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Theoretical  analysis  of  CB  critical
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Experimental  study  of  the  transi-
tion from  equilibrium  to  dynamic  CB
states.
Modelling  the hydrodynamics  and
breakage process  of CB.
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a  b  s  t  r  a  c  t

The  present  study  is  focused  on the  capillary  bridge  (CB)  behaviour  in  the  vicinity  of  its critical  state.
As  known,  a critical  state  is  an  extreme,  unstable  point,  by  crossing  which  a given  system  passes  from
one  state  to  another.  In  our  case,  this  passage  is from  equilibrium  (static)  to  a  hydrodynamic  state.  The
hydrodynamic  process,  called  here  hydrodynamic  regime  occurring  in concave  CB  is characterized  by
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nstability

local  deformations  in  the region  of its neck,  registered  via  a high  speed  camera  (∼1000  fps). The  infor-
mation  obtained  from  the  experiment  is interpreted  on  the  basis  of  a lubrication  model.  The theoretical
evaluations  correlate  satisfactorily  with  the  experimental  data.

©  2016  Elsevier  B.V.  All  rights  reserved.
ydrodynamics

. Introduction
As with many classical subjects, there is a big difference in
he knowledge of capillary bridge (CB) equilibrium (static) and
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non-equilibrium (dynamic) states. For static CB, there is a well-
studied theoretical approach, based on Young–Laplace’s equation
[1,2] which comes with solutions of a broad spectrum [3]. The sit-
uation with the dynamics of CB is much more complicated and the
reasons for that are well-known. Firstly, in respect to dynamics,

there is a great diversity of situations and effects. For example, the
rheology can be separated into two  distinct phases: bulk (3D) and
surface (2D). Furthermore, in bulk rheology there are some specific
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ffects of the so-called three-phase contact (TPC) zone, like slip-
age [4–7] and its alternative molecular model [8,9]. The important
arangoni effect on surface hydrodynamics is basically not stud-

ed at all for reasons of the difficulties with the TPC rheology. The
tudies of Maragoni stresses in evaporating sessile droplets can be
iven as an exception in this respect [10–13].

The transitions from static to dynamic states are an interesting
art of the CB behaviour. The most expressive examples of these
ransitions are near the unstable points of a system. The stability of
n equilibrium state is a subject of the theoretical mechanics and
ts analysis follows the respective classical methods [14,15]. In a
ormer paper of ours [16], special considerations were made about

 particular region near the boundary of the CB equilibrium states.
eyond this boundary the considered system cannot exist in an
quilibrium state any more, which gives ground for all of its param-
ters to be considered as critical. Among them, the most expressive
ne is the critical bridge thickness, Hcr. In the cited paper it is
ointed out [16], that a given CB (at constant contact angle) could be
ressed unlimited (formally to zero thickness, H → 0) but it shows

imitation at stretching. In other words, equilibrium thicknesses are
losed in the range 0 ≤ H ≤ Hcr, where Hcr (critical thickness) is the
pper limit of the solution of Young–Laplace equation with cer-
ain boundary conditions. The most popular example for restricted
tretching is the catenoid, for which it is shown that Hcr, = 0.66R
17], where R is the contact radius. In Fig. 5 can be seen a family
f theoretical curves, calculated for certain contact angles and thus
amed isogons. They show well defined maxima identical with the
ritical thicknesses, i.e. Hmax ≡ Hcr. (see Appendix A).

The present study is devoted to situations shortly before and
fter the critical point.

. Materials and methods

.1. Experimental setup

Our experimental setup consists of a micrometre, onto the
easuring arms of which two square (20 × 20 × 2 mm)  stainless

teel supporting plates were fixed, parallel to one another. Two
2 × 22 mm  microscope cover glasses (ISOLAB) of soda lime silica
omposition, glued to the supporting plates, were selected as work-
ng surfaces. Images were recorded by using a high speed camera,

otionXtra N3, which was mounted onto a horizontal optical tube
ith appropriate magnification.

The light system was designed for the bundle of light to be
irected perpendicularly to the electronic sensor of a high speed
amera and, at the same time, the waist of the photographed CB to
ppear exactly in the middle position in the light bundle (Fig. 1).

.2. Solid surface preparation

Hydrophilic glass surfaces were pre-cleaned with 99.9% C2H5OH

nd washed with deionized (Millipore) water before being glued to
he supporting plates.

Hydrophobized glass cover slides have been used for the con-
ex CB formation. The preliminary hydrophobization was  done

Fig. 1. Schematic representation of the experimental setup.
ochem. Eng. Aspects 505 (2016) 98–105 99

with PDMS (Rhodia Silicones, 47V1000), following a certain pro-
cedure [18]. Before gluing the slides, they were washed with 99.9%
C2H5OH.

2.3. Materials

All experiments were carried out with deionized (Milipore)
water or room-temperature ionic liquids (RTIL). RTIL are salts in liq-
uid states and were chosen mainly because they exhibit very low
vapour pressure (10−10 Pa at 25◦ C), i.e. no volume changes take
place during the experiment. Three RTIL were used for CB forma-
tion between hydrophilic glass surfaces. Summary of their physical
parameters is presented in Table 1 and their ions structural formula
is given in Fig. 2 [19].

2.4. Static measurements

A small droplet of ≈1 mm3 volume, is placed in the middle
of the lower glass slide. The upper glass slide is moved towards
the droplet until a capillary bridge is formed. The formed CB is
stretched/pressed in small steps (�H ∼ 0.1 mm). After each step,
the system is given time to relax and it is recorded as a profile image
(see Fig. 3). The stretching continues until the critical thickness is
reached. The experiment is repeated several times. Concerning the
effects due to evaporation, the direct volume decrease plays no role,
since the theoretical relations are in scaled (volume invariant) form
(Appendix A). The droplet volume is specially chosen in order to be
able to neglect the effect of gravitational deformation. As known
the criterion for neglecting these effects is the droplet linear sizes
to be smaller than the so-called capillary length (�/�g)1/2, which in
our case is of order of 1 mm.

2.5. Dynamic measurements

After an unstable/critical point (Hu/Hcr) is reached, the system
passes into the next stage, called here hydrodynamic regime. The
given snapshots (Fig. 3) show typical CB brakeage evolution stages.
These brakeage patterns are not unique. It is observed with other
capillary shapes such as pendant droplets (drop-weight method
[20]), jets [21,22], etc.

In hydrodynamic regime concave CBs undergoes spontaneous
deformation, thinning and breakage in the neck region, which
appears to be the system’s weakest region. In the case of convex
CBs, the deformation occurs in a quite different place. As seen from
Fig. 3, breakage occurs near the upper plate, in the region where
inflection point takes place [16] but, for the lack of definitive exper-
imental proof, this remains only a hypothesis for now. Note that
with the start of the hydrodynamic regime, the stretching is ceased
(�H = 0), proving that deformation processes have a spontaneous
character, rather than driven by external forces. The occurrence of
thinning is due to instabilities and the thus arisen capillary pres-
sure difference. The whole process takes up to a few milliseconds
ending with breakage. The non-equilibrium (hydrodynamic) state
capturing acquires high-speed (>1000 fps) camera. After the break-
age, the system passes into the final stage, named here relaxation.
During the relaxation, the two  big parts (drops) of the broken bridge
retract, forming pending/sessile droplets at the upper/lower plates.
While breaking one up to several small droplets form, which, due
to gravity and inertial moments, merge with one or both of the big
drops (Fig. 3).

2.6. Image analysis
The collected images of both “static” and “dynamic” measure-
ments are subjected to image analysis, which consist of three
essential steps: capturing the CB image, detection of CB profile
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Table 1
Physical parameters of the used liquids.

Sample Ionic liquid Surface tension, � [mN/m] Density, � [kg/m3] Viscosity, � [mPa s] �/� [m/s]

Cation Anion

IL 1 AllIM DCA 37.6 ± 0.07 1071 16 2.35
IL  5 DiEMIM BTA 31.6 ± 0.03 1450 27.9 1.133
IL  6 Et3Pic BTA 32.9 ± 0.04 1512 36.6 0.899
Water 72.3 ± 0.08 998 0.98 73.776

Fig. 2. Structural formula of ionic liquid ions.

ates. Note the drastic differences between concave and convex CB forms.
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Fig. 3. Selected CB images of static, hydrodynamic and relaxation st

dge and statistical approximation (fitting) of the determined pro-
le [23]. The fitting of the CB profile gives us the opportunity to
alculate its meridional curvature, K, but is perhaps the most ques-
ionable step of the whole image analysis. It is well-known that
he exact solution of the CB profile is elliptic curves of different
inds (nodoid, undoloid, etc. [2]). For our study, however, the exact
olution is not needed, because we are concerned only with the
arrow neck region. This gives us the right to approximate the
xact curve by a second order polynomial (parabola) around its
aximum without losing accuracy (Fig. 4). As for the other geo-
etrical parameters: thickness (H), contact angle (�) and the neck

nd contact radii (rm, R), they are measured directly.

. Results and discussion
.1. Static states

The static states, as already mentioned, are equilibrium
mechanical) states defined in the region of thicknesses, 0 ≤ H ≤ Hcr.
Fig. 4. Measurable geometrical parameters. H—bridge thickness; R—contact radius;
K−1—meridional curvature radius; rm—azymuthal curvature radius; � —contact
angle.
Their properties and characteristics follow from the solution of
Young–Laplace equation at given boundary conditions. As far as
static CB have been already analyzed elsewhere [see e.g. in Ref.
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ig. 5. Diagram of bridge thickness (H) vs. contact radius (R). Solid lines—theoretical
ata  for water; diamond—experimental data for IL 6; diagonal cross—experimental

16]], here are summarized only the important results of the
resent study (Figs. 5 and 6), combined with some more details

n Appendix A.
Here again we stress the fact that Hmax and Hcr (Fig. 5) are iden-

ical, i.e. above this maximum the considered system cannot exist
n an equilibrium state any more. Another important fact is that the
xperimental data are located only on the one side (branch) of the
raphics with respect to Hmax: for concave CBs—left branch, but for
onvex CB—right branch. The two branches of H(R) are typical as the
olution of the Young–Laplace equation is double valued [see e.g.
n Refs. [16,24]]. Both solutions represent mechanical equilibrium
tates, but they are thermodynamically non-equivalent and the

xperimental points clearly show this difference. Some CBs how-
ver cease their equilibrium existence before reaching Hcr, which
ndicates instabilities before the critical point. Here it should be
oted that there is a difference between unstable (Hu) and critical

ig. 6. Diagram of the meridional (left) and azimuthal (right) curvatures vs. bridge thickn
or  IL 1; box, solid box and solid circle—experimental data for water; diamond—experime
nes; circle—experimental data for IL 1; box, solid box and solid circle—experimental
for IL 5. The photo series illustrate the real CB shape deformation at stretching.

(Hcr) CB thicknesses. A given CB can reach its existence limit (Hcr),
only if it is stable over the entire definition region, i.e. only if there
are no Hu < Hcr. The most simple case illustrating the difference
between Hu and Hcr is the capillary cylinder (� = 90◦). Such capillary
shape virtually could be stretched unlimitedly, i.e. Hcr → ∞.  How-
ever, it has been shown over ca. 140 years ago [20], that this shape is
stable only up to Hu ≈ 0.66R. Of course, the critical point can only be
experimentally studied if the CB is stable since we do not have any
available data for Hu, from our experiments, we have compared the
observed transition parameters with numerical data for Hcr. On the
other hand, as shall be shown (Appendix B), there is not much dif-
ference in where this transition originates, be it around Hu or Hcr,

because for both cases the same mechanism (linear perturbation)
is presumed.

Very indicative for a concave CB behaviour is the dependence
of its azimuthal (1/rm) and meridional (K) curvatures in the neck

ess for concave bridges. Solid lines—theoretical isogons; circle—experimental data
ntal data for IL 6; diagonal cross—experimental data for IL 5.
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s a function of the thickness, H (Fig. 6). Here again the existence
f extrema at H( Hcr) is observed, dividing the respective isogons
o thermodynamic and non-thermodynamic branches, similar to
(R) (Fig. 5). Note that the extremal (critical) thicknesses Hcr of
oth Figs. 5 and 6 coincide. Concerning the distribution of the
xperimental points, there is one significant difference between
igs. 5 and 6. The data corresponding to the equilibrium states lie
n the same thermodynamic branches (0 ≤ H ≤ Hcr) for all three dia-
rams (H (R) , r−1

m (H) , K (H)), but in Fig. 6 additional post-critical
alues (the vertical series of points at Hcr) are observed. The rea-
on for this is that at Hcr all geometrical parameters, except for
he two neck curvatures which change significantly, take constant
alue. This is also an experimental proof for the local character of
he observed instabilities.

.2. Hydrodynamic states

As already noted, at thicknesses H ≥ Hcr, a certain liquid bridge,
iven that it is stable to that point, passes in a non-equilibrium
hydrodynamic) state. Here we will shortly analyse this state and
ropose a model for it. Details can be found in Appendix B, while
ere only the most expressive results will be presented and com-
ared with experimental data. Distinctive for the hydrodynamic
egime is that the active zone is localized in the narrow neck region.
his is best shown by comparing parameters in the different CB
egions. Thus, for instance, the contact parameters, measured far
rom the active zone (radius, R and angle, �), remain practically
onstant as the hydrodynamic regime progresses. The parameters
hich undergo the most substantial change are the two curvatures

azimuthal and meridional) in the neck region (Fig. 6). Instructive
or the modelling is the analogy between the process of thinning
n concave CB and the dynamics of microscopic thin foam films
e.g. [25]]. In Fig. 7 two states are sketched: quasi-static and hydro-
ynamic for the mentioned systems. With the classical method
rom the 60 s [26], the soap film is formed from a double concave
roplet in the capillary tube via sucking out the liquid. Given that
he distance between the menisci is large enough, the system is in

 mechanical equilibrium (quasi-static states). This situation cor-
esponds to a small stretching of CB (far from the critical point).
rought closer than a certain thickness of the double concave
roplet gap, the quasi-static state is disturbed, the menisci deform
nd a thin film is formed, which spontaneously thins out further.

The soap film thinning corresponds to the CB hydrodynamic
egime. The driving force of both systems is proportional to the
apillary pressures difference in the deformed active zone and non-
eformed parts of meniscus. Along with the similarities, there are
ubstantial differences in soap film and CB equilibrium states. So
or instance, during the thinning, the soap film radius practically
emains constant (changing only its thickness). With CВ, change is
bserved in both curvature radii. The neck radius decreases, i.e. the
zimuthal curvature (1/rm) increases, while at the same time the
eridional curvature (K) shows more complex behaviour (Fig. 6).
ccording to the classical linear response theory [27,28], kinetics
ear the critical point is governed by the relation ∂t�k = ˇk�k, where
k is the kth Fourier component of the deformation and ∂t�k is
ts velocity (details in Appendix B). Generally the time constant
k (eigen value) is a complex quantity, but as shown in Appendix
, in our case it has only a real part. An important indication for
he stability is the sign of ˇk. At ˇk > 0 the �k components grow,
.e. the system is unstable and vice versa. In the continuum media,
he time constant depends on the wave number k, i.e. ˇk(k) (often
amed in the literature as dispersion relation [29]). Most interest-
ng are systems for which the coefficient ˇk can be both positive and
egative. The value k = ku, for which ˇk nullify, ˇk(ku) = 0, divide
he wave spectrum to stable (ku < k) and unstable (ku > k). For
nstance, for a concave bridge we have derived ˇk = ˇ0(k̄2

u − k̄2)k̄2,
ochem. Eng. Aspects 505 (2016) 98–105

where ˇ0 = �/16�rm, k̄ = krm k̄2
i

= 1 + (Krm)2, Eq. (B.5). It is impor-
tant to note that the particular expression for ˇ0 is result of the
“lubrication approximation”, i.e. it is valid in the case of concave
bridges (see Appendix B). It is easily seen that ˇk(k) is in maximum
at k̄2 = k̄2

u/2, ˇmax = ˇ0k̄4
u/4, the value of which will be used fur-

ther for comparison with the experimental data. In Fig. 8 is given
the phase diagram Vm vs. (rc − rm) (recalculated from the primary
rm(t) data) of hydrodynamic regime for concave CB. In the frame-
work of the acquired model (linear instability, see Appendix B) this
relation is linear, Vm = ˇmax(rc − rm) with slope ˇmax. The fitting
line passes satisfactorily through the experimental points, but more
important is that its slope corresponds to the theoretical evalua-
tion, ˇmax ≈ ˇ0 ≈ 103 s−1. This order of magnitude is obtained using
the RTIL physical parameters and the value for rc ≈ 10−4 [m]  (see
Table 1 and Fig. 8).

4. Conclusion

Subject of the present work are the observed processes in the
vicinity (shortly before and after) of the CB critical state. The experi-
ments have shown that this equilibrium state, is unstable, followed
by a hydrodynamic process and CB breakage at the end. Charac-
teristic is that all dynamic changes of concave CB take place in
the narrow neck region, by analogy with the micro foam films
dynamics. The proposed model based on the lubrication approx-
imation enables a good explanation of the experimental data, in
some cases even their satisfactory quantitative estimations. Never-
theless, critical point processes deserve additional investigations.
So for instance, breakage capturing with a higher class camera and
an adequate modelling of the process are necessary.

Appendix A.

Here follow a brief derivation and analysis of some CB equi-
librium aspects. We  are going to consider bridges between parallel
solid identical plates, i.e. axisymmetric bridges (circular TPC), equal
contact angles (�+ = �− ≡ �) and contact radii (R+ = R− ≡ R) on the
upper/lower plate. The condition for mechanical equilibrium is
P� = 	P,  where P� is the capillary pressure and 	P = Pi − Pe is the
pressure difference at both sides of the capillary surface. Because
of the axial symmetry, the capillary pressure can be written as [1]:

P� = �

r

dr sinϕ

dr
= 	P,  (A.1)

where r and ϕ are current coordinates. In this symmetry, the sepa-
rate curvatures are defined as follows: 1/rm = sinϕ/r (the so-called
azimuthal curvature); K = dsinϕ/dr (meridional curvature). The
angle ϕ is defined between the normal vector at a given point of
the generatrix and the vertical axis z (see Fig. A1).

The first integral of the pressure balance Eq. (A.1) (in scaled
form) offers no difficulty and using the boundary condition
ϕ (r = rm) = 90◦, one obtains

x sinϕ = C
(

x2 − 1
)

+ 1 (A.2)

with x ≡ r/rm and C ≡ 	Prm/2� respectively. Applying Eq. (A.2) to
the contact (x = X) one obtains:

C = X sin � − 1
X2 − 1

,  (A.3)

where X ≡ R/rm. Relation (A.3) clearly shows the algebraic char-
acter of C, i.e. the algebraic character of the capillary pressure P� .

It can be positive, zero or negative. At convex generatrix (X < 1), in
the entire interval of angles (�/2 < � ≤ �), the capillary pressure is
positive (C > 0). In the case of concave generatrix (1 ≤ X ≤ X(Hcr), 0 ≤
� < �/2) the sign of C depends on the value of X sin �. For instance,
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Fig. 7. Sketches of static and dynamic states of CBs and soap films.
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Fig. 8. Experimetal validation of proposed model. Left—ex

t X sin � < 1, C < 0 (negative capillary pressure); at X sin � = 1, C = 0
nd we have a catenoidal state.

The complete analysis of CB behaviour requires integration of
q. (A.2). In essence, this integration yields the generatrix equation
(x,C), which in our notations can be presented as:

(x, C) = RI0 (x, C)
X

, withI0(x, C) = ±
x∫
1

1 + C(�2 − 1)√
�2 − [1 + C(�2 − 1)]2

d�(

with y ≡ z/rm. The integral I0(x,C) describes the upper part of
he generatrix curve (above the equator, y > 0, see Fig. A1). It is
ign ‘±’  determines whether the CB is concave (positive sign, X > 1,
 ≤ � < �/2) or convex (negative sign, X < 1, �/2 < � ≤ �). Tradition-
lly I0 is presented via (Legendre’s) elliptic integrals first and second
ind F, E, [2], but here we use direct numerical calculation via a
ehlberg fourth-fifth order Runge–Kutta method with a degree four
ental data rm vs. t; right—phase diagram |Vm| vs. (rc − rm).

interpolant [30–32]. The experimentally determinable parameter
related to I0 is the CB height Н:

H∗ (X, C) = 2R∗I0 (X, C)
X

(A.5)

here all dimensionless parameters are already scaled by the cube
root of the CB volume V1/3, (y∗ = z(x, C)/V1/3, H∗ = y∗(X, C), R∗ =
R/V1/3). This scaling transforms the dimensionless expression for
the volume into a relation, similar to Eq. (A.5):

1 = 2�(R∗)3I2 (X, C)
X3

(A.6)

where
I2 (X, C) = ±
X∫
1

�2
1 + C

(
�2 − 1

)
√

�2 −
[
1 + C

(
�2 − 1

)]2
d� (A.7)
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Fig. A1. Sketch of a concave CB with added mechanical and geometric parameters.

Fig. B1. Meridional curvature, K vs. the ratio of the two neck curvatures Krm . Solid
lines—theoretical isogones; circle—experimental data for IL 1; box, solid box and
s
d
t

c

r

A

t
w
b

olid circle—experimental data for water; diamond—experimental data for IL 6;
iagonal cross—experimental data for IL 5. The hydrodynamic regime begins beyond
he minima (critical points).

The theoretical values of curvatures r−1
m and K in the neck are

alculated via Eqs. (A.6) and (A.3):

−1
m = 3

√
1

2�I2 (X, C)
; K = (1 − 2C)r−1

m (A.8)

ppendix B.
For the considered CB hydrodynamic regime in the active zone
he so-called lubrication approximation is assumed, evidence for
hich is the experimental fact that the hydrodynamic interactions

egin in the region Krm ≤ 1 (Fig. B1).
Fig. B2. Sketches of the neck (active) zone: left—the velocity field with v as the
velocity of neck thinning; right—the parabolic approximation parameters.

Supposing the details of the lubrication approximation deriva-
tion, validity etc. are known, [see e.g. in Ref. [25]] we  are using here
its final form:

a)�
1
r

∂
∂r

r
∂vz

∂r
= dp

dz
; b)

1
r

∂
∂r

(rvr) + ∂vz

∂z
= 0, (B.1)

where vr , vz are the fluid velocity components, p the dynamic pres-
sure and � the dynamic viscosity. Here we will point out that Eq.
(B.1) is the same as this one in the classical problem of flow through
a pipe (Poiseuille flow [33]). After the integration of Eq. (B.1) one
gets,

4�vz = −dp

dz
(Y2 − r2), (B.2)

where Y(z) = rm + z2K/2 is the generatrix equation in the neck
vicinity (parabolic approximation), with K as the neck generatrix
curvature (Fig. 4). The used boundary condition vz(r = R) = 0 is
equivalent to tangentially immobile (blocked) bridge interfaces.
Mobility of liquid surfaces is a function of the so-called Marangoni
effect, more about which can be found in e.g. in Ref. [25]. The com-
bination of Eqs. (B.2) and (B.1) after integration gives,

16�Vr = Y3 ∂2
p

∂z2
+ 4Y2 ∂p

∂z

∂Y

∂z
. (B.3)

where Vr = vr(r = Y) = ∂Y/∂t. The result (B.3) is a non-linear equa-
tion, the solution of which needs special analysis, which is beyond
the scope of the current study. Here will suffice an analysis at the
point (z = 0), where ∂Y/∂z = 0, Y = rm. Accounting the definition of the
perturbation � (see below), the velocity Vr (z = 0) = ∂rm/∂t is related
to the deformation velocity as ∂rm/∂t = −∂�/∂t. Thus Eq. (B.3) is
reduced to,

−16�
∂�

∂t
= r3

c
∂2

p

∂z2
. (B.4)

As already mentioned, the process is driven by capillary forces
caused by the deformation � of equilibrium generatrix. Denoting
the (equilibrium) neck radius in the critical (non-perturbed) state as
rc , the deformation �(t, . . .)  can be presented as � = rc − rm (Fig. B3).
The pressure p in (B.3) can be presented, similar to the other param-
eters in the form p(�) = pc + ıp,  where pc = �(1/rc − Kc) = const
is the equilibrium capillary pressure in the critical point and ıр
is its perturbation. In the scope of the linear perturbation theory,
ıр ∼ �, which for the azimuthal curvature component perturba-
tion directly follows from the difference 1/(rc − �) − 1/rc ≈ �/r2

c .
More complicated is the problem with the perturbation of K. This

is because the curvature of the non-perturbed surface K influences
on the perturbation curvature ıK (Fig B2).

This is a differential geometry problem, the solution of which
in our case reads K(�) = Kc + (�"e; e; +K2

c �), with �′′ ≡ ∂2
�/∂z2. For
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ig. B3. Sketch of a perturbed generatrix (the solid line); dashed line—the unper-
urbed generatrix.

hose interested in the matter we recommend mathematical man-
als, encyclopaedias, etc. (see e.g. in Ref. [34]). Having in mind the

inear nature of the perturbation �, it can be presented in Fourier
eries with �k = Ak exp(ˇkt + izk), where Ak, ˇk are well-known
arameters of the kth component. Following this train of thought,
or the kth component of curvature perturbation, ıKk it can be
ritten, ıK(�k) = (K2

c − k2)�k and for the pressure perturbation ıpk,
espectively,

pk = �(1/r2
c + K2

c − k2)�k (B.5)

After inserting Eq. (B.5) in Eq. (B.6), one obtains the so-called
ispersion condition,

k = ˇ0(1 + K2
c r2

c − k2r2
c )k2r2

c , (B.6)

ith ˇ0 = �/16 �rc as the considered process characteristic time
onstant.

According to the theory [e.g. [35]], the instability kinetics is
etermined by the fastest wave, i.e. by the wave with maximal ˇ.

n particular from Eq. (B.5) it follows, ˇmax = ˇ0(1 + K2
c r2

c )
2
/4.
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Glossary

C: Dimentionless capillary pressure
H: Bridge thickness
Hcr: Critical bridge thickness
Hu: Point of instability
K: Meridional neck curvature
Pi /e: Internel/external pressure
P� : Capillary pressure
R: Contact radius
V: Capillary bridge volume
Vr : Generatrix velocity in the neck of the bridge
X:  Dimensionless radius
R/rm k: Wave number
ku: Unstable wave number
rc : Critical neck radius
rm: Capillary bridge neck radius
ˇ0: Relaxation time
ˇk: Time constant
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