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equation. This study aims to calculate the asymptotic expressions for the interaction force
and torque between two parallel charged cylinders at large distances between them. The
exact formulae obtained are expressed in terms of the modified Bessel function of the
second kind. From the general physical principles two theorems about the interaction
energy and the stability of the quasi-equilibrium states for multipole-multipole interac-
tions are proved.
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1. Introduction

The stability of colloidal dispersions is controlled by the so called DLVO (Derjaguin-Landau-Verwey-Overbeek) [1,2] and
non-DLVO [3] interaction forces between colloidal particles. The strongest medium range forces have an electrostatic origin
[4,5]. Most of the studies consider the electrostatic interactions between spherical particles in the frame of the nonlinear
Poisson-Boltzmann equation (PBE). The common application of the cylindrical PBE is to investigate the thermodynamic
properties of cylindrical micelles [6,7], polyelectrolytes [8-10], DNA and helical macromolecules [11-14].

For the modeling of the dynamics and statics of many charged rodlike particles immersed in an ionic solution, the elec-
trostatic interaction energy between them should be calculated. Because of the nonlinearity of the PBE the problem for pair-
wise interaction energy is solved numerically for all distances between them [5]. Usually the practical systems are dilute and
the distances between the particles are large. The solution of the PBE for an individual particle decays exponentially with
distances (see Section 2) and the electrostatic potential, 1, is small. For small values of i/ the PBE is reduced to the linear
PBE. Nevertheless, the linear PBE for two cylinders has not an analytical solution and it is solved numerically in bicylinder
coordinates [15].

Our first goal in the present study is to derive general asymptotic formulae for the interaction force and torque
between two charged particles at large distances between them (Sections 2 and 3). The application of the obtained
results for the 2D case is discussed in Section 4. The exact asymptotic expressions for the interaction force and torque
of the all modes of the Fourier expansion are derived in Section 5. Our second goal is to prove the theorems for the
interaction energy and for the stability of quasi-equilibrium states for the individual multipole-multipole electrostatic
interactions (Section 6).

E-mail address: kd@LCPE.Uni-Sofia.BG

http://dx.doi.org/10.1016/j.amc.2015.01.079
0096-3003/© 2015 Elsevier Inc. All rights reserved.


http://crossmark.crossref.org/dialog/?doi=10.1016/j.amc.2015.01.079&domain=pdf
http://dx.doi.org/10.1016/j.amc.2015.01.079
mailto:kd@LCPE.Uni-Sofia.BG
http://dx.doi.org/10.1016/j.amc.2015.01.079
http://www.sciencedirect.com/science/journal/00963003
http://www.elsevier.com/locate/amc

K.D. Danov /Applied Mathematics and Computation 256 (2015) 642-655 643
2. General physical principles

In the classical formulation of N-component ionic solutions the electrostatic potential, 1/, in a static electric field,
E = -V, obeys the Poisson equation [16]:

N
—£0&:V - (V) = Zezsns (2.1)
s=1

where V denotes the del operator, &g is the vacuum dielectric permittivity, ¢, is the relative dielectric permittivity of the solu-
tion, e is the elementary charge, all ionic-species-number densities are ns (s=1,2,...,N), and z is the charge number of ion
species s, which is positive for cations and negative for anions. The right-hand side of Eq. (2.1) represents the bulk charge
density, pe. The bulk densities, n,, are altered from their input constant values, ns,, (s=1,2,...,N), by the corresponding
Boltzmann factor and the Boltzmann distribution reads:

Ny = Ny €XP (-Z}”) (s=1,2,...N) 2.2)

where kg is the Boltzmann constant and T is the temperature. Substituting the Boltzmann distribution, Eq. (2.2), in Eq. (2.1),
one calculates the respective PBE [5]:

N
e ez
V- (VyY) =— ZNso exp | — 23
)=~ o Yoz (- ) 23)
The electro-neutrality of the solution requires that
N
> ez, =0 (2.4)
s=1
The general expression for the pressure tensor, P, reads [16]:
&0&r
P= <p+LEZ)U—gOgrEE (2.5)
2
where U is the unit tensor and p is the excess isotropic pressure defined as a difference between the local osmotic pressure

and the osmotic pressure at infinity [17]:

ezsy
- -1 2.6
exp (-5 ) 1] 26)
From Egs. (2.3,2.5) and (2.6) we prove that the pressure tensor obeys the local equilibrium conditions in the static case,
that are the conservation of linear and angular momentums (see Appendix A):

N N
p= kBTZ(nS —Ng) = kBTan
=1

s=1

V-P=0 and V- (Pxr)=0 (2.7)

where r is the radius vector with respect to a given arbitrary point.
The electrostatic force, F, and torque, T, acting on a charged particle with surface S and unit running normal vector n
pointed to the ionic solution (Fig. 1), are calculated from the following integrals [16]:

F=—@smn-P)dS and T=g@n- (Pxr)dS (2.8)

Fig. 1. One or two charged particles in an ionic solution. The hypothetical surface, Sg, encircles the particles at large distances.
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In order to calculate F and T, we define a hypothetical surface, Sk, encircled the particle, with unit running normal vector
ng pointed to the ionic solution, which occupies the volume, V (Fig. 1). From the divergence theorem, Egs. (2.7) and (2.8), it
follows that:

F= @ (ng-P)dSy and T = —gs [ng - (P x 1)]dSx (2.9)

At large distances from the charged particle, the electrostatic potential is small and the PBE, Eq. (2.3), is reduced to its
linear form:

V- (V) = K% (2.10)

where the inverse Debye screening length, x, is defined as follows [5]:

2 et K,
K= Z- Moo 2.11
eoerksT ; o (2.11)
Thus, the electrostatic potential decays exponentially at large distances and the integrals in the right-hand sides of Eq.
(2.9) vanish. Therefore, F=0 and T = 0 for an individual charged particle, as can be expected.
In the case of two charged particles (A and B, Fig. 1) the sum of forces and the sum of torques are equal to zero:

Foi+Fs=0 and T,+T;=0 (2.12)

where the forces, F4 and Fg, and torques, T4 and T, acting on particles A and B, respectively, are different than zero. These
forces and torques describe the electrostatic interactions between both particles.

3. Asymptotic expressions for the electrostatic interaction force and torque at large distances between particles

The derivations of the asymptotic expressions for the interaction force and torque are simpler using the middle plane
between particles, which is perpendicular to the line between their mass centers 04 and Og. This plane defines Cartesian
coordinate system Oxyz, in which the x-coordinates of O4 and Op are —L/2 and L/2, respectively, where L is the distance
between their mass centers (Fig. 2). Using the divergence theorem for the parallelogram around particle B depicted in
Fig. 2 and taking the limit for a large extend of the parallelogram, we obtain the following formulae:

Fg = — s, (ng - P)dSg = /jo /i (ex - P)|,_odydz (3.1)

To— gy (Pxrjdse = [ [ e (Pl odyz (32)

where e,, e,, and e, are the unit vectors of the Cartesian coordinate system (Fig. 2). For example, in the 2D case the interac-
tion force has x- and y-components and the interaction torque has only z-component, see below. In the general 3D case all
components of Fg and T can be different than zero.

From the physical and computational viewpoints it is important to obtain analytical expressions for the electrostatic
interaction force and torque at large distances between them. In this case, the leading order asymptotic solution of the
PBE around the plain x = 0 is the superposition, s = /4 + /s, of the far field expansions of the solutions of PBE for individual
particles iy, and yp, respectively. Note that /4 and /g around the middle plane are solutions of the linear PBE, Eq. (2.10). The
respective asymptotic expression for the pressure tensor reads:

P= [P+ 25Vt Us) - Vg + )| U = 805V (g + )V (i + ) (33)

Fig. 2. Calculations of the interaction force and torque are simpler using the middle plane between particles perpendicular to the line between their mass
centers.
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see Eq. (2.5). From Egs. (2.6) and (2.11) we obtain the asymptotic formula for the isotropic pressure, p:
e 2 2 2 2
== ZN W =—K 34
p ZkBTSz:]: s!ts W 2 (l//A + l//E) ( )
The pressure tensor, P, is a superposition of three terms: P4 - the pressure tensor written for individual particle A; Pg - the

pressure tensor written for individual particle B; P4z — the pressure tensor accounting for the interactions between them.
These terms are defined as follows:

P = ’9028F (1207 + Yy - Vi U = 0 Vi Vi = A,B) (3.5)
Py = 808r(K2¢Al//B + Vs - Vip)U — &0 (Vi Vi + Vg Vi) (3.6)

Using the asymptotic expressions, Eq. (3.5), and the linear PBE, Eq. (2.10), one proves that V-P4,=0, V-P3=0,
V(Psy xr)=0, and V-(Pg x r)=0 (see Appendix A). Therefore, P4 and Pg do not give contributions to the calculations of
the interaction force and torque and the final asymptotic expressions for Fz and Tp read:

F; = / / (e Pys)|,_odydz and Tp=— / / e - (Pag x 1)]|,_odydz (3.7)

Eq. (3.7) is the starting point for the calculations of Fg and T in 2D and 3D cases. From the physical viewpoint, when Tg is
calculated, the radius vector r is defined with respect to the mass center Og.

4. Asymptotic expressions for the 2D case

In the 2D case we assume that all parameters do not depend on z, so that the interaction force and torque per unit length
W are calculated from Eq. (3.7):

= ecPulody and f— - [ e Puxml oy @)

— o

Substituting the Eq. (3.6) in Eq. (4.1), one obtains the following expressions:

Fooe _ (% (12 a0l 00n 00

oe:W /,m <K Vals oy By T ox ox X:Ody (4.2)
Fy-e [ (00aO¥p OV OYp

oW /_og <0x ay "oy ox Xzody (4.3)
Tsoe. (" (0 a0y O g _LFs-e

oW /,% (K Vals + ay 9y Ox ox X:Oydy 2606, W (4.4)

For example, in the case of a charged cylinder with radius a and small electrostatic potentials, Eq. (2.10) is presented as
follows [5]:
2
1&( %) L _ 2y (45)
pop\"9p) p* o
where p is the radial coordinate and ¢ is the polar angle of the cylindrical coordinate system with axis of revolution Oz. The
general solution of Eq. (4.5) is:

_ Ny, Kn(kp)
lp - mzzol//m I(m(Ka) COS(m(j) - md’m) (46)
where: K, is the modified Bessel function of the second kind and order m; y,, and ¢, are the amplitude and phase shift for
the mth mode of the Fourier expansion of the electrostatic potential at the boundary p = a [18]. The surface charge density, o,
is obtained using the Neumann boundary condition [16]:

o %
bo&rap

- g (4.7)
p=a

From Egs. (4.6) and (4.7) we obtain the relationship between the mth mode of the Fourier expansion of the surface charge
density, ., and the surface electrostatic potential, ¥/ ,:
Sogl‘l//mk

o= Zam cos(m¢ —me,,) and o = 2K (50) [Kim-1(Kka) + Kmi1(Ka)] (4.8)

m=0
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Y

Fig. 3. Definitions of the radial distances, p, and pg, and the local angles, ¢4 and ¢g.

” o

The terms with subscripts m=0,1,2,3,... play the role of the rod “charges”, “dipoles”, “quadrupoles”, “hexapoles”, etc.,
respectively [19].

For arbitrary values of the electrostatic potential, i, the nonlinear PBE is solved numerically for a specific boundary
condition at the cylinder surface (Dirichlet - fixed surface potential, Neumann - fixed surface charge, or Robin - fixed elec-
trochemical potential). The asymptotic solution at large distances from the cylinder obeys Eq. (4.6), in which y,,, represents
the mth mode of the Fourier expansion of the so-called rescaled surface potential [20].

For two charged cylinders A and B with radiuses a, and ap, the far field asymptotic expressions for the electrostatic
potentials, Eq. (4.6), can be presented as follows:

Ua= Anfam and fu, =Kn(Kp,) cOS(My — Myy) (4.9)
m=0

Yp= Bufg, and fp, =Ky(Kpy)cos(ngy — ney,) (4.10)
n=0

where: /4, and Vg, are the respective Fourier modes of the re-scaled surface potentials of rods A and B; A, = Y4 m/Kin(Kaa)
and B, = g ,/Kn(1cag) are constants. The definitions of radial distances p, and pg, local polar angles ¢4 and ¢, and phase
shifts ¢4, and ¢p, are illustrated in Fig. 3, so that:

L L . .
X:_§+pACOS¢A7 Xzi_pBCOS(rst y:ijIHd)](J:AvB) (411)

Therefore, the calculations of the interaction force and torque are reduced to the summation of the following series:

FB~CX7°“°Q FB.eyimoo TB.e27:x;oc
roo W > AnBiXmn, bW > AnBiYimn, gogrwfm:();AmBnTm_n (4.12)

m=0n=0 m=0n=0

where X, 5, Ym.n, and T, , are dimensionless coefficients. Using Eqs. (4.2,4.3,4.4,4.9,4.10) and (4.12), one obtains that the val-
ues of the dimensionless coefficients are calculated from the following integrals:

_ * 1 afA.m afB,n 1 afA.m afB.n
Xm,n = Km (KfA,rnfB,n + E 78_)/ 7(9_)/ — E 78)( 78){ ) . (413)
Y —_ /.OO l afA,m 8fB.n +l afA,m afB_n (4 14)
T \K dx Ay K 9y 09X )|, :
- fam O pn O am Of KL
Ton == | O anfun + S 0= 5 00 JY 7 (4.15)

The integrands in Egs. (4.13)-(4.15) contain the modified Bessel function of the second kind and decay exponentially at
|y] = oo. Nevertheless, their numerical calculations are time consumable. In Section 5 we will derive the exact formulae for
X Ymn, and Ty ..

5. Exact formulae for the integrals in the asymptotic expressions for the 2D case

To obtain the exact formulae for the integrals in Eqs. (4.13)-(4.15), we transform them in the forms of integrals over the
circle. We define a hypothetical cylinder with radius 0 < d < L/2 and axis of revolution Ogz. The projection of the cylinder sur-
face at the plane z = 0 is circle C,. The unit running normal vector, ng, is pointed to the ionic solution (Fig. 4). In Appendix A it
is proven that V-P4g = 0 and V-(P4p x r) = 0. Using the divergence theorem for the parallelogram around the cylinder (Fig. 4)
and taking the limit for a large extend of the parallelogram, we obtain that:
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Fig. 4. Transformation of integrals to the integrals around a cylinder with radius d.

F 21 T 2n
e /0 (g Pag)l,, oy and E—d /0 g (P x ), _gdg (5.1)

see Eq. (4.1). Note, that Eq. (5.1) is valid for all positive values of d smaller than L/2.
From the definition of the pressure tensor accounting for the interactions, Eq. (3.6), and the cylindrical coordinates, Eq.
(4.11), after long but trivial calculations, one transforms Eq. (5.11) to the following results:

00 s 00y 0)

TPB O 37(/’3 0pg exp(—igg)deg

2n
Fp- (e, +iey) = soeri/ (
0 pp=d

2n 1 Oy, OY Ny O .
W 2 1 0yn O s _B> igy)d 5.2
+808 /0 (K ¢A¢B+d2 8¢B a¢B apB 6,08 pod exp( ld)B) ¢B ( )
2O, Oy O O
Ts e, =—¢ 8rWd/ (—A—B+—AJ> d 53
b oeWd | \Ops 000 " 000 3ps) |, """ 53)

where i is the imaginary units. Egs. (4.9,4.10,4.12,5.2) and (5.3) allow to obtain the following alternative forms of the
integrals for the dimensionless coefficients Xy n, Ymn, and T, appearing in Egs. (4.13)-(4.15):

Finn = Xmn +1Ymn = / " <8f an Fon | O O B’”)
o \ Of O¢p Opy O

exp(—ipg)dey

p=6
n 1 8fAm afB.n afAm afB.n .
— ] - ) i — 4
o (Wastons e G 0% )| it 54)
_ 2n afA,m 8fB,n afA.,m 8fB,n
Tmn = /0 (ﬁ o 0ds | 0gy 0p > 00 5.3)

where Fp,, are the complex interaction force coefficients and all distances are scaled with the Debye length, o = p,x,
B = pgk, and é = dxk.

After the substitution of the definition for function fg,, Eq. (4.10), in Egs. (5.4) and (5.5), and subsequent equivalent
transformations, we derive the following formulae (see Appendix B):

2n ) m ,
Fm,n = /0 g |:Kn—1 (ﬁ) fL - Kn—] (ﬂ) A‘m:|

exp [i(n — 1) —ingg, |doy

op =5
2n K] . .
+ /0 g |:Kn+1 (ﬁ)%ﬁ'm ~ K (ﬁ)fA,m:| . explingg, —i(n+1)¢ldd, (56)
2T ]
Tnp = n/o ﬁ[l(n(ﬁ) )(;%m ~ K, (B) A.m] . sin(ngy — ngp,)ddy (5.7)

where K} (B) = dK,(B)/dB.
In order to obtain the exact expressions for the coefficients, Fy, , and Ty, ., we will use below Graf’s addition theorem [21]
written for fy, in the following form (see Fig. 3):

Fam = Kn(2) COS(Mp —~ M) = 3 Kunos (kL)1) COS(ig — Mebp) (58)

Jj=—o
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where I; is the modified Bessel function of the first kind and order j. For example, as can be expected Ty, = 0, see Eq. (5.7). For

n > 0, if we substitute the Eq. (5.8) in Eq. (5.7), then all integrals are equal to zero except of those for j = +n. Thus, accounting
for the identity I, = I_,, we derive that:

2n
Ton = nK,,Hn(KL)Cn/0 CoS(Ngg — Moy ) SiN(Npg — N ,)depy

2n
oKLy [ €O8(1dy -+ My iRy — ) (5.9)

where C, is defined as follows:
Cn = BIKa(B)IL(B) — KL (B (B)]] ,_, (5.10)
and I (B) = dI,(B)/dp. The respective Wronskian of the Bessel functions [21] is equal to:

Kn(DIL(B) — L(BK,() = % (5.11)

so that G, = 1 and does not depend on 6. Therefore, the final exact expression for the dimensionless torque coefficients reads:
T = TnKyin(KL) SIN(My 1 — Mg ) — Kin_n(KL) SIN(Mp gy + Npp )] (5.12)

In the case of n > 1, the substitution of f4 ,, from Eq. (5.8) in the first integral in the right-hand side of Eq. (5.6) leads to a
sum of integrals with respect to j. The only different than zero terms in this sum are those for j = +(n — 1). Analogous calcu-
lations for the second integral in the right-hand side of Eq. (5.6) show that the respective infinite sum is equal to the sum of
two terms corresponding to j = (n + 1). Taking into account that I+ =I_(4+1)and I,_; =I_(,_1), one simplifies Eq. (5.6) to the
following result:

Fan = S K 1) [ €O~ 1)y M) Xl 1)y i1
+ CTK (kL) /02“ cos[(n — 1)y + My ] expli(n — 1) g — iy, |dgry
+ CTK (kL) /0 " Cosl(n + 1) — Myl XPlingi — (1 + 1)5ld
+ anﬂ K1 (kL) /ozn cos[(n + 1) + My ] explingy, —i(n + 1)¢pgldey (5.13)

Finally, calculating the integrals in the right-hand side of Eq. (5.13), accounting for the fact that C,_; =1 and C,.; = 1, and
separating the real and imaginary parts of the obtained result, we derive the formulae for the force coefficients:

Xm,n = g [KmHIH (KL) cos(md)A‘m - n¢B.n) + Km,n,l (KL) cos(md)A,m + n¢B,n)}

+g [Kim-n-1(KL) COS(M@p  — Mg ) + Kim-ni1 (KL) COS(M y + Np 1) (5.14)
Ym,n = —g [Km+n+l (KL) Sin(m(f)A,m - nd)B.n) - Km—n—l (KL) Sm(md)A,m + n¢B,n)}

2 [Kien 1 (KL) Sin(M B, — ) — Ko (L) SN + o) (5.15)

In Appendix C we prove that Egs. (5.14) and (5.15) are valid also for n=0 and n=1.
The obtained formulae for the force and torque coefficients give possibility to derive the respective asymptotic expression
for the electrostatic interaction energy.

6. Asymptotic expression for the interaction energy and stability of quasi-equilibrium positions

Different approaches for the calculation of the interaction energy between charged particles can be found in the literature
[16,19,22,23]. All of them contain integrals over the volume of the solution of the PBE and they are not applicable for the
calculation of asymptotic expressions. In our case, the alternative force approach is the most transparent. In the 2D case
the function U, which describes the interaction energy between two charged cylinders, has the following meaning. If the
charged cylinder A is fixed, then the cylinder B has the following degrees of freedom: the position of the mass center Og
can move in the horizontal plane (Fig. 3); the phase shift angles can change. The partial derivatives of U with respect to
the degrees of freedom (taken with an opposite sign) must give the respective components of the interaction force and
torque.
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Theorem 1. The asymptotic expression for the interaction energy between two charged cylinders, U, in the 2D case reads:

U

ot W ZZA BTt [Kinin(KL) COS(Mg p — Npg) + Kinn(KL) COS(MPp 1 + N )] (6.1)

m=0n=0

where L is the distance between their centers O4 and Og.

Proof. We calculate the partial derivative of —U with respect to the degree of freedom, —¢g;:

3] u - . . . . .
50 (o) = B AT Ko O61) S i) — K1) S+ i) 62)
where the sign minus for ¢g; is taken because of the opposite orientation of the polar angle (see Fig. 3). The comparison
between Eqgs. (5.12) and (6.2) shows that the respective derivative of the interaction energy gives the components of the
torque.

The partial derivative of —U with respect to x reads:

_6% ( u ) = —nKZZAmBnK%+n(KL) cos (Mg, — Nepp,) — nKZZAmBnl<;7n(KL) €os(My m + Npgp) (6.3)

eo&rW m=0n=0 m=0n=0

see Fig. 3. Using the formula, K,_; + K,,; = —2K’, Egs. (4.12) and (5.14), we transform Eq. (6.3) to the following result:

ou e
— = 808rWK,;)nZ;Amanm'n =Fp e, (6.4)

When the partial derivative of the function —U with respect to y is calculated all other degrees of freedom must be con-
stants. Thus, if the position of center Op is shifted by dy > 0 along the y-axis, then the distance L + dL increases, the phase
shifts ¢am + dpam decrease, and the phase shifts ¢, + d¢p, increase (see Fig. 5). Therefore,

_ou

OUOL  oU ¢um  OU 6¢>sn>
il I e m ' 6.5
ol o (3L o5+ 50y 03"+ 00, 29 (6.5)
From Fig. 5 one calculates that:
8L 8¢A m 1 8¢B.n 1
= =0, ) -, = 6.6
8y y=0 ay y=0 L ay y=0 L ( )
Substituting the Egs. (6.1) and (6.6) in Eq. (6.5), we obtain the following expression:
ou m+n
' 808rWZZA By 7K i (KL) —— i3 Sln(m¢A.m - n¢B,n)
y y= m=0n=0
e m-n .
— e0&W> > "AnBu K (kL) Sin(Mdy, + Nepg.n) (6.7)
m=0n=0

Using the formula, 2nK, (kL) = KL[Ky,1(KL) — K,_1(xL)], Eqs. (4.12) and (5.15), one reduces Eq. (6.7) to the following
result:
ou

_ w = SOSrWKZZAmBnYm,n =Fz- €y (68)
m=0n=0

=Y

Fig. 5. Small variation of the position of center Op along the y-axis by dy > 0. The center to center distance becomes L + dL, the phase shift angles change and
they are equal to ¢am + dpam and ¢p, + dep,, respectively.
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Thus the partial derivatives of —U with respect to the degree of freedom give the respective components of the interaction
force and torque. O

If the cylinders are free to rotate and move, then the quasi-equilibrium state is defined to be the orientation, at which the
torque and the y-component of the force are equal to zero. In the quasi-equilibrium state only the direct interaction force is
different than zero.

Charge-charge interaction. For a charge-charge interaction n = m =0 and only the direct force, Fp-e,, is different than zero

[5]:

Fp-e, Yao¥so

b kW — 2™ Ko (ran)Ko(ag) X1 KD (6.9)
see Egs. (4.12,5.12,5.14) and (5.15). Thus, for yaopo >0 the interaction force is repulsive and for Y4opo<0 - it is
attractive.

Theorem 2. The stable quasi-equilibrium state of the multipole-multipole interaction (n # 0 or m # 0) corresponds to the
direct attractive force and to the minimum of the interaction energy, U.

Proof. Multipole-charge interaction (n=0 and m > 0): The interaction torque is equal to zero, see Eq. (5.12). From Egs.
(4.12,5.14) and (5.15) one obtains the following formulae:

Fp-e, Yamso )
Cot W —ZnWKm(KL) cos(Meam) (6.10)

l:B . ey _ —27'C wA.ml//B,O me(KL)
go&rkW Km(kaa)Ko(rkag) KL

sin(me, ) (6.11)

Therefore, for Y4 mpocos(mpam) >0 the direct interaction force is repulsive and for Y4 miypocos(mpam)<0 - it is
attractive.

Two different quasi-equilibrium states are possible: (i) ¢am = 0; (ii) m¢am = 7. In the case of repulsive direct interactions
small perturbations of the “charge” cylinder positions in the y-direction lead to the appearance of Fz-e,, which increases the
perturbation magnitude (see for example Fig. 6a). Thus the repulsive quasi-equilibrium state is unstable. In the opposite case
of an attraction, the force Fg-e, tends to decrease the magnitude of perturbations (see Fig. 6b). Therefore, the attractive direct
interactions are stable.

For multipole-charge interactions the energy U is calculated from the following expression:

U WA,m l//B,O

YA 2”1<m(;caA)1<0(;caB) Kin(KL) cos(mey m) (6.12)

see Eq. (6.1). Therefore, the stable quasi-equilibrium state corresponds to the minimum of the interaction energy U.
Multipole-multipole interaction (m > 0 and n > 0): Using the Eqgs. (4.12,5.12,5.14) and (5.15) we represent the expression
for the interaction force and torque in the following form:

FB - €x _ l//A.,ml//}ln 1 ‘//A‘mlpB.n /
808,—KW - _TCKm(KaA)Kn(KGB) Km+n(KL) Cos(m¢A.m - n¢B.n) - anm—n(KL) COS(m(f)A‘m + n¢B.n) (613)
*“,‘(’,+ /; *’1(/_ /;
@ @
p B b B

() L (b) e

Fig. 6. Two different quasi-equilibrium states of quadrupole-charge: (a) unstable repulsive interactions; (b) stable attractive interactions.
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Fig. 7. Two different quasi-equilibrium states of hexapole-quadrupole: (a) unstable repulsive interactions; (b) stable attractive interactions.

Fp-e,  _  VYamVen Kinin(KL) . -
go&rkW " Kin(Kas)Kn(Kap) (m+n) == sin(Mmésn = nic)
l:b,‘\‘ml//B.n Km,n(KL) .
~ T Rn(kanKa(rag) M T T r S Pam + 1950) (6.14)
TB € = lpA'm"bB’” 1 '#A‘ml//B.n .
bt W~ K eas Ko (k) MK nn (L) SIN(Mpp y — N5 ) — nmm{m,n(ld) sin(Mmeyp, +ng,)  (6.15)

For the quasi-equilibrium orientation Fz-e, = 0 and Tg-e, = 0, so that using the Egs. (6.14) and (6.15), one obtains the linear
system of equations:

(m + n)KTrHrn(KL) Sin(m¢A,m - nd’B,n) + (m - n)Km*ﬂ(KL) Sin(m¢A,m + nd’B,n) =0
MK n (KL) Sin(Mep y — N ) — K (kL) Sin(Mepy  + Nepg,) =0 (6.16)

This system of equations has only a trivial solution: sin(me,,, —n¢p,) =0 and sin(m¢,,, + nép,) = 0. Therefore:
Mpam =0, £, £27, ...; N¢g, =0,2m, 227, ...; and cos(Mey,, — Ng,) = COS(Mpy,y + Nepp,) = 1. If the maximums or
minimums of both 4 and 3 around the surfaces of cylinders are faced each other, then the interaction force is positive
(repulsion). If the maximum (minimum) of y/, is faced to the minimum (maximum) of /5, then the respective force is
negative (attraction). The magnitude of the interaction force in the quasi-equilibrium is calculated from the simple formula:

|FB : ex| “pAm l//B.nl

b0b W~ " Kon (<)o (1cap) Kmen (D) + Koo (L) (6.17)

From Eqgs. (6.9) and (6.10) one sees that this formula is general and it is valid for all values of m and n.

Fig. 7 illustrates the stability of quasi-equilibrium states. If the interaction force is repulsive, then the small perturbations
of the multipole B position along the y-direction lead to the appearance of force and torque, which accelerate the instability
(Fig. 7a). For an attractive interaction force the respective small perturbations will decrease because of the stabilizing effects
of both Fz-e, and Tg-e; (Fig. 7b). From Eq. (6.1) it follows, that the interaction energy has a minimum (maximum) at the stable
(unstable) quasi-equilibrium state.

7. Conclusions

In this paper the asymptotic expressions for the interaction force and torque between two parallel charged cylinders
immersed in an ionic solution are derived in the case of large distances between them. The ionic solution is modeled using
the Poisson-Boltzmann equation. The results are obtained in a close form applying the Graff addition theorem and they are
expressed in terms of the modified Bessel function of the second kind.

The proved asymptotic formula for the electrostatic interaction energy between cylinders gives possibility to deduce that
the stable quasi-equilibrium state corresponds to the attraction between multipoles and to the minimum of the interaction
energy.

This study opens the possibility for calculations of the many charged rodlike particles problem in dilute regime.
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Appendix A. Conservation of linear and angular momentums

Substituting the Eq. (2.6) in Eq. (2.5), we present the components of the pressure tensor, P;;, in Cartesian coordinate sys-
tem Ox;x,X3 in the following form:

P = {kBTZnsx ez, 1} fots OV 8‘”}0, o (A1)

2 [P 7 2 o, o [ %, o,

where §; is the Kronecker delta (i,j,k = 1,2,3) [18]. Taking the divergence from Eq. (A.1), one obtains:
2 2
9Py _ 0 {kBTan {exp <_ezslp> - l} 4 Gute U alp} € TV N _ o OV OV

oo =1 ksT 2 Ox ox TOxi0x; 0% T Ox; OXi0%;
_ ezy\oy Py oy
= 7;625”50@ exp <f kBT> o S0 5w % (A2)

where the Einstein summation convention [18] is applied. Finally, from the PBE, Eqgs. (2.3) and (A.2) we derive that:

Py _ oW Py e _ezy\ | _
ox; . oobr x; X% ot ;zsnm EXP\ " kT =0 (A3)

The cross product P x r is a tensor with components &qjP;xy, where & is the Levi-Civita symbol [18]. Thus the diver-
gence from P x r is:

OPj
(Snjkpuxk) = 'gnjkxk + gnjkPu ik (A4)

Ox; OX;

Using Eq. (A.3) and the symmetry of the pressure tensor one proves that:

9 Py
o, EniePiiXi) = EnicPig = (Enje + En) =L=0 (A.5)
X 2

If the components of the pressure tensor, P, are given by the definition:

Py~ g8 <K v g{p g;ﬁ) 50_80&6_% 6_1#_ (A.6)

see Eq. (3.5), then the divergence of P leads to the expression:

2
9Py _ 88%<al// —K2w> (A7)

ox 7 ox; \ oxiox;

Therefore, V-P =0 in the frame of the linear PBE, Eq. (2.10), and respectively V(P x r)=0.
The divergence from the pressure tensor accounting for the interactions, defined by Eq. (3.6) and written in the Cartesian
coordinates, reads:

2 2 2 2
,-4:80&88 <K L am) - (a Ua Oy Dy Uy Oy Dy Dy D w3> A8)

X, OX r OX;0X; (9Xj OXi 8)(18)(]‘ 8X16Xj OXi 8Xj OX;0X;

After simple transformations of the right-hand side of Eq. (A.8), one obtains:

OPpsij . OV "y wA g
0X; = bobr g Ix; K OX;0X; + &o® i <y OX;0X; (A-9)

The functions 4 and /g obey the linear PBE, Eq. (2.10), so that V-P4 =0 and respectively V-(Psp x r)=0.

Appendix B. Simplified expressions for dimensionless coefficients F,,, , and T,, ,

The complex form of function f;, defined by Eq. (4.10) is
_ Ku(p) . . . .
Fon = =5 [explingy — ingy,) + exp(ingy, — ingy)| (B.1)
Substituting the Eq. (B.1) in the integrand of the right-hand side of Eq. (5.5), one obtains
afA‘m 8fB.n 8fAm 8an ﬁafAm ’ . . . . ﬁafAm . D
o 90 g ap =3 g KalPIexp(ings —ingy,) + exp(ings, — ingy)] + =~ " Kn(B) explingy — indy,)
— exp(ingg, — ing;)] (B.2)

p
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where K}, (8) = dK,(p)/dp. From Egs. (B.2) and (5.5) we obtain the following result:
Zn 0 , i 0
Ton = [ 5 [Bam )+ in k)
0

exp(ingy — ingg ,)deg

95 op ps
8fAm ! in 8fAm . .
_/O [a(bs K, (B) — o LY () (ﬁ)} . exp(ingg, — ingg)dey

Integrating by parts the terms containing df ,,,/9¢p in Eq. (B.3), we derive Eq. (5.7).

Substituting the Eq. (B.1) in the integrand of the right-hand side of Eq. (5.4) we derive the following relationship:

_ 1 afA.m 8fB,n afA‘m 8fB.n . af/"i,m 8fB‘n ~8fA‘m 8fB.n
€= (ﬁfA-JB="+E%M*ﬁTﬂTﬂ+’ 9B oy gy 0B
K. (B)
2

= Bfam [eXP(i”¢B - ind)B,n) + exp(ingy, — in(/ﬁs)} exp(—igpp)

i s KnB) (expiingy — ingy,) — explings, — ing)] exp(—ig)

) exp(-id)

B Odg
5% G K1) (expling, — indy,) + explinds, — ings)] exp(~idy)
_ Bf; o K"Z(ﬁ) [exp(ing — indy,) — eXp(ingy, — ingy)] exp(—igy)
. ,%fgm K'Z(ﬁ) [exp(ingy — ingy,) + exp(ingy,, — ings)] exp(—igy)
that is
G= % {ﬁfA,mKn(ﬁ) ( 8(;‘21“ - ﬁaf*"“> K, (B) +%Kn(ﬁ)]} exp [i(n — 1)¢g — ingy,]
{ﬁfAmI<n( )+ { %f;: - ﬁaf/‘ﬁm} {K;(ﬂ) - %KH(B)} } explingy, — i(n+1)¢y]

Finally, substituting the identities [18]
1 n , n
K, (B) +BKn(ﬁ) =—Kp1(f) and K (B) - ﬁKn(ﬁ) = —Kni1(B)
in Eq. (B.5), it results

8fA,m _ afAm

TR )K,, 1(/3)} exp [i(n —1)¢p — indy,)]

1 8fAm 8f/‘\m
g [Branka() + (5%~ 1522

From Eqgs. (5.4) and (B.7) one obtains the respective formula for F, ,:

Fan= [ 1 3 [Faniap)+ (ﬁafA’m— af"'")Kn 0

— 3 [Pranko(s) + (8

)Km (ﬁ)] exp [indy, — i(n + 1)by]

expli(n — 1)y — ingy Jddy

op 2l p=o
27{«1 afA,m afAm . :
o gt + (0% iGam ) a0 exp lingns —itn 1]ty

Integrating by parts the terms containing of ,,,/9¢5 in Eq. (B.8), we derive the following result:

Fun= [ 3 an [0 =" a0 + i)}

exp [ (n—1)¢g in¢3.n]d¢3

; o5 .
T Tk <k Ham e i i(n+1)¢5ld
o S Ko+ K0 T} exolinga, —itn )60l

Using the formulae, Eq. (B.6), one represents Eq. (B.9) in the form of Eq. (5.6).

Appendix C. Formulae for F,,o and F,;

In the case of n=0Eq. (5.6) is simplified to the following expression

Fuo= [ [0 2 0]

exp(—i¢g)ddg

p=5
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(B.3)

(B.7)

(B.8)

(C.1)
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From the Graff theorem, Eq. (5.8), Egs. (C.1) and (5.10) one obtains

2

21
Fino = K1 (KL)G /0 COS(pg — Mo ) €XP(—ighp)depp + Kin_1(kcL)Cy /0 CoS(pp + Mepa ) EXP(—ighp)depp (C2)

where C; = 1. The calculation of integrals in the right-hand side of Eq. (C.2) and subsequent separation of the real and imag-
inary pasts of the complex force coefficients lead to the formulae:

Xino = T[Km1(KL) 4+ Kin_1(KL)] cos(m¢ ) (C.3)

Ymo = —T[Kpm1 (KL) — K1 (L] sin(my ) (C.4)

Therefore, Egs. (5.14) and (5.15) for n = 0 define the values of the force coefficients, see Eqs. (C.3) and (C.4).
In the case of n=1 Eq. (5.6) is reduced to the following result:

Fus = [ 3 ka2 K

afA‘m
op

2n
exp(-idya)dta + [ 5 |Kalh)

—I<’2(ﬁ>fA,m]

, exp(igg, — 2igp)dey
(C.5)

p=6 =

In the first integral in the right-hand side of Eq. (C.5) only the zero term of the Fourier expansion, Eq. (5.8), gives contri-
bution. In the second integral - only the terms corresponding to j = + 2 are different than zero. Therefore,

2n
Pt = Ko (L) COS(Mh) eXP(~i)Ca+ =50 Co [ cOS(20 M) Xty — 206y

K2 (L) o : )
#2120 [ cos(2y -+ M) explids, — 2idy)dgy (€6)
where Cp =1 and C; = 1. After the calculations of the integrals in Eq. (C.6) one obtains:
. Kmia(KL . . Kimn_2(kL . ,
Fi = 7o (KL) COS( ) X (i) + 720 expiy, — imgy ) + 20 expligy, +imay,)  (€7)

Therefore, the real and imaginary parts of F,,; are equal to

Xt =5 Kin(0L) [COS(Mebg -+ ) + COS(Mb i — b)) + 7 Kin-2(KL) COS(Mebp -+ )+ Ko 2 (L) COS(Mehp  — )

2
(C.8)
YmJ = gKm(KL) [Sin(m¢A,m - ¢B,n) - Sin(m¢A.m + ¢B.n)] + gKm—Z(KL) Sin(m¢A,m + ({bB,n) - gKHHZ(KL) Sin(m¢A,m - ¢B.n)
(€.9)

One sees that Egs. (C.8) and (C.9) are identical with Eqgs. (5.14) and (5.15) written for n=1.
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