusion-controlled adsorption allows us 1, simplify all equations below we introduce new functions

to close the system of equations [1]-[11] with the respectiYﬁik, which are defined as

isotherms for the different specidg, = I'j(C1s, C2s, - - -, Cn.s)-
Usually (23, 24) the coions do not adsorb in the Stern layer and zZy
their adsorptions are practically zero. The list of commonly en- Mio = exp(—ﬁ> -1

countered isotherms is given in a recent work (23). Therefore, if

we know the velocity distribution, the problem of the concentra- 2 )

tions, the adsorptions, and the electrical potential distributions Mik = / Mik-1dz i=1....n, k=0,....3 [19]
is completed. 0

z
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where h is the minimal thickness of the film. Hence, using If the surface equation of state (dependence of the interfaci

Egs. [14] and [15], the condition for the symmetry of the filmiensiong, on the adsorption), the adsorption isotherms, and tt

with respect to the middle plane, and the kinematic bounddiym profile, H, are known, the model given above describes th

condition at the film surface, one can calculate the distributigrinysical picture of the film drainage. If the normal balance equiz

of the radial component of the velocity as tion is included, the model can be applied also to investigatio
of the long-wave stability of films (31).

422 — H?9p, kTR & B

n
= — E Mz — M , [16
Ur u 8 or + an i:1( i2 i2,s) [16]

3. SMALL DEVIATIONS OF ADSORPTION AND
SURFACTANT CONCENTRATION
wherem;, s is the value of the functiom;, calculated at the film FROM EQUILIBRIUM
surfacez = H/2. In the case of nonionic surfactamtg, = 0 ) . ) ) )
and Eq. [16] gives the corresponding expression for the velocity | "€ Problem described in Section 2 has no analytical solutic
in Ref. (12). for ionic surfactants nor for nonionic su_rfactan?s duetothe stror_w
To close the system of equations for fluid motion, the tangeRonlinear dependence of the interfacial tension and adsorpti
tial stress boundary condition and the force balance equatfhthe subsurface concentration. To overcome this difficulty i
are used. The boundary condition for the balance of the surf4B§ literature (1, 2, 4, 11-15) the assumption of small deviatior
excess linear momentum takes into account the influence of Eﬂéhe a_ldsorptlon and the conc_entratlon from their equmbrlun
surface tension gradient (Marangoni effect), surface viscosif§lues is used. Then the electric potentiaithe adsorptioni,
(Boussinesq effect), and the electric part of the bulk pressitad the concentratiorts andc; , are presented as a sum of their
stress tensor (see Refs. 23, 30). In the lubrication approximatffHiliPrium _val“u?s (corresponding to zero velocity and denote
the tangential stress boundary condition at the interface, usiij subscript “e”) and small deviations from this basic state ar

G,
ar

Egs. [13] and [16], is simplified to denoted by:
Hap”+kTh2n:m- %6n | o3V | 27 00 V=vetdy, Ii=Tiet+dli, ¢ =Cetda,
2 or 2 & T Pl S Cn=Co+8Cn i=1...,n [19]
= % nsi [}M} [17] It is important to note that the equilibrium values; ¢(H),
4 orir or Gie(H, 2), andye(H, 2), depend on the vertical coordinate,

and on the local film thicknes$], because of the overlapping

The surface viscositys is the sum of the interfacial shear andht oth EDLs. The equilibrium values of concentrations obe
dilational viscosities. The gradient of the interfacial tension ifhe ¢lassical Boltzman law (23)

Eq. [17]is calculated using only the adsorption part of the inter-

facial tensiong,, because the diffuse electric parbois already ZiVe _

included in the electric part of the pressure tensor (see Ref. 23). Ge=Cico exp(— KT ) i=1....n [20a]
The formal limit (4 — 0) transforms Eq. [17] into the tangen-

tial stress boundary condition for nonionic surfactants usedjhe electric potential at equilibriunge, is a solution of the Pois-

Refs. (1_* 2,4, 11-14). _ ) son equation (see the particular case of Eq. [10] at equilibriun
The film between the bubbles thins due to the action of the

external forceF, which for small Reynolds number is balanced 2 n
. . 0ve 87kT

by the hydrodynamic drag force and the intermolecular forces. = E Ci.co

Hence, in the lubrication approximation we obtain. & =

0z

00 x [exp(— Z;;_?) — exp(— Z'ljfl'fmﬂ, [20D]
F =20 [(n+ Ma = poir o
0 with the respective boundary condition for the conservation c
x n the charge (see the Gauss law, Eq. [11]). The appropriate adso
=2n / |:pn + kT Z(ci,m —Cin) + Mpei — poo} rdr, [18] tionisotherms close the equilibrium problem [20]. Through the
b i=1 vertical distribution of the electric potential all parameters de

pend on the local film thickneskl. The subscript “m” indicates
where p, is the pressure at infinity in the meniscus regiothat the respective value of the physical parameter is calculat
andIl,g is the disjoining pressure which takes into account &l the middle plane.
nonelectric types of intermolecular interactions [van der Waals, The transformation of the integrated mass balance equation
steric, etc., except the electrostatic disjoining pressure compioe surfactant species [4] into a linear form is the first importar
nent (18, 19)]. simplification of the problem in the case of small deviations
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from equilibrium. If the expansions [19] and the relationship: Or . - - . .
for the diffusion fluxes [7] and [8] are substituted into Eq. [4], 20k BSUTCEL L
the final form of the mass balance equations can be derived: ,>E A e
- -40F LT ]
. , .
) H/2 s > 60 L ]
— | Tiet+ /Ci,edz + = .E -80-— e ¢,=001mM,c, =00mM |}
ot ror s A ¢, =1.00mM,c, =00mM
0 S -100F 0 ¢, =00ImM,c, =10mM I
H/2 o ' '
r{Ticu+ [ Gev dz—D Llie 93Cin 0. [21a] £ % ]
X A 3 —D: JR = 0. 93
ie i,eUr |,effci or B _140F E
5 : |
-160 b
In Eq. [21a] the influence of the surface and bulk diffusion o 0 10 20 30 40 50

surfactan.ts is combined into one effective diffusion coefficien Film thickness %, nm
Di efr, defined as

FIG. 2. Dependence of the electric potential in the middle plane on filrr
H/2 thickness.

D.
Di,eﬁEDi,s—i—Fl—I/‘ChedZ i=1....,n [21b]

e

The influence of the film thikness), and the surfactant

From the Boltzmann distribution [20a] and the definition [21b§oncentration on the equilibrium parameters is illustrated i
it is seen that the influence of the bulk diffusivity on the sufFigs. 2—4. The electric potential in the middle plane, which give
face active ions, which are repelled from the interface, is not & magnitude of the electrostatic part of the disjoining pressur
pronounced. But for counterions this effect may become signi$- negative and its absolute value increases when the distar
icant. Usually, for nonionic surfactants the second term in [21Bptween the interfaces decreases (see Fig. 2). The higher S
is negligible (1, 4) and the effective diffusion coefficient is equ#loncentration decreases the thickness of the EDL and the el
to the surface diffusion coefficient. trostatic part of the disjoining pressure goes down. The influen
The time derivative in Eq. [21a] cannot be neglected becaugkthe NaCl is similar. If the concentration of SDS is constant
the equilibrium values of the adsorptidh,e, and the concentra- then the increase in the salt concentration leads to a decre:
tion of different ionsg; ¢, depend on the local film thickneds, in the absolute value of the electrostatic potential in the middl|
which changes during the process of film drainage. To illustradéane. For small capillary pressures the electrostatic compone
this effect we calculated the adsorptidh e, the subsurface po- of the disjoining pressure may become large enough to balar
tential, ¥es, and the electric potential in the middle plae,, the capillary pressure and the other nonelectric parts of the d
for different values of the minimal film thicknesgs,As an exam- joining pressure. Atthat moment the film reaches its equilibriur
ple we used the parameters of the surface tension and adsorpiigkness (18, 31). For that reason below we will assume that !
isotherms for a solution of sodium dodecyl sulfate (SDS) in ti@pillary pressure is high enough to provide monotonous fil

presence of NaCl. It is shown in the literature (23) that for thi&inning.
solution the Frumkin and Stern adsorption isotherms are theWhen ionic surfactant solutions are described in the liter
most appropriate: ture (18), two simplifications are usually discussed: consta
surface potential and constant surface charge. To illustra

e 2BT16 the validity of these assumptions, we calculated the surfa

(K1 + K2CzegCres = T —Tr. exp<—k—T’), [22a] potential, s, and the relative change of the surface charge
o Le (T1e — M2e)/(MLeso — M2ex), @s functions of the film thick-

E _ K2Cz.es [22b] Ness, where; e is the equilibrium adsorption at an individual

Me K1+ KaCoes interface for the same concentration. Numerical results are plc

ted in Fig. 3. Itis seen that at higher surfactant concentration tl
Here index 1 is used for DSions and index 2 correspondssurface potential and the surface charge do not change sign
to Nat, 'y = 4.42 x 106 mol - m~2 is the maximum possi- cantly in the whole range of thicknesses greater than 5 nm; i.
ble surfactant adsorption corresponding to a close packinghafth hypotheses prevail. In contrast, at lower surfactant co
the surfactant headgroupg,= 0.4kT/ 'y, is the interaction centrations the surface potential changes frefrd5 to —165
parameter in the Bragg—Williams lattice model, and the comV and the relative change in the surface charge is about 50
stantsK; = 156 n? - mol~* and K, = 0.128 nf - mol=? are Therefore, neither hypothesis is valid for small concentration
related to the standard free energies of surfactant and counteaon the time derivative in Eq. [21a] cannot be neglected. Tt
adsorption. added salt decreases the thickness of the EDL and makes
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tantbecomes close to the critical micellar concentration, the eff
ctive diffusion coefficient of counterion is close to the surface
diffusion coefficient. Therefore, the counterions tend to restor
their quasi-equilibrium distribution much faster than the surfac
active ions.

The final step in completion of the system of equations is th
reduction of the force balance equation [18] to the form

o0 n
Frg = 271'/ |:pn +KT Z(aci,m — 8Gin) — pw} rdr, [23a]

0 i=1

where the hydrodynamic drag forde,q, is defined as the dif-
ference between the driving forcg, and the total disjoining
pressure calculated from the equilibrium parameters of the st
factant concentrations:

oo

F.a=F —2n / |:kT Z(Ci,em — Ci,oo) + Hnel:| r dr. [23b]

0 i=1

The electrostatic disjoining pressure is calculated using the cla
sical formula (see Eq. [23b] and Refs. 18 and 19). Therefor
in the case of small deviations of the adsorption and surfacta
concentration from equilibrium, the ionic surfactants influenc
the hydrodynamic resistance through the mobility of the intet
face and the additional change of the dynamic pressure (s
Eq. [23a]).

If the film profile, H, is known, applying the standard pro-
cedure described in Section 2 for linearization of the probler
around the equilibrium adsorption, concentration, and potel
tial reduces the system of equations to a linear problem for tt

FIG. 3. Change in the surface potential (a) and in the surface charge (b)ﬁérameters of the drainage flow. The coefficients of the line:

film thickness.

problem are functions only of the equilibrium distribution of the
electric potential and the film profile.

effect less pronounced. For example, ¢égr, = 0.01 mM and

C3.00 = 1.0 mM the surface potential does not change signifi-
cantly (see Fig. 3a). In contrast, the relative change in the sur-
face charge for small film thickness is about 20% (see Fig. 3b«,
In this particular case the film thins in the regime of a constar’ g
surface potential.

In the mass balance equation [21a] the bulk and surface d &
fusivity are accounted for through the effective diffusion coeffi- &
cient,D; . The values of the bulk diffusion coefficients we usec -
areD; =55x101°m2 .51 D, =6.06x 1010 m2 .51,
and D3 = 6.61 x 107 m? . s71 (27). For our calculation we
used the same values of the surface diffusion coefficients as t
respective values of the bulk diffusion coefficients. In all case
we found that the effective diffusion coefficient of D8oes not
change considerably and is equal to the surface diffusion coef
cient. In contrast, the effective diffusion coefficient of the counte
rion changes more than 100 times because of the role of the bi....

2ell?

ficie

usion coef

Diffi

10

._
Ou

9
10 0

7

So

Film thickness £, nm

diffusion (see F|_g.4)_. Th_el_owerthe surfactgntconcentranon,theFIG_ 4. Dependence of the effective diffusion coefficieB ef, on film
larger the eﬁgctlve d'foSN'ty ofthe counterion. The _dependen@lﬁckness, calculated at three different surfactant concentrations in the absel
on the film thickness is small. When the concentration of surfag-a background electrolyte.
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4. INFLUENCE OF IONIC SURFACTANTS ON DRAINAGE  the Stern and diffuse EDLs afg , = C;(0), ®, = ©(0), and
VELOCITY OF PLANE PARALLEL FILMS Cis = Ci(h/2), ®s = ®(h/2), respectively.
After partial integration of the expression for the hydrody-
In Section 3 it was demonstrated that the influence of ionigamic force [23a] from 0 to the film radiu®, and after sub-
surfactants becomes more pronounced when the EDLs of befftution of the definitions [25a] and [25b] into the resulting

interfaces overlap, i.e., for small film thicknesses. Atthese thicgqua[ion, the fo||owing re|ationship for the drainage Ve|ocity Ik
nesses the experimental results (3, 9, 10) show that the foam filesived:

have a uniform thicknes$,, and they thin without significant

change of the film radiuR. That is why we will focus below Vv f -1 2h3Frg
only on the case of plane parallel film thinning. Then the mobil- -~ ~ [P - Z(Ci,m - Ci~“)] » VRe= 3 R4
ity parameter of the interfaces can be calculated from the model

i=1

described in Sections 2 and 3. _ . In Eq. [26] Vre, the Reynolds velocity, expresses the thinning

To find the dimensionless numbers and characteristic Mg of 4 planar film between two solid disks, i.e., for tangentiall
sures for the parameters, the equation of continity ¢ = jmmopile film interfaces (32, 33). The influence of the equilib-
0) is integrated along the coordinate from 0 t/2 with re- i, \ nart of the disjoining pressure is included in the definitior
spect to the kinematic boundary condition and the solution fgf o hydrodynamic force [23b]. Therefore, if the amplitude:
the radial component of the velocity [16]. In the resulting ex;.q found, then the mobility parametst/ Ve, is known from
pression the expansion [19] is used to derive the final relatio‘@ql [26].
ship If the definition [25] is substituted into Eq. [24] a simple
relationship for the amplitudes is obtained:

(26]

h® 9pn  kThH & 3scin Vr

=~ (Miges— M, =

127 ar + 4 ;( i3.es 269 oar > .
[24] U+P+3

i=1

(Mizes— MizedCin = 1. [27]

where the drainage velocity of the film ¥ = —dh/dt. For

the particular case of plane parallel films the surface veloci ;I' he(;mgardforfrt'n of t.he Eﬁngentlal gtreslsgbougq[sry dccf{nqtlltlo
and the derivatives of the pressure, concentration, and adso é Jis derived after using the expansion [19] and the definitior

tion are proportional to the radial coordinatg,as is also the 5}

case for nonionic surfactants (12). Therefore, the most conve- n n
nient way to solve the problem is the introduction of the dimen- —p 4 Z Mi1eCin + 2D s 2&
sionless amplitudes for the velocity,, the pressure gradient, = elh 7 kTlh
P, the potential and concentration gradientfz) and C;(2),

and the adsorption gradierﬁ’i . These amp"tudes are deﬁnethere E; is the Gibbs elasticity of the interface Corresponding

G =0, [28a]

as to the change of the adsorptionitt species at equilibrium; i.e.,
Vr 9pn 6nVr sy epVr 00ae .
=—U, ——=- P, = ®d, 25a EE=———— i=1 ...,n 28b
2h ar h3 ar Ih3e [252] ' dInTie 1280]
93¢ = Gyvr i 90T = Gvr Eei, i=1, ...,n, Itisimportantto note that in the particular case of planar film
or kTh? or KTh |

the surface viscosity does not influence the drainage velocity
[25b]  the films (1, 4). The effect of the surface viscous friction can b

accounted for if the problem is solved for the meniscus and tt
wheree is the elementary electric chargg, andé; are the film regions simultaneously (11, 14). Equations [27] and [28¢
valency and the molar fraction oth ionic species, antlis the  give the pressure and velocity amplitudes if all other amplitude
total bulk ionic strength of the solution defined as are known.

. To obtain the values of the concentration amplitudes in th
Z 726, 7 Z4 £ = Ci.co i1 n middle plane and atth_e su_,lrfa_ce,expansion [19] is_substitutedir_
e e T e ’ * 77 the Boltzmann-type distribution [6] and the resulting equation i

[25c] linearized around the equilibrium state. Using the definition fo

the dimensionless parameters the final result acquires the for

Following the convention used in Sections 2 and 3, the dimen-

sionless amplitude of the concentration gradients corresponding
to the limityy — 0O is denoted by; . The values of the dimen-

sionless amplitudes of the concentration and the electric poten-

tial gradients in the middle plane and at the boundary betweRBespectively, the linearization of the general adsorptio

NI =

Z

Ci = (Cin—& zicp)exp(—k—_l_e), i=1,....n. [29]
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isothermsI'; = INi(Cs, Coss - - - » Cns), @round the equilibrium After integrating Eq. [32b] from 0 th/2 and transforming the
state gives result in the dimensionless from using the definitions [25a] an
[25b], we derive the relationship for the electric potential in the
n : .
Gi = Z bik<ck’n B qu)s)’ by = 2:: 1“-k,6’ [30] middle plane and at the surface:
=t e «c2h? Oes " Cin
| - | ®i=tnt g o2y (T -z0n). (0]
whereby; is the log—log slope of the equilibrium adsorptidi.e, 8 elh/—~ &
with respect to the equilibrium subsurface concentratipg,
i, k=1,...,n. Equations [29] and [30] are used to calculatelere the coefficientsy;, depend only on the equilibrium con-
the adsorption and the concentration amplitudes in the middlentration distribution and are calculated from the expres:
plane and at the surface. ions
The amplitude<C; , are calculated from the mass balance
equation [21a]. The velocity distribution [16], simplified in the h/2 n -1
case of small deviations from equilibrium, is substituted intog; = — /(ci,e—ci,em)[ Z(ck,e—ck,em)} dz i=1...,n
Eqg. [21a] and the respective integrals are calculated. After long o k=1

but trivial mathematical transformations the final dimensionless

linear equation for the amplitudes reads [33b]

The inverse Debye screening lengih, is defined byx? =

2T
<1+mi1’es+ h _I’e) U +(1+ 3mi2’es— 3mi3’es)P 87Te2| /(SkT)
Gioo Finally, the Gauss law [11] linearized around the equilibriun
n 2”: nC 249D el e state gives the connection between the amplitudes of the surfe
ikCkn — ——755—"Cin i . i ; ; .
=t KThc?,, and middle-plane electric potential gradients:
h/2 n 2h2
2 d : _ KN Ges Tie o o) _
= ri,e+/q,edz . i=1....n. [31la] ;(CI,S_Cl,m_ 5 elhhq@s.z.e.) =0. [34]

0

Solving the linear system of equations [27], [284a], [30], [314a]
[33a], [34], and [29], written in the middle plane and at the
boundary between the Stern and diffuse EDLS, the amplitude
6 h/ ofthe adsorption, concentration, and electric potential are foun
n /(mio,e + D(Moe — M2ed dz iLk=1,...,n. The problem cannot be s!mpllfled more becglus.e of the cqmpI(

5 dependence of the coefficients on the equilibrium electric pc

tential, v, and the film thicknesd). That is why in Section 5
[31b] ) . .

the illustrated results are obtained numerically.
Now only the values of the amplitudes for the electric potential
in the middle plane and at the surface are unknown. 5. NUMERICAL RESULTS AND DISCUSSION

To obtain the linear form of the first integral [10] following
from the Poisson equation the expansions [19] are substituted he experiments show that the surfactant and salt concent
therein and the result is linearized around the equilibrium stat@mns strongly affect the behavior of the thin liquid films (10,

34). To illustrate their influence on the process of film drainag

e Y ArkT & we calculated the velocity of film thinning as a function of sur-
o7 9z s Z(3Ci — 8Ci m). [32a]  factant and salt concentrations for a real foam system stabiliz
=1 by SDS in the presence of NaCl. All numerical calculations ar

Using the linearized form of the Boltzmann-type distributioR€"formed for the values of surface and bulk diffusion coeffi

[6] after long mathematical transformations Eq. [32a] can Ha€Nts and for the parameters of SDS isotherm given in Se
presented in the following complete differential form: tion 2. First we calculate¥ / Ve Vs concentration of SDS. The

results are plotted in Fig. 5a. The curves correspond to thre
n 5 oy 1 different salt concentrations: the solid line represents the ca

2 Z(Ci,e — Giem)— [(W — 8Yim) (_e> } without salt, and the other two curves corresporitg = 0.01
i=1 9z dz mM andc; ., = 0.1 mM NaCl, respectively. The film thickness
) is chosen to bén = 20 nm. The numerical results show that

Here the coefficients;,, which depend only on the equilibrium
potential distribution, are calculated from the expressions

2

Nik

[32b] whenthe SDS concentration increases, the relative drainage:
locity decreases, passes through a minimum, and then sligh

n 5¢C z8
= Z(Ci,e - Ci,em) < il : wm

= Goo KT
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_=0.00mM

C

3,

0.01 0.1 1

Surface velocity amplitude &
o o o o
[\] E=S (=)} co

©
o

0.01 0.1 1
SDS concentration, mM

FIG.5. Dependence of the mobility// Vre (2) and of the amplitude of the
surface velocity (b) on surfactant concentration.

counterions (see the definition of the effective diffusion coeffi
cients in Section 3). This flux brings new surfactant molecule
back to the film in order to maintain the total charge density, tht
creating additional dynamic pressure, which decelerates the fi
thinning.

The addition of salt leads to a decrease in relative draina
velocity and surface velocity. To explain this effect quantita
tively, we calculatedv/Vge andU as a function ofc o, for
three different values of surfactant concentration (see Fig. ¢
The film thickness is kept constatt,= 10 nm. From Fig. 6a
it is seen that at higher SDS concentrations, 0.05 and 0.1 m|
the relative velocity of thinning remains almost constant for th
chosen range of salt concentrations, andtfor, = 0.1 mM the
velocity of thinning is practically equal to the Reynolds veloc:
ity. It is important to note that in this case the surface velocit
is not zero; i.e., the film surfaces are still tangentially mobile
(see Fig. 6b). From Fig. 6b is also seen that the surface veloc
decreases with increasing of NaCl concentration and remai
almost constant at low salt concentrations. From the literatu
(23, 24) it is known that an increase in NaCl concentratio

increases and tends to unity for high surfactant concentratior
The presence of background electrolyte slows down the draina
process and focz ., = 0.1 mM the velocity of film thinning

is very close to the Reynolds velocity for the whole range cb
surfactant concentrations. From Fig. 5a it is seen that there

a region of surfactant concentrations in which the film thin'3
with velocity lower than the Reynolds velocity. This fact will '—é_
be explained more precisely in the discussions below. At Iowg
surfactant and salt concentrations the main effect is the redi =
tion of the surface mobility with the increase of the surfactar 3
concentration. This effect is confirmed by Fig. 5b, where th'S
amplitude of the surface velocityl, is plotted as a function &
of SDS concentration. The values of the film thicknédssand “5::
salt concentrationsz », are the same as those in Fig. 5a. Ir«
closing, the surface velocity decreases with surfactant and s

04

concentrations. At a higher SDS concentration the surface v 0.001

locity becomes negative. From a physical viewpoint this mear
that there is a small reverse surface convective flux from the
meniscus region, which decelerates the film drainage. This flux,g .

0.010

Cl concentration, mM

¢ : 1€ el Influence of the background electrolyte on mobility of the interfaces
arises from the different mobility of the surface active ions ane)V/ Vre; (b) amplitude of the surface velocity.
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decreases the interfacial tension and favors adsorption @ 12 - - - - - . . T
surfactant ions. This influence is more pronounced when tt . =0.01mM, ¢, =0.00mM

¢y,

salt and surfactant concentrations have the same orderofm  10fp {  ----- ¢, =010mM, ¢, =0.00mM ]
nitude or when the NaCl concentration is higher. This is we _ ' ’
demonstrated in Figs. 6a and 6b. 8F 1

In the case of nonionic surfactants (1, 4, 12) the relative vt

locity is a linear function of 1h: £ 6f ]
=
V/Vre=1+b+ hg/h. [35a] 4F Nonionic surfactant model 7]
Coefficientd andhg account for the bulk and surface diffusivity. ]
They are defined as
31D [ dc 6nD i i
b— U] €Y h= U] s [35b] Film thickness, nm
Ec \or/, KTT
b 1.0 | T T T T T T T T

¢, =001 mM, ¢, =0.00

To checkthis dependence for ionic surfactants, the relative veIc%
ity vs film thickness is calculated in two ways: from the preser 2
model for ionic surfactants and by using Eq. [35]. The coeffiz.
cientsb andhs for the nonionic surfactant model are calculate(g 0.6
by adapting the surfactant isotherm for ionic surfactants to tt2 i
Langmuir type—this way is widely used in the literature (35, 36)8 0.4}
Thus the diffusion and adsorption processes in both models 2 ,
accounted for and the differences between the results arise fr1§ 0.2 N, -
additional osmotic pressure caused by the distribution of diffe“g Sl
entions (see Eq. [23a]). The results are plotted in Fig. 7afortv® oof " Tvsee ]
different sets of concentrations. The general trend follows b . ; . ; . b
havior similar to that of nonionic surfactants—the larger the filn 1020 30 40 50 60 70 80 90 100
thickness, the smaller the relative velocity and the more imm; Film thickness, nm
bile the film interface. The functional dependence is different—
for ionic surfactants the decrease in the surface mobility is muctf!G. 7. V/Vre (a) and the amplitude of the surface velocity (b) vs film
greater. The increase in surfactant concentration has a stabiliZlig"ess at different surfactants and salt concentrations.
effect. At large film thickness (about 100 nm) the curves corre-
sponding to the nonionic model tend tg-b, which corresponds NaCl concentration the amplitude of the electric potential ir
to small interfacial mobility. For ionic surfactants the velocity othe middle plane does not change considerably (see Fig. 8|
film thinning is smaller thaiVge. To investigate this behavior in When the concentration is low, both EDLSs are fully overlappe
more detail, the results for the amplitude of the surface velociaynd the bulk liquid flow carries away approximately the sam
for the same surfactant concentrations are presented in Fig.mlmber of ions in the whole film. Then the increase in the sul
For high surfactant concentrations the lower velocity can be factant concentration decreases the interfacial mobility and tt
lated to the reverse surface convective fluxes. On the other havelpcity profile becomes closer to the Poiseuille flow. The add
for small surfactant concentrations the effect of surface mobilenal “dynamic disjoining pressure,” coming from the positive
ity cannot explain this tendency of the relative velocity. This igalues of the electric potential amplitude in the middle plane
attributed to the very complex dynamic processes in the iorstows the film thinning. When the thickness of the EDL become
species mass transport and electric potential distribution (seealler than the film thickness, the number of ions carried ot
Fig. 7b). from the drainage liquid flow is different for the surfactant ions
In Fig. 8 the relative velocityy / Vre, and the amplitude of the and counterions. Their equilibrium values change considerab
electric potential in the middle plane are plotted as a function ofily close to the interface, and therefore their influence on tr
SDS concentration. The NaCl concentrations are varied as @g$namic pressure in the whole film is not so pronounced; i.e
1.0, and 10.0 mM and the film thickness is constant at 10 nthe film starts to drain more like the film stabilized by nonionic
The relative velocity is smaller than 1 in the whole range afurfactants. Then the numbers of the surfactantions and coun
surfactant concentration close to the critical micelle concentndens carried out from the liquid flow in the middle plane become
tion. In all cases the surface mobility is not low. It is interestingomparable; i.e., they are equivalent to the decreases in surf
to note that the minimum correspondsith ~ 1. At a given tant concentrations which, as it is illustrated in Fig. 2, increas

T
7

1
1
!
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thin liquid films is developed. This model takes into account th
bulk and surface electrodiffusion fluxes of ions, which countel
balance the convection of species due to the bulk and surface |
uid velocity. The resulting redistribution of ions leads to change
in bulk and surface charge density and electric potential. The i
terfacial rheology (surface elasticity and viscosity) is include
in the model to show the role of the material properties of th
interfaces.

In the case of small deviations of the adsorption and the st
factant concentration from their equilibrium values, the quas
equilibrium part of the electrostatic interaction is included ir
the disjoining pressure, whereas the different mobilities of ior

VIV,

0.% . 1 1" influence the interfacial elasticity. Thus, the resulting force rey
' resents the hydrodynamic driving force, which defines the hy
SDS concentration, mM drodynamic resistance of the film. The measure of the resistan

is the ratio between the drainage velocity and the Reynolds v
locity of film thinning. The influence of the surface and bulk
diffusion is coupled in one effective diffusion coefficient, which
shows that for the surface active ions the bulk diffusion is sma
compared to the surface diffusion. In contrast, the effect of tf
bulk diffusion on the mass transfer of counterions may play
dominant role.

The quantitative calculations for plane parallel films illustrate
the main conclusions. The ionic surfactants and backgrou
electrolyte (salt) change the hydrodynamic resistance of tl
films in two ways—they reduce the surface mobility, and the
change the dynamic pressure and the electric body force of t

¢,,=010mM  %=10nm

<o
—

0.01¢f

Midplane potential amplitude T

. composition.
0.1 1 Increases in surfactant concentration and salt concentrati
SDS concentration, mM increase surface elasticity. The interfacial mobility decrease al

the films behave more like films between two rigid surfaces. Th
FIG.8. Dependence of the relative velocity of thinnikig Ve (2) and the ~ effect is more pronounced with changes in surfactant concent
amplitude c_)f the electric potential in the middle plane (b) on surfactant and SﬁBn_ The background electrolyte favors adsorption of the surfa
concentrations. . . . . . .
active ions and decrease in the interfacial tension. Both the si
face and bulk diffusion processes tend to restore the equilibriu
the electric potential in the middle plane. For that reason tlegppress the gradient of the interfacial tension, and make the
relative velocity in Fig. 8a at SDS concentrations close to tfierfaces more mobile. With the increase in the film thicknes:
critical micelle concentration of 5 mM is lower at higher NaCthe hydrodynamic friction in the vicinity of the interfaces de-
concentrations. The difference between the Reynolds velocditigases and the influence of the surface diffusion becomes |
and the calculated drainage velocity is exactly due to the chang@nounced.
in the disjoining pressure (see Fig. 8b). The complex dynamic processes of the mixture of ions cau:
It is important to note that Figs. 5a—8a represent the ratio ghanges in their concentrations in the bulk and at the surfac
tween the velocity of draining filmy, and the Reynolds veloc- They produce dynamic variations of the bulk and surfac
ity, Vre. From Egs. [23b] and [26] the influence of the disjoiningharge and an additional dynamic effect on the electric forc
pressure is included in the calculation of the Reynolds velocifyue to the dynamic part of the electric force and the charg
Therefore, the lifetime of the film, which depends\depends Vvariations, the dynamic pressure of the film increases and t
not only on the mobility paramet&f/ Vge, but also on the mag- drainage of the films slows down. Increases in surfactant al
nitude of the Reynolds velocity, i.e., on the disjoining pressug&lt concentrations decrease the thickness of the diffuse elec
itself. double layer, and the dynamic electric interaction between tw
interfaces decreases. At high concentrations, the electric doul
6. CONCLUSIONS layers are located mainly close to the interfaces and the effe
of the additional deceleration of the film thinning is negligible.
A theoretical model for calculating the influence of ionic sur- The developed model can be also applied to investigations
factants and background electrolytes on the drainage velocitytlé stability of the equilibrium thin liquid films.
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