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On the basis of a detailed physicochemical model, a complete system of equations is formulated that de-
scribes the equilibrium between micelles and monomers in solutions of ionic surfactants and their mixtures
with nonionic surfactants. The equations of the system express mass balances, chemical and mechanical
equilibria. Each nonionic surfactant is characterized by a single thermodynamic parameter— its micellization
constant. Each ionic surfactant is characterized by three parameters, including the Stern constant that quan-
tifies the counterion binding. In the case of mixed micelles, each pair of surfactants is characterized with an
interaction parameter, β, in terms of the regular solution theory. The comparison of the model with experi-
mental data for surfactant binary mixtures shows that β is constant — independent of the micelle composi-
tion and electrolyte concentration. The solution of the system of equations gives the concentrations of all
monomeric species, the micelle composition, ionization degree, surface potential and mean area per head
group. Upon additional assumptions for the micelle shape, the mean aggregation number can be also estimat-
ed. The model gives quantitative theoretical interpretation of the dependence of the critical micellization
concentration (CMC) of ionic surfactants on the ionic strength; of the CMC of mixed surfactant solutions,
and of the electrolytic conductivity of micellar solutions. It turns out, that in the absence of added salt the
conductivity is completely dominated by the contribution of the small ions: monomers and counterions.
The theoretical predictions are in good agreement with experimental data.
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1. Introduction

The existence of surfactantmicelleswas established in the beginning
of the twentieth century byW. B. Hardy, J. W. McBain and coworkers in
their studies on electrolytic conductivity of carboxylate solutions [1].
They found that the solutions of sodium laurate and myristate contain
both electrolytic and colloidal constituents (dissociated surfactantmono-
mers and surfactant aggregates) [1]. The term “micelle” became widely
accepted about twenty years later [2]. Since then, the micelles and mi-
cellar solutions have been a subject of intensive studies stimulated by
their great scientific and practical importance.

Firstly, some empirical dependencies have been established. In the
case of ionic surfactants, Corrin and Harkins [3] found that the critical
micellization concentration (CMC) depends linearly on the ionic
strength of solution (varied by the addition of salt) when plotted in
double log scale. The slope of this plot has been interpreted as degree
of binding of counterions to the micelle [4], although this interpreta-
tion is uncertain and is considered again in the present article
(Section 4.6). In the case of nonionic surfactants, it has been found
that CMC obeys the empirical Klevens equation [5]:

log CMCð Þ ¼ Â−B̂n ð1:1Þ

where n is the number of C atoms in the alkyl chain; Â and B̂ are
empirical coefficients tabulated for some homologous series [6].
For linear alkyl ethoxylates, CnEm, Eq. (1.1) has been generalized in
Refs. [7,8].

Various experimentalmethods have been applied to study the prop-
erties of the micelles: viscosimetry [9,10]; conductometry [11–13];
calorimetry [14,15]; fluorescence quenching [16–19]; stratifying foam
films [20–22]; static and dynamic light scattering [10,23,24]; small-
angle X-ray scattering (SAXS) [25,26] and neutron scattering (SANS)
[27,28]; electron paramagnetic resonance (EPR) [27,29]; nuclear mag-
netic resonance (NMR) [30–32], and various methods to study the dy-
namics of micellization [33,34].

In the theoretical aspect, four main approaches to the modeling of
micelles and micellar solutions have been developed:

The mass action model describes the micellization as a chemical
reaction [10,35–38]. This model gives a detailed description of the mi-
celles as polydisperse aggregates and allows modeling of the growth
of non-spherical micelles and other self-assembled structures [39–44].
Generalizations to ionic micelles are also available [45–50].

The phase separation model is focused on the equilibrium be-
tween micelles and monomers with respect to the exchange of each
component in a multi-component surfactant mixture [51–56]; re-
views can be found in [37,38] and Section 2 of the present article. In
this model, the micelle polydispersity is usually neglected; average
aggregation numbers and charges per micelle are used, and the mi-
celles are treated as a pseudophase that is equilibrated with the
monomers. The regular solution theory has been applied to both bi-
nary [53] and multi-component surfactant mixtures [57–59]. In the
case of ionic surfactants, various models of the effect of electric dou-
ble layer and counterion binding onmicellization have been proposed
[60–67].

Molecular thermodynamic models of the micelles have been devel-
oped and extended to surfactant mixtures [68,69]. They consider the
detailed surfactant molecular structures and give theoretical descrip-
tion of the micellization process based on various free-energy contri-
butions, including those from the hydrophilic heads and hydrophobic
tail configurations [70–76].

The computational methodology based on the quantitative structure–
property relationship approach (QSPR) has been applied also to micelles.
First Huibers et al. [77,78] developed this method to predict the CMC of
surfactants using a large database of molecular descriptors. So far, the
QSPR method has been applied to predict the CMC values of many of
nonionic and ionic surfactants [79–83].

The focus of the present article is on models that describe the
micelle–monomer equilibria, with applications for characterizing mi-
celles of ionic surfactants and their mixtures by charge and aggrega-
tion number; for a deeper understanding of conductivity of micellar
solutions; for interpreting the dependence of CMC on the mole frac-
tions of mixed surfactants and on the electrolyte concentration; for
analyzing the precipitation and pH variation in micellar carboxylate
solutions; for determining the solubility limits of fatty acids and alco-
hols in micelles of conventional surfactants, etc. For this goal, the
most appropriate is the phase separation model, which is based on
chemical equilibrium relationships, supplemented by mechanical
and mass balance equations. As demonstrated below, the key issue
is how to close the system of equations in order to obtain a physically
adequate model.

With the final goal to construct a physically transparent, quantita-
tive and easy for application model of micellar solutions, three main
approaches are extended and combined here:

(1) The general thermodynamic approach from Ref. [84] for planar
ionic-surfactant adsorption layers is extended to ionic-
surfactant micelles. In this approach, the key point is the ther-
modynamically correct incorporation of the counterion binding



Fig. 1. Sketch of a mixed micelle composed of two nonionic surfactants, which exist in
equilibrium with the free monomers of these surfactants in the surrounding aqueous
phase.
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(charge regulation) effect and of the electrostatic energy con-
tribution in the theoretical model.

(2) The concept by Mitchell and Ninham [85] for micelle interfacial
tension is extended to the case of counterion binding and for
ionic–nonionic mixtures. Physically, this concept states that
the repulsive electrostatic double-layer component of interfa-
cial tension is exactly counterbalanced by the attractive
non-double-layer component of interfacial tension. The bal-
ance of these attractive and repulsive components implies
that at equilibrium the micelle is in tension free state, like the
phospholipid bilayers [86].

(3) The jellium model originally developed for suspensions of
charged particles [87,88] is adapted and incorporated into the
theory in order to calculate the micelle charge, potential and
the double-layer component of micelle surface tension, as well
as to interpret the electrolytic conductivity of micellar solutions.

In Section 2, we briefly review the phase separation model for
mixtures of nonionic surfactants. Section 3 is dedicated to the effect
of counterion binding in the case of ionic surfactants. In Section 4,
all equations of the physicochemical model are assembled to form a
complete system of equations. The model is applied to interpret
experimental data for ionic surfactants in Section 5, and for ionic–
nonionic mixtures — in Section 6. Finally, in Section 7, the model is
extended to solutions containing one ionic surfactant, but several
kinds of counterions with different binding energies.

2. The phase separation model for nonionic surfactants

2.1. Mass balances and micelle–monomer chemical equilibrium

In view of subsequent generalization, let us first consider a mixed
micellar solution of several nonionic surfactants. Three different kinds
of mole fractions can be distinguished in mixed micellar solutions
[37]: xi — mole fraction of component i dissolved in monomeric
form; yi — mole fraction of component i in the micelles (in the micel-
lar pseudophase), and zi — the input mole fraction of component i,
which has been fixed by the experimentalist upon the solution prep-
aration. By definition, all these molar fractions refer to the mixture of
amphiphilic molecules (the water is not included). Experimentally,
only the mole fraction zi is known. The other two mole fractions, xi
and yi, can be calculated from the conditions for equilibrium between
micelles and monomers. The surfactant mass balance yields [37]:

ziCT ¼ CT−CMCMð Þyi þ xiCMCM ð2:1Þ

i = 1, 2,…, N, where N is the number of amphiphilic components; CT
is the total surfactant concentration (of all kinds); CMCM is the critical
micellization concentration of the mixed surfactant solution. The two
limiting cases of Eq. (2.1) are as follows: (A) At CT = CMCM, we have
xi = zi, but yi is unknown. (B) At CT ≫ CMCM, we have yi = zi, but xi
is unknown.

The chemical equilibrium between micelles and monomers with
respect to the exchange of surfactant of kind i yields [37]:

μ w;0ð Þ
i þ kT ln xiCMCMð Þ ¼ μ mic;0ð Þ

i þ kT ln f iyið Þ: ð2:2Þ

Here, μi(w,0) and μi(mic,0) are the standard chemical potentials of a
molecule from component i, respectively, as a monomer in the
water phase, and incorporated in a micelle; fi is the activity coefficient
of component i in the micelles; k is the Boltzmann constant and T is
the absolute temperature. The micellization constant Ki

(mic) is related
to the work for transferring of a monomer of component i from the
solution into a micelle:

kT ln K micð Þ
i ≡ μ mic;0ð Þ

i −μ w;0ð Þ
i : ð2:3Þ
Substituting Eq. (2.3) into Eq. (2.2) and taking inverse logarithm,
we obtain [37]:

f iyiK
micð Þ
i ¼ xiCMCM ð2:4Þ

i = 1, 2,…, N. Eq. (2.4) has several corollaries. First, having in mind
that the concentration of surfactant monomers is ci = xiCMCM, we
obtain:

ci
K micð Þ
i

¼ f iyi: ð2:5Þ

This can be considered as a generalized form of the Raoult's law
stating that the concentration of component i in monomeric form is
proportional to the activity, fi yi, of this component in the micelles
(Fig. 1) — an analogy with the vapor pressure of a drop from a mix-
ture of two liquids. The Raoult's law, itself, corresponds to fi = 1.
i.e., to an ideal solution.

Second, summing up in Eq. (2.4) for all amphiphilic components,
and using ∑

i
xi ¼ 1, we obtain [37]:

CMCM ¼ ∑
i
f iyiK

micð Þ
i : ð2:6Þ

Eq. (2.6) has been applied for calculating the phase diagrams of
carboxylates in mixture with synthetic surfactants [89].

Third, we present Eq. (2.4) in the form yi / CMCM = xi / (fi Ki
(mic)),

sum up for all amphiphilic components, and use ∑
i
yi ¼ 1:

1
CMCM

¼ ∑
i

xi
f iK

micð Þ
i

: ð2:7Þ

If the working temperature is above the Krafft temperature for the
component i, i.e., this surfactant forms micelles (rather than crystals),
the equilibrium between micelles and monomers for solutions of the
pure surfactant leads to:

μ w;0ð Þ
i þ kT ln CMCi ≡ μ mic;0ð Þ

i ð2:8Þ

where CMCi is the critical micelle concentration for the pure compo-
nent i. The comparison of Eqs. (2.3) and (2.8) implies:

K micð Þ
i ¼ CMCi for T > TKrafft: ð2:9Þ
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If T > TKrafft for all surfactants, then Eq. (2.7) becomes the popular
relation between the critical micelle concentrations of the pure com-
ponents and of the mixture [37]:

1
CMCM

¼ ∑
i

xi
f iCMCi

: ð2:10Þ

At the working temperature, some of the surfactants in the mix-
ture could form crystallites rather than micelles. Then, the more gen-
eral Eq. (2.7) has to be used, where Eq. (2.9) applies only to the
components that are above the Krafft point; see e.g., Ref. [89].

Eqs. (2.1), (2.4) and the identities Σixi = 1 and Σiyi = 1 represent a
system of 2 N + 1 equations for determining 2 N + 1 variables: x1,…,
xN; y1, …, yN, and CMCM, supposedly CT, zi and Ki

(mic), i = 1, …, N, are
known, and expressions for fi are available; see e.g., Eq. (2.11).
[Eq. (2.1) contains N − 1 independent relations. Indeed, the summa-
tion of all equations in Eq. (2.1) yields an identity.] Our goal in the
present article is to generalize this approach for ionic surfactants and
their mixtures.

2.2. Application of the regular solution theory to binary mixtures

Let us consider a mixture of two amphiphilic components, A and B.
In the theory of regular solutions, the activity coefficients are expressed
in the form [90]:

f i ¼ exp β 1−yið Þ2
h i

; β ≡− cw
2kT

; i ¼ A;B: ð2:11Þ

β is an interaction parameter; c is the average number of closest neigh-
bors of a given molecule in a micelle;

w ¼ wAA þwBB−2wAB ð2:12Þ

wherewij is the energy of interactions of two closest neighbors of type i
and j. As a rule, wij is negative (attraction between two neighboring
molecules) [90]. However, w can be eider negative, positive or zero.
If w = 0, the micelle represents an ideal mixture of the constituent
components. For β b 0 (or β > 0), we are dealing with negative
(positive) deviations from the Raoult's law, Eq. (2.5), i.e., with syner-
gism (antagonism) of the two surfactants in the mixed micelles.

Substituting fi from Eq. (2.11) into Eq. (2.4), and taking logarithm,
we obtain the Rubingh [54] expression for the interaction parameter,
β:

β ¼ 1
1−yið Þ2 ln

xiCMCM

yiK
micð Þ
i

 !
; i ¼ A;B: ð2:13Þ

The elimination of β between the two expressions, for i = A and B
in Eq. (2.13), yields [54]:

1
1−yAð Þ2 ln

xACMCM

yAK
micð Þ
A

 !
¼ 1

1−yBð Þ2 ln
xBCMCM

yBK
micð Þ
B

 !
ð2:14Þ

where yA + yB = 1. At the critical micellization concentration, the
mole fractions xi = zi are known. If KA

(mic) and KB
(mic) are also known,

and CMCM is measured, then yA can be determined from Eq. (2.14).
Afterwards, β can be found from Eq. (2.13). The generalization of
this approach to binary mixtures of ionic and nonionic surfactants is
considered in Section 6.

3. Ionic surfactants: the effect of counterion binding

3.1. The Stern isotherm and the association–dissociation equilibrium

Here, we consider a solution that contains a surfactant (e.g., sodium
dodecyl sulfate, SDS) and an electrolyte (e.g., NaCl). For simplicity, we
assume that the surfactant and salt are 1:1 electrolytes and that the
counterion (e.g., Na+) is the same for the surfactant and the salt. Com-
ponent 1 is the surfactant ion; component 2 is the counterion and com-
ponent 3 is the coion due to the salt (e.g., Cl−).

In the bulk solution, we have association–dissociation equilibrium
of the surfactant and the counterion, which is described by the
equation:

c1c2 ¼ Q12c12 ð3:1Þ

c1 and c2 are the concentrations of the respective components; c12 de-
notes the concentration of non-ionized surfactant molecules or ion
pairs; Q12 is the equilibrium constant of the reaction described by
Eq. (3.1). In the case of carboxylates, Q12 = 1.995 × 10−5 M for H+

counterions, whereas Q12 = 2.84 M for Na+ counterions [91]. The
latter value is of the order of magnitude of this constant for surfac-
tants like SDS, which are good electrolytes (see below). For SDS and
Na carboxylates, Q12 describes the association–dissociation equilibri-
um in a loose solvent-shared (hydrated) ion pair of cation and
anion [92]. However, in the case of protonation of carboxylates, H+

is connected with a chemical bond to the carboxylate anion, and for
this reason Q12 is much smaller (see above).

Let us first consider the binding of counterions to the headgroups
of the surfactant molecules in a flat adsorption layer. The concentra-
tions of the reagents in a surface layer of thickness δ are (Fig. 2a):

c2 ¼ c2s; c1 ¼ 1
δ

Γ1−Γ2ð Þ; c12 ¼ Γ2
δ
: ð3:2Þ

Here, c2s is the subsurface concentration of the counterions of kind
i; Γ1 is the total surface concentration of component 1 (the surfactant
in both ionized and non-ionized form) in the adsorption layer; Γ2 is
the surface concentration of bound counterions. The substitution of
Eq. (3.2) into Eq. (3.1) yields [93]:

c2s
Q12

¼ Γ2
Γ1−Γ2

: ð3:3Þ

Note that the thickness δwas canceled, so that Eq. (3.3) is insensi-
tive to its exact choice. We used also the circumstance that in a closed
system, the final equilibrium state of the system is independent of the
reaction path [94]. From this viewpoint, the equilibrium state of the
system should be independent of whether non-ionized surfactant
molecules of bulk concentration c12 adsorb at the interface, or ionized
surfactant molecules first adsorb at the interface, and then counter-
ions bind to their headgroups. Eq. (3.3) can be presented in the equiv-
alent form [84,93]:

Γ2
Γ1

¼ KStc2s
1þ KStc2s

ð3:4Þ

where KSt is the Stern constant that is related to the energy of coun-
terion binding and

KSt ¼
1

Q12
: ð3:5Þ

Eqs. (3.3) and (3.4) are two forms of the Stern isotherm [93].
Eq. (3.5) is expected to hold irrespective of whether the bond between
the cation and anion is strong (chemical) or a loose, solvent-shared ion
pair is formed; see above. In both cases, the bond is expected to be the
same in the bulk and at the surface. The constantsKSt andQ12 are related
to the respective bond energy [84,95].

For brevity, here and hereafter we are using the term “non-ionized”
surfactant molecules for both non-dissociated molecules (such as pro-
tonated fatty acids) and solvent-shared ion pairs of surfactant and
counterion.



Fig. 2. (a) Sketch of a flat adsorption layer from an ionic surfactant with bound and free counterions. (b) Sketch of a micelle from an ionic surfactant with bound counterions, which
exists in dynamic equilibrium with the surfactant monomers and free counterions in the surrounding water phase.
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Eq. (3.5) can be rather useful. Indeed, for carboxylates the reaction
constant Q12 is known, and then from Eq. (3.5) one can determine the
respective Stern constant KSt. Conversely, for surfactants that are
strong electrolytes the Stern constant KSt is known (e.g., from a fit
of surface-tension data), and then one can determine the reaction
constant of the formation of ion pair. For example, for SDS the Stern
constant is KSt = 0.6529 M−1 [96], and then one estimates Q12 =
(KSt)−1 = 1.53 M, which is of the same order of magnitude as the re-
spective constant for sodium myristate [91]; see above.

3.2. Adsorption equations for ionized and non-ionized surfactantmolecules

The effect of counterion binding on the properties of surfactant
adsorption monolayers has been first addressed in Refs. [84,97,98].
The adsorption isotherm of the considered ionic surfactant can be
expressed in the form [84,99]:

K1 1þ KStc2sð Þc1s ¼
Γ1
Γ∞

f Γ1ð Þ: ð3:6Þ

Here, K1 is the surfactant adsorption constant; Γ∞ is the maximal
possible adsorption at dense packing of the surfactant molecules; c1s
is the surfactant subsurface concentration; the quantity f(Γ1) accounts
for the interaction between the adsorbed surfactant molecules
(Fig. 2a) and has the meaning of activity coefficient. Expressions for
f(Γ1) corresponding to different adsorption models are given in
Table 1. Note that for Γ1 → 0, all expressions in Table 1 give f(Γ1) → 1.

In view of Eq. (3.5), the substitution of KStc2s from Eq. (3.3) into
Eq. (3.6) yields:

K1c1s ¼
Γ̂ 1

Γ∞
f Γ1ð Þ ð3:7Þ
Table 1
Expressions for f(Γ1) corresponding to different adsorption models from [84].

Adsorption model f(Γ1)

Henry 1
Langmuir Γ∞

Γ∞−Γ1

Volmer Γ∞
Γ∞−Γ1

exp Γ1
Γ∞−Γ1

� �
Frumkin Γ∞

Γ∞−Γ1
exp − 2β Γ1

kT

� �
van der Waals Γ∞

Γ∞−Γ1
exp Γ1

Γ∞−Γ1
− 2β Γ1

kT

� �
where by definition

Γ̂ 1 ≡ Γ1−Γ2 ð3:8Þ

is the surface concentration (adsorption) of ionized surfactant mole-
cules. A multiplication of Eqs. (3.3) and (3.7), in view of Eqs. (3.5)
and (3.8), yields:

K1KStc1sc2s ≡
Γ2
Γ∞

f Γ1ð Þ: ð3:9Þ

The surface concentrations c1s and c2s are related to the respective
bulk concentrations, c1 and c2 by means of the Boltzmann equation:

c1s ¼ c1 exp −Φsð Þ; c2s ¼ c2exp Φsð Þ ð3:10Þ

where

Φs ¼
e ψsj j
kT

ð3:11Þ

is the dimensionless surface electric potential, with ψs being the re-
spective dimensional potential and e — the elementary electric
charge. Using Eqs. (3.1), (3.5) and (3.10), we can bring Eq. (3.9) in
the form:

K1c12 ≡
Γ2
Γ∞

f Γ1ð Þ: ð3:12Þ

Eq. (3.12), which is similar by form to Eq. (3.7), can be considered
as an adsorption isotherm for the non-ionized surfactant molecules.
As mentioned above, the equilibrium properties of the solution are in-
dependent of whether a non-ionized molecule adsorbs at the inter-
face, or first an ionized molecule adsorbs and then a counterion
binds to its head group. This circumstance is reflected in the fact
that the system of Eqs. (3.7) and (3.12) is mathematically equivalent
to the system of the Stern isotherm, Eq. (3.4), and the surfactant ad-
sorption isotherm, Eq. (3.6).

Finally, we should note that in the case of not-too-low ionic
strengths, all concentrations of ionic species, ci, should be replaced by
the respective activities ai = ciγ±, where γ± is the activity coefficient.

image of Fig.�2
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3.3. Equations describing the micelle–monomer equilibrium

A micelle can be considered as a gas bubble in the limiting case of
infinitely small volume of the gas in the bubble. From this viewpoint,
the basic chemical–equilibrium relations describing the surfactant
adsorption at the bubble surface can be used also in the limiting
case of a micelle. The micellar curvature effects that are due to inter-
actions between the surfactant molecules can be considered as being
incorporated in the micellization constant K1

(mic).
Thus, we will use Eqs. (3.7) and (3.12) to describe the equilibrium

between the surfactant molecules incorporated in the micelle and the
surfactant monomers in the bulk; see Fig. 2b. In the case of micelles, it
is convenient to make the following replacements:

1=K1→K micð Þ
1 ; f Γ1ð Þ→f 1;

Γ̂ 1

Γ∞
→y1;

Γ2
Γ∞

→y2: ð3:13Þ

Here, K1
(mic) is micellization constant; f1 is activity coefficient for

the surfactant molecules in the micelle; y1 is the molar fraction of ion-
ized surfactant molecules in the micelle; y2 is the mole fraction of
non-ionized surfactant molecules in the micelle (the molar fraction
of the bound counterions). In view of Eqs. (3.10) and (3.13), we can
bring Eqs. (3.7) and (3.12) (after taking logarithm) in the form:

ln c1γ� ¼ ln K micð Þ
1 þ ln f 1y1ð Þ þΦs ð3:14Þ

ln c12 ¼ ln K micð Þ
1 þ ln f 1y2ð Þ ð3:15Þ

where Φs is the dimensionless surface electric potential of the mi-
celle; see Eq. (3.11); the bulk concentration of the ionic surfactant
monomers, c1, is replaced by the respective activity c1γ±. For a single
ionic surfactant, one can set f1 = 1.

Eqs. (3.14) and (3.15) can be obtained also by setting equal the
(electro)chemical potentials of the respective molecules in the mi-
celles and in the bulk, and ln K1

(mic) is expressed through the standard
chemical potentials by Eq. (2.3). Eqs. (3.14) and (3.15) represent a
nontrivial generalization of Eq. (2.2) to the case of an ionic surfactant
because of the following three reasons:

(i) The right-hand side of Eq. (3.14) contains only the fraction y1
of the ionized surfactant molecules in the micelle. The chemical
equilibrium of surfactant molecules with bound counterions is
expressed by Eq. (3.15).

(ii) The micellization constant K1
(mic) is the same in Eqs. (3.14) and

(3.15), which describe, respectively, the ionized and non-
ionized surfactants. Thus, the number of parameters in the
model is reduced, which considerably simplifies the theoretical
description of micellization. [The specificity of the counterion is
taken into account by Eq. (3.1), which has to be included in the
complete system of equations; see below.]

(iii) The electrostatic energy of an ionized surfactantmolecule incorpo-
rated in the chargedmicelle is taken into account by the termΦs in
Eq. (3.14) (or eψs in dimensional form). The formof Eq. (3.14) is in
agreement with the general theory of the electric-double-layer
energy by Overbeek [100]; see Eq. (12) therein.

4. Physicochemical model for micellar solutions of an
ionic surfactant

4.1. Chemical equilibria and mass balances

For reader's convenience, here we summarize the equations of the
complete system that describes the chemical equilibria and mass bal-
ances in the solutions of an ionic surfactant:

ln c1γ�ð Þ ¼ ln K micð Þ
1 þ ln y1 þΦs ð4:1Þ
ln c12 ¼ ln K micð Þ
1 þ ln y2 ð4:2Þ

c12 ¼ KStc1c2γ
2
� ð4:3Þ

y1 þ y2 ¼ 1 ð4:4Þ

c1 þ c12 þ cmic ¼ C1 ð4:5Þ

c2 þ c12 þ y2cmic ¼ C1 þ Csalt ð4:6Þ

log γ� ¼ − A
ffiffi
I

p

1þ Bdi
ffiffi
I

p þ bI ð4:7Þ

I ¼ 1
2

c1 þ c2 þ Csaltð Þ: ð4:8Þ

Eqs. (4.1) and (4.2) (derived above) express the equilibrium be-
tween monomers and micelles with respect to the exchange of ionized
and non-ionized surfactant molecules, respectively. The presence of
non-ionized surfactant molecules in the micelle is equivalent to the ef-
fect of counterion binding; see the comment after Eq. (3.12).

Eq. (4.3) is the combination of Eqs. (3.1) and (3.5), where KSt is the
Stern constant; c1, and c12 are the bulk concentrations of ionized and
non-ionized surfactant monomers and c2 is the bulk concentration of
free counterions; the effect of the bulk activity coefficient γ± is taken
into account. Eq. (4.4) is the standard relation between the molar
fractions, y1 and y2, of the ionized and non-ionized surfactant mole-
cules in the micelle. Note that the degree of micelle ionization, α, co-
incides with y1.

Eq. (4.5) expresses the mass balance of surfactant, where C1 is the
total input surfactant concentration, and cmic is the number of surfac-
tant molecules that are incorporated in micelles per unit volume of
the solution. Eq. (4.6) represents the mass balance of counterions.
(In the case of SDS + NaCl, these are the Na+ ions.) In particular,
y2cmic accounts for the counterions bound to the micelles, whereas
Csalt is the total concentration of non-amphiphilic salt in the solution.

Eq. (4.8) expresses the ionic strength I, which is determined solely
by the contributions of the small ions in the framework of the jellium
model; see Section 4.2 for details. As before, for simplicity we have as-
sumed that both the ionic surfactant and salt are 1:1 electrolytes, and
that the counterion due to the surfactant and salt is the same. Thus,
Eq. (4.8) includes contributions from the surfactant monomers, c1,
from the counterions, c2, and from the coions of the salt, Csalt. (In
the case of SDS + NaCl, the latter are the Cl− ions.) Generalization
to the case of different kinds of counterions is given in Section 7.

Eq. (4.7) is an often used semiempirical expression for the activity
coefficientγ±originating from theDebye–Hückel theory; the logarithm
is decimal; A, Bdi and b are parameters. Their values at 25 °C, obtained
by fitting data for γ± of NaCl and NaBr from [101] by Eq. (4.7), are
A = 0.5115 M−1/2, Bdi = 1.316 M−1/2 and b = 0.055 M−1. These
values can be used also for solutions of other alkali metal halides.

Eqs. (4.1)–(4.8) represent a system of 8 equations that contains 9
unknown variables: c1, c12, c2, cmic, y1, y2, γ±, I, and Φs. Hence, we
need an additional equation to close the system. This equation should
allow us to determine the dimensionless surface electric potential Φs

in the frame of the electric double layer theory. Two alternative clo-
sures are considered in Sections 4.3 and 4.4.

A reduced form of the considered system of equations can be
obtained if Eq. (4.1) is subtracted from Eq. (4.2) and c12 is eliminated
from Eq. (4.3):

y2
y1

¼ KStγ�c2 exp Φsð Þ: ð4:2aÞ

Eq. (4.2a) expresses the Stern isotherm of counterion binding to
the surfactant headgroups at the micelle surface; compare Eqs. (3.3)
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and (3.13). Furthermore, in the system of Eqs. (4.1)–(4.8), Eq. (4.2)
can be replaced by Eq. (4.2a); Eq. (4.3) can be omitted, and the bulk
concentration of non-dissociated surfactant molecules, c12, can be
neglected in Eqs. (4.5) and (4.6). Thus, the number of unknown vari-
ables and the number of equations are reduced by one. This reduced
system is appropriate for ionic surfactants that are good electrolytes,
so that the bulk concentration of non-dissociated surfactant mole-
cules, c12, can be neglected. The application of the full system of
Eqs. (4.1)–(4.8) to such surfactants gives practically the same numer-
ical results, but yields also the concentration c12, which takes very low
values for these surfactants.

4.2. The jellium model

Let us consider the electric double layer formed around a given
micelle in the solution. The electric potential ψ obeys the Poisson
equation:

1
rj

d
dr

rj
dψ
dr

� �
¼ − 1

ε0ε
ρb for r≥ R ð4:9Þ

j = 1, 2 for cylindrical and spherical micelles, respectively; r is the ra-
dial coordinate; ρb is the bulk charge density; ε0 is the dielectric per-
mittivity of vacuum; ε is the relative dielectric constant of solvent
(water); R is the average radius of the surface where the centers of
the counterions in contact with the micelle are located – the so called
surface of charges [65]. It has been established that for solutions
containing charged colloidal particles, including surfactant micelles,
the most adequate description is provided by the jellium model,
which is based on the following expression for the bulk charge densi-
ty [21,87,88]:

ρb ¼ z1e c1e
−Φ−c2e

Φ þ Csalte
−Φ þ Zcm

� �
: ð4:10Þ

Here, z1 = ±1 is the valence of the surfactant ion (1:1 electro-
lytes assumed);

Φ ¼ z1eψ
kT

¼ e ψj j
kT

ð4:11Þ

is the dimensionless electrostatic potential; cm = cmic / Nagg is the
concentration of micelles; Z and Nagg are, respectively, the number
of charges and surfactant monomers per micelle (the aggregation
number). The first term in the right-hand side of Eq. (4.10) accounts
for the contribution from the ionized surfactant monomers; the sec-
ond term – for the counterions; the third one – for the coions due
to the salt, and the last one – for the micelles as macroions of charge
Z. In Eq. (4.10), as usual, the small ions obey the Boltzmann law. The
essence of the jellium model is that the macroions (the micelles) are
uniformly distributed with an average concentration cm [87,88]. Phys-
ically, this means that the electrostatic repulsion between the like
charged micelles is strong enough, so that the effect of the potential
Φ on their distribution is negligible.

Far from the selected micelle, its electric field vanishes, so that
Φ = 0 and Eq. (4.10) reduces to

ρb ¼ z1e c1−c2 þ Csalt þ Zcmð Þ ¼ 0 ð4:12Þ

which expresses the condition for electroneutrality in the bulk solu-
tion. All concentrations in Eq. (4.12) refer to the average bulk concen-
trations of the respective ions. Eq. (4.12) can be obtained by
subtracting Eq. (4.6) from Eq. (4.5) and taking into account that
Zcm = (1 − y2)cmic. Consequently, Eq. (4.12) is not an independent
equation from the viewpoint of the system considered in Section 4.1.

Historically, the term “jellium” originates from the quantum theo-
ry of electron gas in metals (solid state physics) [102] and it was in-
troduced in colloid science (interactions between charged particles
in suspensions) by Beresford-Smith et al. [87,88]. In the case of the
micellar solutions, the roles of the nuclei of the atoms of metal and
the electrons are played, respectively, by the micelles and their disso-
ciated counterions. This analogy can be further extended to the con-
ductivity of micellar solutions — see Section 4.8.

Substituting Eq. (4.10) into Eq. (4.9), after some transformations
we obtain:

1
rj

d
dr

rj
dΦ
dr

� �
¼ κ2 sinhΦþ v coshΦ−1ð Þ½ �: ð4:13Þ

Here, Φ is defined by Eq. (4.11); c2 has been substituted from the
electroneutrality condition, Eq. (4.12);

κ2 ≡ 2e2I
εε0kT

; I ¼ c1 þ Csalt þ
Z
2
cm ð4:14Þ

v ≡ Zcm
2 c1 þ Csaltð Þ þ Zcm

¼ y1cmic

2I
b 1: ð4:15Þ

The relation Zcm = y1cmic has been also used. At the CMC (cm → 0)
or at high salt concentrations (Csalt → ∞), we have ν → 0. Conversely,
at surfactant concentrations well above the CMC (Zcm ≫ c1 + Csalt)
we might have ν → 1.

The expressions for the ionic strength I in Eqs. (4.8) and (4.14) are
equivalent in view of the electroneutrality condition, Eq. (4.12). The ex-
pression for the Debye parameter κ, Eq. (4.14), states that the screening
of the electric field is due to the background electrolyte, c1 + Csalt, plus
the counterions dissociated from the micelles, Zcm / 2 [87,88]. Eq. (4.14)
is widely used in the literature, see e.g., Refs. [21,103–106], but it is
often forgotten that this equation originates from the jellium model.

4.3. Gouy closure

The standard boundary condition relating the derivative of the
potential to the surface charge density reads:

dψ
dr

���
r¼R

¼ − 1
εε0

eZ
Am

: ð4:16Þ

Am is the micelle surface area at the level of the surface charges. In
Appendix A it is proven that the integration of Eq. (4.13) for R b r b ∞,
along with the boundary condition, Eq. (4.16), yields:

κy1Nagg

4AmI
≈2 sinh

Φs

2

� �
G Φsð Þ

coshΦs−1

� 	1=2

þ 2j
κR

tanh
Φs

4

� �
− vΦs

G Φsð Þ
Φs

4
− tanh

Φs

4

� �� 	
 �
:

ð4:17Þ

As usual,Φs is the dimensionless surface potential, Eq. (3.11); Nagg

is the micelle aggregation number, and G(Φs) is defined as follows:

G Φsð Þ≡ coshΦs−1þ v sinhΦs−Φsð Þ: ð4:18Þ

Eq. (4.17) represents the relation between themicelle surface charge
and surface potential, which generalizes the known Gouy equation for
planar interfaces [107,108] to the case of micelles. At the CMC, the mi-
celle concentration is negligible; then ν → 0 and Eq. (4.17) reduces to
the more special expression derived in Refs. [85,109]:

κ y1Nagg

4AmI
≈2 sinh

Φs

2

� �
þ 2j
κR

tanh
Φs

4

� �
: ð4:17aÞ

Note that the second term∝ 1 / κR in Eqs. (4.17) and (4.17a) is al-
ways a small correction. Indeed, we have 1 / κR ≪ 1 at the higher
surfactant concentrations. In addition, Φs is greater at the lower
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surfactant concentrations, where sinh(Φs / 2) ≫ tanh(Φs / 4), so
that the first term in the right-hand side of Eq. (4.17a) is predominant
again.

Eqs. (4.1)–(4.8) and (4.17) form a complete system, which con-
tains three unknown parameters: K1

(mic), KSt and Nagg, which can be
determined as adjustable parameters from fits of experimental data.
Nagg obtained in this way represents an average value of the aggrega-
tion number for the considered concentration interval.

However, Nagg usually increases with the rise of the surfactant
concentration, even for spherical micelles [21,22,110]. Indeed, with
the rise of surfactant concentration (and of the ionic strength I), the
electrostatic repulsion between the headgroups at the micelle surface
decreases, which allows the incorporation of new surfactant mole-
cules in the micelle. These effects can be quantitatively taken into ac-
count by using another closure, as follows.

4.4. Mitchell–Ninham (MN) closure

Because the micelle exchanges monomers with the surrounding
water phase, it represents an open system. The equilibrium state of
the latter corresponds to a minimum of the grand thermodynamic
potential, Ω. Because of that, the derivative of Ω with respect to the
micelle surface area, which equals the micelle interfacial tension γ,
should be equal to zero [85]:

γ ¼ γ0 þ γel ¼ γ0−πel ¼ 0: ð4:19Þ

Here, γel and γ0 are, respectively, the electrostatic and non-
electrostatic components of γ, and πel = −γel is the micelle electro-
static surface pressure. In other words, Eq. (4.19) means that the
micelle is in tension free state.

The term “tension free state” was introduced by Evans and Skalak
[86] in the mechanics of phospholipid bilayers and biological mem-
branes. Physically, zero tension means that the acting lateral repul-
sive and attractive forces counterbalance each other. In the case of
ionic surfactant micelles, the electrostatic repulsion in the head
group region is counterbalanced by a net lateral attractive force due
to the cohesion between the surfactant hydrocarbon tails, and to
the hydrophobic effect in the contact zone tail/water at the micelle
surface.

Different definitions of surface tension of a spherical interface
(and micelle) can be given, because of the existence of mechanical
and thermodynamic approaches, and because of the dependence of
surface tension on the location of the dividing surface [111–113].
Here, we are following and further developing the approach by
Mitchell and Ninham [85], so that it is natural to use their definition
for micelle interfacial tension. According to Eq. (4.19), at equilibrium
γ = 0, so that the respective state can be termed “tension free state”
in analogy with the case of phospholipid membranes [86].

As demonstrated in Appendix A, πel can be calculated from the
expression:

πel ¼ εε0∫
∞

R

dψ
dr

� �2
dr þ O

1
κRð Þ2

� 	
: ð4:20Þ

With the help of Eq. (4.13), the integral in Eq. (4.20) can be esti-
mated (see Appendix A):

γ0 ¼ πel ¼ 8εε0κ
kT
e

� �2fH Φsð Þ sinh2 Φs

4

� �

−vΦs

4

Φs

4
− tanh

Φs

4

� �

H Φsð Þ sinh Φs

2

� �þ j
κR

ln cosh
Φs

4

� �� 	g ð4:21Þ
where

H Φsð Þ≡ G Φsð Þ
cosh Φsð Þ−1

� 	1=2
: ð4:22Þ

G(Φs) is defined by Eq. (4.18). At the CMC, we have ν → 0
and Eq. (4.21) reduces to the more special expression obtained in
Refs. [46,85]:

γ0 ¼ πel≈8εε0κ
kT
e

� �2
sinh2 Φs

4

� �
þ j
κR

ln cosh
Φs

4

� �� 	
 �
: ð4:21aÞ

The value of γ0 is determined mostly by the van der Waals and
steric interactions between the surfactant hydrocarbon tails inside
the micelle. For this reason, γ0 is expected to be constant, i.e., inde-
pendent of the solution's ionic strength, and on C1 and Csalt, in
particular.

Eqs. (4.1)–(4.8) and (4.21) form a complete system, which con-
tains three unknown constant parameters: K1

(mic), KSt and γ0, which
can be determined as adjustable parameters from fits of experimental
data (see below). The solution of the problem gives the concentra-
tions of all species in the bulk: c1, c12, c2, and cmic; the composition
of the micelle: y1 and y2, and the micelle surface potential Φs. The
degree of micelle ionization is α = y1. Next, from Eq. (4.17) one can
calculate the number of surfactant headgroups per unit area of the
micelle surface:

Γ1 ¼ 1
a1

¼ Nagg

Am
ð4:23Þ

where a1 is the area per surfactant head group at the micelle surface.
Furthermore, from the value of Γ1 one can calculate Nagg only if Am is
determined in the framework of a given model of micelles shape, e.g.,
spherical, elongated, hairy, etc.

The values of the physical variables, c1, c12, c2, cmic, y1, y2, Φs, Γ1,
and Nagg, can be calculated from the system of Eqs. (4.1)–(4.8) and
(4.21) for each given surfactant and salt concentrations, C1 and Csalt.
To do that, we have to first determine the three constant thermody-
namic parameters of the model: K1

(mic), KSt and γ0.

4.5. Determination of the parameters of the model

Eq. (4.1) and the combination of Eqs. (4.2) and (4.3) can be repre-
sented in the form:

e−Φsc1γ� ¼ K micð Þ
1 y1 ð4:24Þ

KStc1c2γ
2
� ¼ K micð Þ

1 y2: ð4:25Þ

Summing up the above two equations and using the identity
y1 + y2 = 1, we obtain a useful expression for Φs:

Φs ¼ ln
c1γ�

K micð Þ
1 −KStc1c2γ

2
�

 !
: ð4:26Þ

For an ionic surfactant, the Stern constant, KSt, is supposed to be de-
termined by fitting data for the solutions' surface tension at different
salt concentrations; see e.g., [84,96,99,114–116]. The other two param-
eters, K1

(mic) and γ0 can be determined by fitting the experimental de-
pendence of the CMC on the salt concentration. As an example, in
Fig. 3a we have shown data from Refs. [96,116–120] for the CMC of
solutions of dodecyltrimethylammonium bromide (DTAB) vs. the con-
centration of added NaBr, Csalt. The principles of the computational pro-
cedure are as follows.

The input data are the coordinates of the experimental points for
CMC vs. Csalt (like those in Fig. 3a); the value of the Stern constant



Fig. 3. (a) CMC of DTAB in the presence of NaBr at 25 °C: ○ — Ref. [96]; ∇ — Ref. [116];
Δ— Ref. [117]; ◊— Ref. [118]; ×— Ref. [119];□— Ref. [120]; the solid line is the best fit
corresponding to K1

(mic) = 0.302 mM and γ0 = 4.553 mN/m. (b) Corrin–Harkins plot:
the points and line in panel a are plotted as log(CMC) vs. log(I). (c) Plot of A1 and of the
degree of counterion binging, 1 − α, vs. the NaBr concentration; the solid line is A1 cal-
culated from Eq. (4.30), whereas the dashed line correspond to the fit of the data in
panel b by linear regression.
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from a surface tension fit is KSt = 0.748 M−1 [96]. R = 2.01 nm is es-
timated as in Ref. [21], and the values of the parameters A, Bdi, and b
in Eq. (4.7) for the activity coefficient are also knows; see above. At
the CMC, the concentration of micelles is negligible, so that cmic =
0. Then, from Eqs. (4.5), (4.6) and (4.8) we obtain c1 ≈ C1 = CMC
and c2 = c1 + Csalt = I, where c12 is neglected for DTAB. Our goal is
to calculate the theoretical dependence of c1 = CMC on Csalt, and to
compare the calculated curve with the experimental data in Fig. 3a.
The steps of the used procedure are:

(1) We assign tentative values of K1
(mic) and γ0.

(2) To apply the bisection method, we assign lower and upper
boundaries for the variation of c1 in view of the experimental
range of CMC.

(3) For a given Csalt, an initial value of c1 is assigned, and then c2 =
I = c1 + Csalt.

(4) γ± and κ and Φs are calculated from Eqs. (4.7), (4.14) and
(4.26), respectively.

(5) The obtained κ and Φs are substituted in Eq. (4.21a), which is
solved numerically to determine c1 using the bisection method;
j = 2 is to be set for spherical micelles.

Thus, we obtain the theoretical dependence CMC = c1(Csalt,
K1
(mic), γ0), which is fitted to the experimental data (see e.g., Fig. 3a)

by varying the adjustable parameters K1
(mic) and γ0 with the help of

the least squares method.
For the considered example, the best fit is shown by solid line in

Fig. 3a, where the values of K1
(mic) and γ0 are also shown. It is interest-

ing that the theoretical model excellently fits the data even at the
higher salt concentrations (≈200 mM), where the micelles can be
elongated, rather than spherical. This is due to the fact that at the
higher salt concentrations the last term in Eq. (4.21a), the one ∝
(κR)−1, becomes negligible, so that the micelle–monomer equilibri-
um, described by the considered system of Eqs. (4.1)–(4.8) and
(4.21), is insensitive to the micelle shape.

4.6. The Corrin–Harkins plot

Corrin and Harkins [3] showed that the dependence of CMC of the
ionic surfactants on the solution's ionic strength I becomes linear
when plotted in double logarithmic scale:

logCMC ¼ A0−A1 log I: ð4:27Þ

A0 and A1 are constant coefficients. Note that at the CMC the ionic
strength coincides with the concentration of counterions: I = c2 =
c1 + Csalt. As an illustrative example, Fig. 3b shows the plot of the
data for DTAB in accordance with Eq. (4.27).

If CMC0 is the value of CMC at a given ionic strength I0, then
Eq. (4.27) can be expressed in the equivalent form:

CMC
CMC0

¼ I
I0

� �−A1

: ð4:28Þ

Corrin [4] interpreted A1 as the degree of counterion binding, i.e., as
the occupancy of the micellar Stern layer by adsorbed counterions. In
our notations, the degree of counterion binding is y2; see Eq. (4.2).
Note that y2 = 1 − α, where α is the ionization degree of the micelles.

In view of Eq. (4.27), A1 can be presented in the form:

A1 ¼ d ln CMC
d ln I

: ð4:29Þ

Because Eqs. (4.1)–(4.8) and (4.21a) represent a complete system
of equations, they allow one to calculate the derivative in Eq. (4.29)
analytically, and to check whether really A1 = y2. This derivative is
calculated in Appendix B. The result, substituted in Eq. (4.29), yields
the following expression for A1:

A1 ¼ y2 þ
1−y2ð Þ tanh Φs=4ð Þ

1þ j= 2κR cosh2 Φs=4ð Þ� þ 1þ y2ð Þd ln γ�
d ln I

: ð4:30Þ

Eq. (4.30) shows that in general A1 ≠ y2. In Fig. 3c, we compare (i)
the constant value of A1 calculated from the fit of the data in Fig. 3b by
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linear regression; (ii) the variable A1 calculated from Eq. (4.30) and
(iii) the degree of counterion binding, y2, calculated from Eq. (4.25).

In the calculations, we used the dependence c1 = c1(Csalt, K1
(mic),

γ0) corresponding to the best fit (the solid line) in Fig. 3a. Further-
more, I = c2 = c1 + Csalt; γ± is computed from Eq. (4.7), and Φs —

from Eq. (4.26). The derivative in the last term of Eq. (4.30), calculat-
ed from Eq. (4.7), is:

d ln γ�
d ln I

¼ bI− A
ffiffi
I

p

2 1þ Bdi
ffiffi
I

p� �2
2
64

3
75 ln 10: ð4:31Þ

The results shown in Fig. 3c show that A1 calculated from
Eq. (4.30) is almost constant and very close to the slope of the
linear-regression fit of the data in Fig. 3b. In contrast, y2 is markedly
smaller than A1, especially at the lower salt concentrations, and y2 es-
sentially varies (increases) with the rise of the salt concentration. For
example, in the absence of salt y2 = 0.45, whereas A1 = 0.68 as esti-
mated from Eq. (4.30).

In conclusion, the slope of the Corrin–Harkins plot A1 is different
from the degree of counterion binging, y2. Values of these quantities
for various surfactants are compared in Section 5.

4.7. Computational procedure for concentrations above the CMC

Having determined K1
(mic) and γ0 from fits of experimental data for

the CMC (Section 4.5), we can further use the complete system of
Eqs. (4.1)–(4.8) and (4.21) to calculate the properties of the system,
such as c1, c2, cmic, y1, y2, Φs and Γ1 = 1 / a1, at any concentrations
of surfactant and salt (C1 and Csalt) above the CMC. For this goal, we
solved the system numerically. First, we will derive some auxiliary
equations that are used in the numerical procedure.

It is convenient to introduce the parameters

K̃
micð Þ
1 ≡ K micð Þ

1 eΦs and K̃ St ≡ KSte
Φs : ð4:32Þ

Next, from Eqs. (4.24) and (4.25) we can express y1 and y2

y1 ¼ c1γ�
K̃

micð Þ
1

; y2 ¼ K̃ Stc1c2γ
2
�

K̃
micð Þ
1 :

ð4:33Þ

Substituting the above equations in the identity y1 + y2 = 1, we
can express c2 as a function of c1:

c2 ¼ 1

K̃ Stγ�

K̃mic

c1γ�
−1

 !
: ð4:34Þ

From the mass balance equations, Eqs. (4.5) and (4.6), we deduce:

y1C1 þ Csalt þ y2c1−c2−y1c12 ¼ 0 ð4:35Þ

y1cmic ¼ c2−c1−Csalt: ð4:36Þ

The computational procedure, which is non-trivial, is as follows.
The input parameters are C1, Csalt, KSt, K1

(mic), γ0, and R; j = 2 for
spherical micelles. [j = 2 can be used also for spheroidal micelles, be-
cause the curvature terms ∝ 1 / (κR) in Eqs. (4.17) and (4.21) repre-
sent only small corrections; see above]. All calculations have been
performed in double precision.

(1) A tentative value of Φs is assigned in a given interval, say
0.1 ≤ Φs ≤ 6.

(2) K̃
micð Þ
1 and K̃ St are calculated from Eq. (4.32).

(3) As a zero-order approximation for the ionic strength we set
I = C1 + Csalt.

(4) γ± is calculated from Eq. (4.7);
(5) A tentative value of c1 is assigned in the interval 0 b c1 b

K̃mic=γ� — start of a procedure to solve Eq. (4.35) by the bisec-
tion method.

(6) c2 is calculated from Eq. (4.34); y1 — from Eq. (4.33), and y2 =
1 − y1.

(7) The results are substituted in Eq. (4.35) (with c12 = 0 in
zero-order approximation). Eq. (4.35) becomes an implicit
equation for c1, which is solved numerically by using the bisec-
tion method. The left-hand side of Eq. (4.35) is a monotonic
function of c1. In this way, the values of c1, as well as of c2, y1
and y2 are determined.

(8) The obtained c1 and c2 are substituted in Eq. (4.8) to obtain the
next approximation for the ionic strength I and the iteration
procedure for I continues from point (4) above. The iterations
finish when the relative error in I becomes b10−8. Usually, 6
iterations are enough to reach this precision.

(9) κ is calculated from Eq. (4.14) and ν — from Eqs. (4.15)
and (4.36).

(10) The results are substituted in Eq. (4.21), which represents an
implicit equation forΦs that is solved numerically by the bisec-
tion method repeating the steps from (2) to (9) for differentΦs

values. [The right-hand side of Eq. (4.21) is a monotonic func-
tion of Φs].

(11) The procedure yields the values of Φs, I, c1, c2, y1, y2, and γ±.
Finally, cmic is calculated from Eq. (4.36) and Γ1 — from
Eq. (4.23) along with Eq. (4.17). From the value of Γ1, one can
calculate the micelle aggregation number, Nagg = AmΓ1, only
if the micelle surface area Am is determined in the framework
of a given model of micelle shape (spherical, elongated, hairy,
etc.).

For carboxylate solutions, c12 can be important. A first approxima-
tion for c12 can be obtained by substituting the obtained c1, c2, and γ±,
in Eq. (4.3). More accurate values of c12 can be obtained by further
iterations.

Illustrative results for c1, c2 and cmic vs. C1 at Csalt = 0 are shown in
Fig. 4a for DTAB for the values of KSt, K1

(mic), γ0, and R from Section 4.5.
As seen in Fig. 4a, the concentration of surfactant in micellar form,
cmic, decreases with the decrease of the DTAB concentration and
reaches cmic = 0 at C1 = 15.3 mM, which is the value of CMC. From
a physical viewpoint, this is what should be expected, but from a
computational viewpoint this result is quite nontrivial because the
system of Eqs. (4.1)–(4.8) and (4.21) automatically predicts the
value of CMC, which corresponds to cmic = 0.

At C1 > CMC, the presence of micelles leads to a difference be-
tween the concentrations of surfactant ions and counterions, c1 and
c2. As seen in Fig. 4a, c1 begins to decrease, whereas c2 keeps increas-
ing, but with a smaller slope. Physically, the decrease of c1 can be
explained with the reduced repulsion between the surfactant
headgroups in the micelle that allows accommodation of more sur-
factant molecules in the micelle. From the viewpoint of the micelle–
monomer equilibrium, the rise of surfactant concentration increases
the ionic strength, I, which leads to a lower micelle surface potential,
Φs, and to a smaller y1 (greater y2 because of the counterion binding),
which leads to lowering also of c1 in accordance with Eq. (4.1). The
smaller slope of c2 above the CMC is due to the binding of a part of
the counterions to the micelle surfaces.

In our calculations, we estimated the micelle radius at the level of
surface charges, R, as the length of the surfactant molecule using mo-
lecular size considerations; see e.g., Refs. [21,40,44,115,116,121,122].

4.8. Electrolytic conductivity of micellar solutions

The quantitative description of the variations of c1 and c2 above the
CMC (see Fig. 4a) is important for the correct interpretation of the elec-
trolytic conductivity, κe, of micellar solutions. As an illustration, Fig. 4b



Fig. 4. (a) Plot of the concentrations of surfactant ions c1, coions c2, and surfactant in mi-
cellar form, cmic, vs. the DTAB concentration, C1, calculated by the procedure in Section 4.7
with the parameter values determined from the fit in Fig. 3a. (b) Plot of conductivity κe vs.
C1;○— data from Ref. [123];□— data from Ref. [124] obtained at three frequencies: 0.2,
2.1 and 20 MHz. The solid line is the theoretical curve drawn according to Eq. (4.37);
details in Section 5.1.

Table 2
Values of the parameters A and B in Eq. (4.37) from Ref. [127] for different 1:1 electro-
lytes at 25 °C.

Electrolyte A
[mS cm−1 M−3/2]

B
[mS cm−1 M−2]

NaCl 88.6 93.6
NaBr 88.2 63.0
KCl 94.4 95.9
KBr 94.1 94.1
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shows a set of experimental data for κe for DTAB solutions from
Refs. [123,124]. The CMC appears as a kink in the conductivity vs. surfac-
tant concentration plot. The following equation can be used for the
quantitative interpretation of this plot: [125,126]:

κe ¼ κ0 þ λ 0ð Þ
1 c1 þ λ 0ð Þ

2 c2 þ λ 0ð Þ
co Csalt þ Zλmcm−AI3=2 þ BI2: ð4:37Þ

Here, λ1
(0), λ2

(0) and λco
(0) are the limiting (at infinite dilution) molar

conductances, respectively, of the surfactant ions, counterions and
coions due to the non-amphiphilic salt (if any). Here, it is assumed
that all electrolytes (except the micelles) are of 1:1 type. Values of
the conductances of various ions can be found in handbooks
[127,128]. The term Zλmcm accounts for the contribution of the mi-
celles to the conductivity κe; λm stands for the molar conductance of
the micelles; as before, cm and Z are the micelle concentration and
charge. The constant term κ0 accounts for the presence of a back-
ground electrolyte in the water used to prepare the solution. Usually,
κ0 is due to the dissolution of a small amount of CO2 from the atmo-
sphere; κ0 is to be determined as an adjustable parameter. In the spe-
cial case C1 b CMC, Eq. (4.37) has to be used with cm = 0 and I =
c2 = c1 + Csalt.

The last two terms in Eq. (4.37), where A and B are constant
parameters, present an empirical correction (the complemented
Kohlrausch law) that accounts for long-range interactions between
the ions in the aqueous solution. It was experimentally established
that A and B are not so sensitive to the type of 1:1 electrolyte
[125,126]. As an illustration, Table 2 shows the values of A and B
from Ref. [127] for four different 1:1 electrolytes at 25 °C; I is mea-
sured in M and κe — in mS/cm. In the present study, for all solutions
that contain Br− and Cl− ions (both below and above the CMC), the
values of the parameters A and B in Eq. (4.37) have been taken for
NaBr and NaCl, respectively; see Table 2.

In Section 5, Eq. (4.37) is used to interpret data for the conductiv-
ity of several ionic surfactants, like those in Fig. 4b. The results are
discussed in Section 5.6.

5. Application of the model to various ionic surfactants

Here, we apply the model from Section 4 to five different surfac-
tants: DTAB, TTAB, CTAB, CPC and SDS. The unknown parameters
K1
(mic) and γ0 are determined from fits of the dependence of CMC on

the concentration of added salt. Having determined all parameters
of the model, we further predict different micellar properties, such
as surface electric potential, ψs, head group density at the micelle sur-
face, Γ1 = 1 / a1; degree of ionization, α, aggregation number, Nagg,
and electrolytic conductivity of the micellar solutions, κe. All calcula-
tions have been carried out using the MN closure; see Eqs. (4.21)
and (4.21a). The predictions of the model for α, Nagg and κe are com-
pared with available literature data.

5.1. Dodecyltrimethylammonium bromide (DTAB)

As seen in Fig. 3a, the theoretical model presented in Section 4 ex-
cellently describes the dependence of the CMC on the concentration
of added salt. As already mentioned, the model contains only four pa-
rameters: K1

(mic), γ0, KSt and R. Two of them, K1
(mic) and γ0, have been

determined from the fit of the data in Fig. 3a. KSt has been previously
determined [96] from the fit of data for the surface tension of DTAB
solutions, and R is set equal to the length of the DTAB molecule esti-
mated by molecular size considerations; see e.g., [21]. In Table 3,
the values of these four parameters for DTAB are compared with the
respective values for the other surfactants investigated in the present
article.

Note that in the paper by Mitchell and Ninham [85], the reported
values of γ0 are greater than those in Table 3 because the effect of
counterion binding was not taken into account in this study. As a re-
sult, the calculated values of Φs and πel become considerably greater,
and consequently, a greater γ0 is necessary to counterbalance πel; see
Eq. (4.19).

As mentioned above, having determined the parameters of the
model, we can further calculate (predict) all properties of the micellar
solution that are related to this model: c1, c2, cmic, ψs, Γ1, α = y1, Nagg,
κe, etc. In Section 4.7, we already presented and discussed the depen-
dencies of c1, c2 and cmic on the DTAB concentration; see Fig. 4a.

Fig. 5a shows the calculated dependencies of ψs and Γ1 on Csalt at
the CMC. As expected, the surface electric potential decreases, from
113 to 76 mV with the rise of the NaBr concentration, which leads
to a considerable decrease of the electrostatic energy of a surfactant
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Table 3
Thermodynamic parameters for different ionic surfactants estimated as explained in
Section 4.

Surfactant KSt (M−1), reference K1
(mic) (mM) γ0 = γ0,1 (mN/m) R (nm)

DTAB 0.748 [96] 0.303 4.553 2.01
TTAB 2.40 [116] 0.0576 3.492 2.26
CTAB 7.50 [129] 0.0110 2.994 2.52
CPC 5.93 [21] 0.0132 2.289 2.58
SDS 0.653 [84,114,115] 0.0933 4.352 2.03
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ion in the micelle. Correspondingly, the density of surfactant
headgroups at the micelle surface, Γ1, increases about 3 times, which
represents a significant rise. The maximal value Γ1 = 4.5 μmol/m2

(Fig. 5a) corresponds to a1 = 1 / Γ1 = 36.9 Å2 per molecule which is
close to the area 36.5 Å2 per DTAB molecule at close packing [96].

Fig. 5b shows results at concentrations above the CMC, viz. the de-
pendencies of α and Nagg on the DTAB concentration, C1, without
added salt. In the calculation of Nagg from Eq. (4.17), Am = 4πR2 for
a spherical micelle is assumed. The calculated values of α for DTAB
in the range of 0.46–0.56 and Nagg in the range of 52–70 are very
close to those obtained in Ref. [22] for SDS by analysis of the stepwise
transitions in the thickness of foam films formed from micellar
solutions. Literature data for the aggregation number of DTAB,
Nagg = 53 [130] and 56 [131], belong to the same range.

At C1 b CMC, the data for conductivity of DTAB solutions in Fig. 4b
are fitted by means of Eq. (4.37) with cm = 0 and I = c2 = C1 + Csalt.
Two parameters, λ1(0) = 21.6 ± 0.1 cm2 S/mol and κ0 = 0.018 ±
0.002 mS/cm, have been determined from this fit.
Fig. 5. Numerical results for DTAB micelles. (a) Micelle surface potential, ψs, and head
group surface density, Γ1, vs. the concentration of NaBr, calculated at C1 = CMC =
15.3 mM, using the procedure in Section 4.5. (b) Micelle ionization degree, α, and ag-
gregation number, Nagg, vs. the DTAB concentration calculated using the procedure in
Section 4.7.
In Table 4, the value of λ1
(0) for the DTA+ ion is compared with the

respective values for other surfactant ions obtained by us in the same
way, by fit of literature data for κe at C1 b CMC with the help of
Eq. (4.37); see below. The values of λi

(0) for the Na+, Cl− and Br−

ions in Table 4 are from Ref. [127].
In Fig. 4b, at C1 > CMC the theoretical curve is calculated using

Eq. (4.37) with λm = 0, and with values of all other parameters
taken from Tables 2, 3 and 4 (no adjustable parameters). The amazing
agreement between the data and this theoretical curve implies that
the micelles give no contribution to the conductivity κe as carriers of
electric current. In Sections 5.2–5.5, this conclusion is verified for
other ionic surfactants and the results are discussed in Section 5.6.
5.2. Tetradecyltrimethylammonium bromide (TTAB)

Fig. 6a shows experimental data from Refs. [132–134] for the de-
pendence of the CMC of TTAB solutions on the concentration of
added NaBr. The data are fitted by using the procedure described in
Section 4.5, and the values of K1

(mic) and γ0 have been determined as
adjustable parameters using KSt and R for TTAB from Table 3. K1

(mic)

and γ0 are given in Fig. 6a and compared with the respective values
for other surfactants in Table 3.

In Fig. 6b, the data and line from Fig. 6a are presented as a Corrin–
Harkins plot, log(CMC) vs. logI. We recall that at the CMC the
amounts of micelles and bound counterions are negligible, so that
the concentration of free counterions is c2 = I = C1 + Csalt. The the-
oretical line in Fig. 6b is slightly curved, which is better visible in
Fig. 6c, where the solid line represents the running slope, A1, of the
line in Fig. 6b. The degree of counterion binding, y2 = 1 − α, is mark-
edly lower than A1 at the lower salt concentrations (Fig. 6c). Thus, at
Csalt = 0 we have y2 = 0.49, whereas A1 = 0.69 for the running
slope and 0.74 for the mean slope (the horizontal dashed line).

Fig. 7a shows the calculated dependencies of ψs and Γ1 on Csalt for
TTAB micelles at the CMC. As expected, the surface electric potential
decreases, from 122 to 78 mV with the rise of the NaBr concen-
tration, which leads to a decrease of the electrostatic energy of a sur-
factant ion in the micelle. Correspondingly, the density of surfactant
headgroups at the micelle surface, Γ1, increases. In Fig. 7a, the values
Γ1 > 4.55 μmol/m2 at Csalt > 80 mM are non-realistic because they
correspond to a1 = 1 / Γ1 b 36.5 Å2 per molecule which is the area per
surfactant molecule at close packing [96]. Hence, one can expect that at
Csalt > 80 mM the formed micelles are non-spherical (elongated).

Fig. 7b shows results at concentrations above the CMC, viz. the de-
pendencies of α and Nagg on the TTAB concentration, C1, without
added salt. As before, Nagg is calculated from Eq. (4.17) under the as-
sumption that the micelles are spherical with surface area Am =
4πR2. At the CMC, α = 0.51 is close to that of DTAB at the CMC, but
at higher surfactant concentrations α decreases faster for TTAB, so
that at C1 = 50 mM α = 0.33 for TTAB vs. 0.47 for DTAB: compare
Figs. 5b and 7b. In the range CMC b C1 b 50 mM, the calculated aggre-
gation number of the TTAB micelles increases from 50 to 95 (Fig. 7b).
Literature data for this quantity, viz. Nagg = 64 [135] and 68 [136],
belong to the same range.
Table 4
Limiting molar conductances, λi

(0), of ions in water solutions at 25 °C.

Ion λi
(0) (cm2 S/mol)

Na+ 50.1
Cl− 76.35
Br− 78.1
DTA+ (from DTAB) 21.6
TTA+ (from TTAB) 21.1
CTA+ (from CTAB) 20.6
CP+ (from CPC) 19.5
DS− (from SDS) 21.5
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Fig. 6. (a) CMC of TTAB in the presence of NaBr at 25 °C:○— Ref. [133];∇— Ref. [134];
Δ — Ref. [132]; the solid line is the best fit corresponding to K1

(mic) = 0.0576 mM and
γ0 = 3.492 mN/m. (b) Corrin–Harkins plot: the points and line in panel a are plotted
as log(CMC) vs. log(I). (c) Plot of A1 and of the degree of counterion binging, 1 − α,
vs. the NaBr concentration; the solid line is A1 calculated from Eq. (4.30), whereas
the dashed line correspond to the fit of the data in panel b by linear regression.

Fig. 7. (a) Surface potential, ψs, and head group surface density, Γ1, of TTAB micelles vs.
the concentration of NaBr, calculated at C1 = CMC = 15.3 mM, using the procedure in
Section 4.5. (b) Micelle ionization degree, α, and aggregation number, Nagg, vs. the
TTAB concentration, C1, calculated using the procedure in Section 4.7. (c) Conductivity
vs. C1: the experimental points are from Ref. [132]; the solid line is the theoretical
curve drawn according to Eq. (4.37); details in Section 5.2.
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At C1 b CMC, the data for conductivity κe of TTAB solutions in Fig. 7c
are fitted by means of Eq. (4.37) with cm = 0 and I = c2 = C1 + Csalt.
Two parameters, λ1(0) = 21.1 ± 0.1 cm2 S/mol and κ0 = 0.008 ±
0.001 mS/cm, have been determined from this fit. In Table 4, the value
of λ1(0) for the TTA+ ion is compared with the respective values for
other surfactant ions obtained by us in a similar way.

In Fig. 7c, at C1 > CMC the theoretical curve for κe of TTAB solu-
tions is calculated using Eq. (4.37) with λm = 0, and with values of
all other parameters taken from Tables 2, 3 and 4 (no adjustable pa-
rameters). As in the case of DTAB, the calculated line excellently
agrees with the experimental data. As already mentioned, this result
indicates that the micelles give no contribution to the conductivity
κe as carriers of electric current. This conclusion is discussed in
Section 5.6 on the basis of the results obtained for all investigated
surfactants.

5.3. Cetyltrimethylammonium bromide (CTAB)

Fig. 8a shows experimental data from Refs. [129,133] for the de-
pendence of the CMC of CTAB solutions on the concentration of
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Fig. 8. (a) CMC of CTAB in the presence of NaBr at 25 °C: ○ — Ref. [133]; ∇ — Ref. [129];
the solid line is the best fit corresponding to K1

(mic) = 0.0110 mM and γ0 = 2.994 mN/m.
(b) Corrin–Harkins plot: the points and line in panel a are plotted as log(CMC) vs. log(I).
(c) Plot of A1 and of the degree of counterion binging, 1 − α, vs. the NaBr concentration;
the solid line isA1 calculated fromEq. (4.30), whereas the dashed line correspond to the fit
of the data in panel b by linear regression.

Fig. 9. (a) Micelle aggregation number, Nagg, and ionization degree, α, vs. the CTAB con-
centration C1: the points are from Ref. [22]; the lines are calculated by the procedure in
Section 4.7; no adjustable parameters; (b) conductivity vs. C1: the experimental points
are from Ref. [137]; the solid line is the theoretical curve drawn according to Eq. (4.37);
details in Section 5.3. (c) Plot of ln(CMC), lnK1

(mic) and γ0 vs. n for the homologous se-
ries CnTAB, n = 12, 14 and 16.
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added NaBr. The data are fitted by using the procedure described in
Section 4.5. K1

(mic) and γ0 have been determined as adjustable param-
eters using KSt and R for CTAB from Table 3. The values of K1

(mic) and γ0

are given in Fig. 8a, and are compared with the respective values for
other surfactants in Table 3.

In Fig. 8b, the data and line from Fig. 8a are presented as a Corrin–
Harkins plot, log(CMC) vs. logI. The dependence in Fig. 8b is close to
linear, but still has a small curvature that is better visible in Fig. 8c,
where the solid line represents the running slope, A1, of the line in
Fig. 8b. The degree of counterion binding, y2 = 1 − α, is markedly
lower than A1 at the lower salt concentrations (Fig. 8c). Thus, at
Csalt = 0 we have y2 = 0.54, whereas A1 = 0.71 for the running
slope and 0.79 for the mean slope (the horizontal dashed line).

The solid and dashed lines in Fig. 9a show the calculated depen-
dencies of Nagg and α on the CTAB concentration, C1, without added
salt. Nagg is calculated from Eq. (4.17) under the assumption that
the micelles are spherical with surface area Am = 4πR2. In the con-
centration range 10 ≤ C1 ≤ 50 mM CTAB, the calculated Nagg in-
creases from 93 to 165, whereas α decreases from 0.30 to 0.19.

The symbols in Fig. 9a show data for Nagg and α, which have been
determined in Refs. [21,22] by quantitative interpretation of experi-
mental results for the stepwise thinning of foam films formed from
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Fig. 10. (a) CMC of CPC in the presence of salt: Δ — from Ref. [142] in the presence of
LiCl, NaCl, and KCl; ∇ — from Ref. [21] in the presence of NaCl; the solid line is the best
fit corresponding to K1

(mic) = 0.0132 mM and γ0 = 2.289 mN/m. (b) Corrin–Harkins
plot: the points and line in panel a are plotted as log(CMC) vs. log(I). (c) Plot of A1

and of the degree of counterion binging, y2 = 1 − α, vs. the NaCl concentration; A1

and y2 are calculated from Eqs. (4.30) and (4.33), respectively.
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micellar CTAB solutions. Note that the theoretical lines in the same
figure are drawn completely independently and do not represent
fits of the data points from Refs. [21,22]. The agreement between
the curves and the points is good, except at the higher values of
Nagg, where the difference probably indicates the formation of
non-spherical (elongated) CTAB micelles.

At C1 b CMC, the data for conductivity κe of CTAB solutions in Fig. 9b
from Ref. [137] are fitted by means of Eq. (4.37) with cm = 0 and I =
c2 = C1 + Csalt. Two parameters, λ1(0) = 20.6 ± 0.1 cm2 S/mol and
κ0 = 0.002 ± 0.001 mS/cm, have been determined from this fit. A
very close value of the molar conductance of the CTA+ ions, λ1

(0) =
20 cm2 S/mol, is reported in Refs. [138,139].

In Fig. 9b, at C1 > CMC the theoretical curve for κe of CTAB solu-
tions is calculated using Eq. (4.37) with λm = 0, and with values of
all other parameters taken from Tables 2, 3 and 4 (no adjustable pa-
rameters). As in the case of DTAB and TTAB, the calculated line excel-
lently agrees with the experimental data, indicating that the micelles
give a negligible contribution to the conductivity κe as carriers of elec-
tric current; for discussion see Section 5.6.

Fig. 9c, compares the values of CMC, K1
(mic) and γ0 for three mem-

bers of the homologous series, CnTAB, n = 12, 14 and 16. The plot of
ln(CMC) vs. n is linear, as expected; see Eq. (1.1). The plot of lnK1

(mic)

vs. n is also linear — it is an analog of the Traube's rule [140,141] for
micelles. The slope of this plot gives 0.83 kT gain of standard free en-
ergy per CH2 group upon the transfer of the hydrocarbon tail from
water into the micelle.

The dependence of the non-electrostatic component of micelle
surface tension, γ0, on the number of C atoms in the surfactant tail
turns out to be nonlinear. The three points for γ0 in Fig. 9c can be in-
terpolated by an empirical exponentially decaying function:

γ0 ¼ γ∞ þ Δγ12 exp −b n−12ð Þ½ � ð5:1Þ

where γ∞ = 2.5535 mN/m; Δγ12 = 1.9995 mN/m and b = 0.3782.
Eq. (5.1) can be used for estimating γ0 at other n values by interpola-
tion or extrapolation. Additional studies, both experimental and
theoretical are needed to interpret the dependence of γ0 on the sur-
factant chain length.

5.4. Cetylpyridinium chloride (CPC)

Fig. 10a shows experimental data from Refs. [21,142] for the de-
pendence of the CMC of CPC solutions on the concentration of
added salt (Na, Li and K chlorides). The data have been fitted by
using the procedure described in Section 4.5. K1

(mic) and γ0 have
been determined as adjustable parameters using KSt and R for CPC
from Table 3. The values of K1

(mic) and γ0 are given in Fig. 10a and
compared with the respective values for other surfactants in Table 3.

In Fig. 10b, the data and line from Fig. 10a are presented as a
Corrin–Harkins plot, log(CMC) vs. logI. The dependence in Fig. 10b
has a noticeable curvature that is better visible in Fig. 10c, where
the solid line represents the running slope, A1, of the line in
Fig. 10b. The degree of counterion binding, y2 = 1 − α, is lower
than A1 at the lower salt concentrations (Fig. 10c). Thus, at Csalt = 0
we have y2 = 0.34, whereas A1 = 0.55. Conversely, at the higher
salt concentrations the calculations give y2 > A1. For example,
Csalt = 100 mM we have y2 = 0.85, whereas A1 = 0.77.

The solid and dashed lines in Fig. 11a show the calculated depen-
dencies of Nagg and α on the CPC concentration, C1, without added
salt. As usual, Nagg is calculated from Eq. (4.17) under the assumption
that the micelles are spherical with surface area Am = 4πR2. In the
concentration range 10 ≤ C1 ≤ 50 mM CPC, the calculated Nagg in-
creases from 53 to 99, whereas α decreases from 0.42 to 0.28.

The symbols in Fig. 11a show data for Nagg and α, which have been
determined in Refs. [21,22] by quantitative interpretation of experi-
mental results for the stepwise thinning of foam films formed from
micellar CPC solutions. The theoretical lines in the same figure are
drawn independently and do not represent fits of the data points
from Refs. [21,22]. The good agreement between the curves and the
points in Fig. 11a, which have been obtained in quite different ways,
supports the adequacy of the physicochemical model from Section 4.

At C1 b CMC, the data for conductivity κe of CPC solutions in Fig. 11b
are fitted by means of Eq. (4.37) with cm = 0 and I = c2 = C1 + Csalt.
Two parameters, λ1(0) = 19.5 ± 0.1 cm2 S/mol and κ0 = 0.002 ±
0.0002 mS/cm, have been determined from this fit. The investigated
CPC sample contains an admixture of 0.08 mol% NaCl, which has been
taken into account in the calculations. The determined limiting molar
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Fig. 11. Comparison of theory and experiment for CPC. (a) Micelle aggregation number,
Nagg, and ionization degree, α, vs. the CPC concentration C1: the points are from Ref.
[22]; the lines are calculated by the procedure in Section 4.7; no adjustable parame-
ters; (b) conductivity vs. C1: the experimental points are from Ref. [21]; the inset
shows the data at C1 b CMC in an enlarged scale; the solid line is the theoretical
curve drawn according to Eq. (4.37); details in Section 5.4.

Fig. 12. (a) CMC of SDS in the presence of salt: ○ — with NaCl, NaAc, NaPr, and NaBu
from Ref. [143], and with NaCl: ∇ — from Ref. [120]; Δ — from Ref. [144]; ◊ from
Ref. [96]; × — from Refs. [145–147]; □ — from Ref. [148]; the solid line is the best fit
corresponding to K1

(mic) = 0.0933 mM and γ0 = 4.352 mN/m. (b) Corrin–Harkins
plot: the points and line in panel a are plotted as log(CMC) vs. log(I). (c) Plots of A1

and of the degree of counterion binding y2 vs. Csalt calculated from Eqs. (4.30) and
(4.33), respectively.

32 K.D. Danov et al. / Advances in Colloid and Interface Science 206 (2014) 17–45
conductance, λ1(0), of the CP+ ion is compared in Table 4 with the con-
ductances of the other investigated surfactant ions.

In Fig. 11b, at C1 > CMC the theoretical curve for κe of CPC solu-
tions is calculated using Eq. (4.37) with λm = 0, and with values of
all other parameters taken from Tables 2, 3 and 4 (no adjustable pa-
rameters). As in the case of DTAB, TTAB and CTAB the calculated
line excellently agrees with the experimental data, indicating that
the micelles give no contribution to the conductivity κe as carriers of
electric current (see Section 5.6 for a discussion of this result).

5.5. Sodium dodecyl sulfate (SDS)

Fig. 12a shows experimental data from Refs. [96,120,143–148] for
the dependence of the CMC of SDS solutions on the concentration of
added sodium salts. The data are fitted by using the procedure de-
scribed in Section 4.5. K1

(mic) and γ0 have been determined as adjust-
able parameters using KSt and R for SDS from Table 3. In this table, the
obtained values of K1

(mic) and γ0 are compared with the respective
values for other surfactants.

In Fig. 12b, the data and line from Fig. 12a are presented as a
Corrin–Harkins plot, log(CMC) vs. logI. The dependence in Fig. 12b
is very close to a straight line, which is visualized also in Fig. 12c,
where the solid line represents the running slope (A1) of this line in
Fig. 12b. The degree of counterion binding, y2 = 1 − α, is markedly
lower than A1, especially at the lower salt concentrations (Fig. 12c).
Thus, at Csalt = 0 we have y2 = 0.34, whereas A1 = 0.64.

The solid and dashed lines in Fig. 13a show the calculated depen-
dencies of Nagg and α on the SDS concentration, C1, without added
salt. Nagg is calculated from Eq. (4.17) under the assumption that
the micelles are spherical with surface area Am = 4πR2. In the con-
centration range 30 ≤ C1 ≤ 100 mM SDS, the calculated Nagg in-
creases from 53 to 73, whereas α decreases from 0.56 to 0.46.

The symbols in Fig. 13a show data for Nagg from Ref. [110] and α
from Ref. [22]. The theoretical lines in the same figure are drawn in-
dependently and do not represent fits of the data points. The agree-
ment between the curves and the points in Fig. 13a give additional
evidence in support of the adequacy of the used physicochemical
model (Section 4).
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Fig. 13. Comparison of theory and experiment for SDS. (a) Micelle aggregation number,
Nagg, and ionization degree, α, vs. the SDS concentration C1: □ — Nagg from Ref. [110];
∇ — α from Ref. [22]; the lines are calculated by the procedure in Section 4.7; no ad-
justable parameters; (b) conductivity vs. C1: ○ — data from Ref. [123]; Δ — data from
Ref. [149]; the solid line is the theoretical curve drawn according to Eq. (4.37); details
in Section 5.5.
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At C1 b CMC, the data for the conductivity κe of SDS solutions
in Fig. 13b are fitted by means of Eq. (4.37) with cm = 0 and I =
c2 = C1 + Csalt. The fit gives λ1

(0) = 21.5 cm2 S/mol, which coincides
with the value obtained in Ref. [149]. The determined limiting molar
conductance, λ1

(0), of the DS− ion is compared in Table 4 with the con-
ductances of the other investigated surfactant ions.

For the data at C1 > CMC in Fig. 13b, we first applied the same ap-
proach, with λm = 0, as for the surfactants in Sections 5.1–5.4. How-
ever, this time the calculated curve for κe was lying slightly below the
experimental points, being parallel to them. Because the molecular
parameters, such as Nagg, α and R, are close for SDS and DTAB, we
can expect that if λm ≡ 0 for DTAB (and for TTAB, CTAB and CPC, as
well) we should have λm ≡ 0 also for SDS. For this reason, the theo-
retical curve at C1 > CMC in Fig. 13b is drawn with λm ≡ 0, but
using the Stern constant, KSt, as an adjustable parameter, taking
all other parameters from Tables 2, 3 and 4. In this way, from the
best fit we obtained an effective “dynamic” value of the Stern con-
stant, KSt

(dyn) = 0.380 M−1, which is somewhat smaller than the
“static” Stern constant, KSt = 0.653 M−1, in Table 3 that has been
obtained from the equilibrium surface tension of SDS solutions
[84,114,115]. The lower value of KSt

(dyn) indicates a lower effective
binding energy of the Na+ counterions to the sulfate headgroups at
the surface of the SDS micelle under dynamic conditions.

It should be noted that the conductivity measurement is an essen-
tially dynamic experiment. Alternating voltage is used in the conduc-
tivity meters at typical frequencies in the range of 1–3 kHz. Higher
frequencies, up to 20 MHz, have been used in some experiments
[124]. The idea for dynamic Stern layer has been already considered
in the literature in another context [150].

In our case, the lower value of KSt
(dyn) could be interpreted as fol-

lows. The diameter of the hydrated Na+ ion, 0.72 nm [44], is greater
than that of the sulfate head group, 0.60 nm [115]. For this reason,
the bound Na+ counterions are protruding from the micelle surface
(Fig. 14a) and experience the action of the hydrodynamic viscous
drag force, which is due to the directional motion of the free Na+

counterions during the conductivity measurement. Indeed, the con-
centration of free Na+ counterions is the greatest near the surface
of the oppositely charged micelle, so that the hydrodynamic drag
force resulting from their motion can detach a part of the bound
counterions. This would result in a lower effective counterion binding
energy, and respectively, in a lower dynamic Stern constant, KSt

(dyn), in
comparison with the static one, KSt.

Conversely, in the cases of DTAB, TTAB and CTAB the diameter of
the hydrated Br− ion, 0.66 nm [44], is somewhat smaller than that
of the trimethylammonium head group, 0.70 nm [21]. For this reason,
the Br− counterions intercalated between the trimethylammonium
head groups (Fig. 14b), are hidden in their “hydrodynamic shadow”

and are not detached by the viscous flow accompanying the electric
current. In the case of CPC, the protecting effect of the headgroups
is even greater, because the pyridinium ring is protruding by addi-
tional 0.67 nm above the level of the surface charges; see e.g., Fig. 2
in Ref. [21].

5.6. Discussion on the conductivity of micellar solutions

The fact that the conductivity κe of an ionic surfactant solution de-
creases at the CMC is usually attributed to the lower mobility of the
larger micelles [151]. Our quantitative analysis of the conductivity
data in Sections 5.1–5.4 unambiguously yields λm identically equal
to zero in the whole range of investigated surfactant concentrations,
i.e., the mobility of the micelles gives no contribution to the conduc-
tivity of the micellar solutions. In other words, the conductivity is
solely due to the small ions, viz. the free counterions, the surfactant
monomers, and the ions of the added salt. The micelles contribute
to the conductivity only indirectly, through the counterions dissociat-
ed from their surfaces.

There can be at least two hypotheses for explaining the result
λm = 0. (1) The effect of the electrophoretic migration of the micelles
on conductivity can be negligible if the measurements are performed
under such conditions that the micelles cannot release their charges
on the electrode, as discussed by Dukhin and Derjaguin [152]. (2)
The electric repulsion between a given micelle and its neighbors is
so strong that it counterbalances the effect of the applied external
electric field, which is unable to bring the micelles into directional
motion as carriers of electric current.

Let us verify the latter hypothesis. The system of charged micelles
(or other charged particles) can be considered as a suspension of
densely packed effective spheres of diameter deff; see Fig. 14c. A semi-
empirical expression for estimating deff is [22]:

deff ¼ 2R 1þ 3
2Rð Þ3 ∫

∞

2R

1− exp −3uel rð Þ
kT

� �� 	
r2dr

( )1=3

ð5:2Þ

where, as usual, R is the micelle radius (without the counterion atmo-
sphere) and uel(r) is the energy of electrostatic interaction between
two micelles in the solution; see [21,22] for details. For charged mi-
celles or particles, deff can be several times greater than the micelle
hydrodynamic diameter, 2R.

It has been found that the thickness of foam films from micellar
solutions decreases in a stepwise manner with a height of the step
Δh = deff = cm

−1/3 [21,22,153,154], where cm is the micelle (particle)
number concentration. Likewise, the surface force measured by the
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Fig. 14. (a) If the counterions are bigger, they protrude out of the layer of surfactant headgroups and can be detached by the viscous flow during the conductivity measurements.
(b) If the counterions are smaller than the headgroups, they are hidden in the “hydrodynamic shadow” of the headgroups and cannot be detached by the viscous flow. (c) Because
of the electrostatic repulsion between them, the charged micelles can be considered as effective “hard spheres” of diameter deff presented by dashed circles. The repulsion between
a given micelle with its neighbors can counterbalance the applied external field, and then only the small ions become carriers of the electric current, whereas the micelles do not
contribute to the solution's conductivity. In most cases, the micelles in the bulk are disordered (like the molecules of a liquid), with an average distance deff between the nearest
neighbors.
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colloidal-probe AFM technique across a suspension of charged parti-
cles exhibits oscillations of period Δh = cm

−1/3 [155,156]. In other
words, in these experiments the charged particles (including mi-
celles) behave as effective spheres of diameter Δh = deff = cm

−1/3.
The inverse cubic root in the latter dependence corresponds to an ef-
fective simple cubic close packing of the effective spheres (Fig. 14c).
Such a close packing could be the reason for the suppression of
micelle mobility under the action of an applied (relatively weak) ex-
ternal field, and for λm ≡ 0 (see above). It is important to note that deff
is not only a theoretical characteristic defined by Eq. (5.2), but it is di-
rectly measurable as the height of the steps, Δh, of stratifying foam
films containing ionic micelles [21,22].

The stepwise thinning of the films [21] and the oscillations of sur-
face force [157] disappear upon the addition of a sufficient amount of
electrolyte. This can be interpreted as deff b cm

−1/3, i.e., the effective
diameter deff has become smaller than the average intermicellar
distance, cm−1/3. Indeed, deff shrinks upon the addition of electrolyte,
whereas cm remains the same; see Fig. 18 in Ref. [21].

In relation to our results for conductivity, in Fig. 15 we check the
relation between deff and cm

−1/3 in the other limiting case — that of
low ionic strengths. The respective calculations have been carried
out for CPC without added salt using the procedure from Section 4.7
and the parameter values for CPC from Table 3. The obtained Z =
αNagg is substituted in Eq. (4.16), and the latter is used as a boundary
condition for the nonlinear Poisson–Boltzmann equation in the frame
of the jellium model, which is solved numerically to determine uel(r).
Finally deff is calculated from Eq. (5.2); see Ref. [21] for details. The
obtained deff remains finite when approaching the CMC (Fig. 15). In
contrast, in the same limit we have cm → 0, and then cm

−1/3 → ∞.
However, the difference between deff and cm

−1/3 is significant (the ef-
fective spheres are not pressed against each other and the micelles
are mobile) only in the very close vicinity of the CMC (Fig. 15),
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Fig. 15. Effect of surfactant concentration, C1, on the effective diameter, deff, of the
counterion atmospheres of CPC micelles. Except a narrow vicinity of the CMC, the cal-
culated deff coincides with the mean distance between the micelles, cm−1/3, and then the
micelles form a jellium (Fig. 14c) and do not migrate under the action of an applied ex-
ternal field. The inset compares the values of the ionization degree, α, calculated in the
framework of the detailed model (Section 4) and simplified model (see the text).
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where the contribution of the micelles to the solution's conductivity
can be neglected because of their low concentration. Thus, the mi-
celles give a negligible contribution to conductivity in the whole con-
centration range above the CMC. We recall that λm = 0 directly
follows from the comparison of the prediction of the detailed model
with the experimental data for κe (see above).

Now, let us compare the detailed model from Section 4 with the
simplified model with constant Nagg, α and c1. Such a model is often
used to determine the micelle ionization degree by interpretation of
conductivity data, κe vs. C1, at concentrations above the CMC; see
e.g., Ref. [149]. In the framework of the simplified model, the micellar
term in Eq. (4.37) is expressed in the form:

Zλmcm ¼ α2Nagge
2NA

6πηR
C1−CMCð Þ ð5:3Þ

where NA is the Avogadro number; C1 and CMC are to be substituted
in mol/m3; 1 / (6πηR) is the hydrodynamic mobility of the ions
according to Stokes [125] with η being the viscosity of water, and
the following relations have been also used: Z = αNagg and cm =
(C1 − CMC) / Nagg. Further, an average value of Nagg is taken from
another experiment or from molecular-size estimate, and the depen-
dence of κe on C1 above the CMC (see e.g., Fig. 13b) is fitted with a lin-
ear regression, determining α in Eq. (5.3) as an adjustable parameter.

Thus, the simplified model gives a constant value of α for the
whole concentration domain above the CMC. This constant α =
0.21, calculated with Nagg = 75 for CPC micelles [21], is shown with
the horizontal dashed line in the inset of Fig. 15. It is considerably
smaller than α calculated using the detailed model, which varies in
the range of 0.28–0.66; see the solid line in the same inset. These re-
sults illustrate the fact that the simplified model gives systematically
smaller values of α than the detailed model. The origin of this differ-
ence is the following.

In the simplified model, it is presumed that λm gives a finite con-
tribution, see Eq. (5.3), and a part of the electric current is carried
by the micelles. Then, to get the same experimental conductivity, κe,
it is necessary to have a lower concentration of dissociated counter-
ions. As a result, the fit of the conductivity using Eq. (5.3) leads to a
lower degree of micelle ionization α determined as an adjustable
parameter.

In the detailedmodel, λm ≡ 0was obtained by comparing the calcu-
lated concentrations of the ionic species above the CMCwith the exper-
imental κe; see Sections 5.1–5.4. No expression for λm, like Eq. (5.3), has
been postulated.
Whatever the explanation of the fact that λm ≡ 0 could be, it
should be taken into account when determining the micelle ioniza-
tion degree α from the conductivity data. This fact can be also impor-
tant for the interpretation of results from the measurements by
micellar electrokinetic chromatography (MEKC) [158], where the mi-
celles play the role of a pseudo-stationary phase [159–162].

In the framework of the jellium model of charged particle suspen-
sions, only the small ions take part in the Debye screening of the elec-
tric field of a given particle, whereas the macroions are uniformly
distributed; see Section 4.2 and Refs. [87,88]. The model for colloidal
suspensions makes an analogy with the jellium model for metals
[102]. The results obtained here imply that this physical analogy can
be further extended to the electric conductivity. Indeed, in metals
the charged atomic nuclei are fixed in a crystal lattice, whereas the
whole conductance is due to the transport of electrons in the valence
zone. In the case of micellar solutions, the roles of nuclei and elec-
trons are played, respectively, by the micelles and their dissociated
counterions; see Fig. 14c.

6. Generalization of the model for mixtures of ionic and
nonionic surfactants

6.1. Completing the system of equations and generalization of the MN
closure

Here, we extend the model from Section 4 to the case of mixed so-
lutions of ionic and nonionic surfactant, which may contain also
added salt. In this case, two additional variables appear: the concen-
tration of nonionic surfactant monomers, cn, and the molar fraction
of this surfactant in the micelles, yn. To determine these two variables,
we have to include two additional equations in the system:

ln cn ¼ ln K micð Þ
n þ ln f nynð Þ ð6:1Þ

cn þ yncmic ¼ Cn: ð6:2Þ

Eq. (6.1) expresses the chemical equilibrium between the micelles
and the surrounding water phase with respect to the exchange of
molecules of the nonionic surfactant; Eq. (6.2) expresses the mass
balance with respect to this surfactant; Cn is its total (input) concen-
tration; Kn

(mic) is its micellization constant — see Eq. (2.3); fn is the ac-
tivity coefficient for the nonionic surfactant, which accounts for the
fact that the mixing of the two surfactants in the micelle can be
non-ideal; cmic is the total number of surfactant molecules in micellar
form per unit volume. The presence of nonionic surfactant leads also
to modifications in Eqs. (4.1), (4.2), (4.4) and (4.5), which acquire the
following form:

ln c1γ�ð Þ ¼ ln K micð Þ
1 þ ln f 1y1 þΦs ð6:3Þ

ln c12 ¼ ln K micð Þ
1 þ ln f 1y2 ð6:4Þ

y1 þ y2 þ yn ¼ 1 ð6:5Þ

c1 þ c12 þ y1 þ y2ð Þcmic ¼ C1: ð6:6Þ

Here, f1 is the activity coefficient for the ionic surfactant; see
Eqs. (3.14) and (3.15).

Further, we need an expression for the non-electrostatic compo-
nent of surface tension of a mixed micelle, γ0, which is expected to
depend on the micelle composition. We verified the applicability of
different models by comparing their predictions with experimental
data for the CMC of mixed surfactant solutions. It turned out that
the simple linear mixing model (LMM), which has been used to de-
scribe the interfacial tension of organic liquid mixtures against
water [163], gives perfect agreement with experimental data for
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micellar solutions (see below). The expression for γ0 in the frame-
work of LMM is:

γ0 ¼ f 1y1γ1;0 þ f 1y2γ12;0 þ f nynγn;0 ð6:7Þ

where the activity coefficients are given by the expressions from the
regular solution theory [90], viz.

f 1 ¼ exp βy2n
� �

; f n ¼ exp β 1−ynð Þ2
h i

: ð6:8Þ

β is the interaction parameter, see Eqs. (2.11) and (2.12). In
Eq. (6.7) γi,0 is the non-electrostatic components of surface tension
in the cases of pure component ‘i’ (i → 1, 12, n). As before, the sub-
script ‘12’ refers to a surfactant ion with bound counterion. In the
case of non-charged micelle, πel = 0 and consequently γ12,0 =
γn,0 = 0; see Eq. (4.19). Then, in view of Eq. (6.7), the MN closure ac-
quires a relatively simple form:

f 1y1γ1;0 ¼ πel Φsð Þ ð6:9Þ

where the dependence πel(Φs) is given by the right-hand side of
Eq. (4.21). At the CMC, we have cm = 0 and the function πel(Φs)
reduces to the simpler expression in Eq. (4.21a). Note that γ1,0 coin-
cides with γ0 for the pure ionic surfactant; its values for the investi-
gated surfactants are given in Table 3.

In summary, Eqs. (4.3), (4.6)–(4.8), (6.1)–(6.6) and (6.9) repre-
sent a complete system of 11 equations for determining the 11 un-
known variables c1, c12, c2, cn, cmic, y1, y2, yn, γ±, I, and Φs. The
micellar activity coefficients are given by Eq. (6.8). The micelle radius,
R, can be determined by molecular size considerations, e.g.,

R ¼ 1−ynð ÞR1 þ ynRn ð6:10Þ

where R1 and Rn can be estimated as the lengths of the molecules of
the respective surfactants.

The system contains only 5 thermodynamic parameters: KSt,
K1
(mic), γ1,0, Kn

(mic) and β. The first three of them have been already de-
termined for several ionic surfactants — see Table 3. Kn

(mic) equals the
CMC of the pure nonionic surfactant, see Eq. (2.9). Then only the in-
teraction parameter β remains to be determined as a single adjustable
parameter by the analysis of data for mixed micellar solutions of ionic
and nonionic surfactants (see below).

6.2. CMC of mixed ionic–nonionic surfactant solutions

Expressing yn, y1 and y2 from Eqs. (6.1), (6.3) and (6.4), and
substituting the results in Eq. (6.5), we derive:

1
CMCM

¼ γ�x1e
−Φs þ x12

f 1K
micð Þ
1

þ xn
f nK

micð Þ
n

ð6:11Þ

where x1, x12 and xn are the molar fractions of the respective amphi-
philic components in monomeric form (x1 + x12 + xn = 1), which
at the CMC (negligible micelle concentration) represent the composi-
tion of the solution. We have used the relation ci = xiCMCM (i = 1,
12, n). In many cases, the bulk molar fraction of non-ionized mole-
cules of the ionic surfactant is very small, x12 ≪ 1, so that it can
be neglected in Eq. (6.11). (x12 can be important for carboxylate
solutions.) As mentioned above, Kn

(mic) = CMCn is the CMC of the
nonionic surfactant alone. K1

(mic) can be determined as explained in
Section 4.5; see Table 3. Eq. (6.11) represents the generalization of
Eq. (2.7) for the case of ionic–nonionic mixture.
In analogy with the derivation of Eq. (4.26), one can obtain its gen-
eralized form for the considered mixed surfactant solution:

Φs ¼ ln
c1γ�

1−ynð Þf 1K micð Þ
1 −KStc1c2γ

2
�

 !
: ð6:12Þ

Our aim is to calculate the dependence of CMCM on the composi-
tion x1, using the model based on Eqs. (6.1)–(6.10), and to compare
the theoretical curve with experimental data for the CMC of mixed
surfactant solutions. It is convenient to obtain the theoretical depen-
dence CMCM(x1) in parametric form, viz. CMCM(yn) and x1(yn). The
principles of the used computational procedure are as follows:

(1) We give a value to yn in the interval 0 ≤ yn ≤ 1.
(2) f1, fn, cn and R are calculated from Eqs. (6.8), (6.1) and (6.10).
(3) To apply the bisection method for c1, we give an initial value to

c1 and set appropriate limits for its variation; then c2 = I =
c1 + Csalt.

(4) γ± and κ, Φs and y1 are calculated from Eqs. (4.7), (4.14),
(6.12) and (6.3), respectively.

(5) The obtained κ and Φs are substituted in Eq. (6.9) along with
πel(Φs) from Eq. (4.21a); Eq. (6.9) is solved numerically to de-
termine c1 using the bisection method; j = 2 for spherical mi-
celles of radius R.

(6) Using the obtained values of c1, c2, y1,Φs, f1, fn andγ±,we calculate
y2 from Eq. (6.5); c12 from Eq. (4.3), xi = ci / (c1 + c12 + cn) for
i = 1, 12, n; finally, from Eq. (6.11) we calculate CMCM(yn) and
plot it vs. x1(yn).

From the numerical results, one can plot the theoretical depen-
dence CMCM = CMCM(x1,Csalt,β), which is fitted to the experimental
data (see e.g., Fig. 16a) by varying the adjustable parameter β with
the help of the least squares method. In the framework of the
model, β is a constant parameter that characterizes a given pair of
surfactants; β should be independent of x1 and Csalt. If the processing
of experimental data gives non-constant β values, this would be an
evidence for imperfections in the used model.

In many cases, the bulk molar fraction of non-ionized monomers
of the ionic surfactant, x12, is very low, but it is given as an outgoing
quantity by the computational procedure without making it more
sophisticated. Strictly speaking, at the CMC, we have zn = xn and
z1 = x1 + x12, where zn and z1 are the input molar fractions, respec-
tively, of the nonionic and ionic surfactants; see Eq. (2.1). The effect of
x12 can be material at high concentrations of added electrolyte and for
carboxylate solutions.

6.3. Effect of electrolyte on the CMC of mixed solutions

Here, the theoretical model from Section 6.1 is tested against a set
of experimental data from Ref. [65] for the CMC of mixed aqueous so-
lutions of the anionic surfactant SDS and the nonionic surfactant
n-decyl β-D-glucopyranoside (C10G) at different concentrations of
added NaCl, Csalt; see Fig. 16a. The parameters KSt, K1

(mic), γ0,1 and R1
for SDS were taken from Table 3. In addition, for C10G we have
Kn
(mic) = CMCn = 2 mM and Rn = 2.5 nm. We fitted all four experi-

mental curves in Fig. 16a simultaneously using the procedure from
Section 6.2, and obtained a single value β = −0.8. The small magni-
tude and the negative sign of β mean that the mixture of these two
surfactants is slightly synergistic. The fact that β is independent of
Csalt means that the electrostatic double-layer interactions are ade-
quately taken into account by Eqs. (6.3) and (6.9), so that the value
of β is determined only by non-double-layer interactions between
the two surfactants. Note that in Ref. [65] another model is used,
which gives different β for different Csalt.

Having determined β from the fit in Fig. 16a, we can further calcu-
late all variables (characteristics of the system) that are predicted by



Fig. 16. Results for mixed solutions of SDS and C10G. (a) CMCM vs. z1: the points are
data from Ref. [65] at various fixed Csalt denoted in the figure; the lines are fits to the
data by the model in Section 6.1; all lines correspond to the same β = −0.8 deter-
mined from the fit. (b) Dependences of |ψs| on z1 and (c) of the mole fraction of C10G
in the mixed micelles, yn, on z1 predicted by the model at various Csalt at the CMC.
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the model. As an example, in Fig. 16b and c we have plotted the
obtained results for the magnitude of the surface potential |ψs| and
the mole fraction of C10G in the micelles. As expected, |ψs| grows
with the increase of the mole fraction of SDS, z1, but decreases with
the rise of Csalt. Moreover, |ψs| sharply increases at small values of
z1, whereas at greater z1 the potential increases slower. The latter
can be explained with the effect of counterion binding. Indeed, at
greater |ψs| the counterion concentration near the micelle headgroups
increases, which leads to a greater degree of counterion binding.

Fig. 16c shows the strong effect of ψs on the micelle composition.
Because the micelle electrostatic potential increases the chemical po-
tential of DS− ions in the micelle, the nonionic surfactant is more
competitive in the micelle despite of its shorter chain length (C10 vs.
C12). Thus, at Csalt = 0 we have yn = 0.50 at xn ≈ 0.30. The addition
of salt decreases ψs (and the electrostatic repulsion), and restores the
priority of the surfactant with longer hydrocarbon chain: at Csalt =
300 mM we already have yn = 0.50 at xn ≈ 0.81. Note that the
main factors in the competition between the two surfactants to dom-
inate the micelle are (i) the hydrophobic effect related to the length
of the surfactant paraffin chain, which is incorporated into the
micellization constants K1

(mic) and Kn
(mic), and (ii) the electrostatic po-

tential Φs that diminishes the fraction of the ionic surfactant in the
mixed micelle. In comparison with the effects of the chain length
and surface potential, the effect of the interaction parameter β is re-
lated to a small correction and plays a secondary role.

It should be noted that the curves with Csalt = 300 mM in Fig. 6
represent the only case considered in Section 6, for which x12 (and
the difference between x1 and z1) is not completely negligible.

6.4. Mixed solutions of anionic and zwitterionic surfactants

As another example, here the theoretical model is applied to inter-
pret experimental data from Ref. [121] for the CMC of mixed aqueous
solutions of the anionic SDS and the zwitterionic cocamidopropyl
betaine (CAPB). As before, the parameters KSt, K1

(mic), γ0,1 and R1 for
SDS were taken from Table 3. For CAPB, we have Kn

(mic) = CMCn =
0.088 mM and Rn = 2.6 nm [10]. (Because of a misprint, CMCn =
0.88 mM is given in Ref. [121].)

In Fig. 17a, the data are plotted as 1 / CMCM vs. x1 in view of
Eq. (6.11). The solid line is the fit by means of the model from
Section 6.1, which gives β = 1.2. As seen in the figure, the data are
close to a linear dependence. Note, however, that in the presence of
ionic surfactant the straight line does not mean β = 0 (ideal mixing)
because of the multiplier e−Φs in Eq. (6.11). The curve corresponding
to β = 0 is also shown in Fig. 17a. The positive βmeans that the mix-
ture of these two surfactants is weakly antagonistic.

Fig. 17b shows the calculated magnitude of the micelle surface po-
tential |ψs| and the electrostatic component of surface pressure, πel
from Eq. (4.21a), which are plotted vs. the mole fraction of SDS, x1.
As expected, |ψs| and πel both increase with the rise of x1. The growth
of πel is the fastest at x1 → 1.

Fig. 17c indicated that the effect of ψs strongly suppresses the
entry of the ionic surfactant into the micelles. Indeed, we have
y1 = yn = 0.44 at x1 = 0.97. The effect of counterion binding to the
dodecylsulfate headgroups, described by the fraction y2 of the neu-
tralized headgroups, becomes essential for x1 > 0.95. Thus, at x1 = 1
we have y1 = 0.60 and y2 = 0.40, i.e., the fractions of the ionized and
neutralized headgroups are comparable.

6.5. Mixed solutions of CnTAB and C12Em

Here, the model from Section 6.1 is applied to interpret available
experimental data for the CMC of mixed solutions from
alkyltrimethylammonium bromide, CnTAB (n = 12, 14 and 16), and
polyoxyethylene (m) lauryl ether, C12Em (m = 4, 8). The parameters
KSt, K1

(mic), γ0,1 and R1 for CnTAB were taken from Table 3. For the
micellization constant of the nonionic surfactant we have Kn

(mic) =
CMCn = 0.046 mM for C12E4 [164] and 0.12 mM for C12E8, [165]. Be-
cause R has to be estimated at the surface of charges, we took Rn =
2.4 nm for both nonionics. (The model in Section 6.1 is weakly sensi-
tive to the value of R.)

In Fig. 18, the data are plotted as CMCM vs. x1. The solid lines are
the best fits by means of the model. For each pair of surfactants, the
CMC of the nonionic one is by orders of magnitude lower than that
of the ionic surfactant. For this reason, CMCM is plotted in log scale,
except for the pair CTAB + C12E8 in Fig. 18c, for which the two
CMCs are relatively closer. From each fit, the interaction parameter
β is determined as an adjustable parameter. Its value is shown in

image of Fig.�16


Fig. 17. Results for mixed micellar solutions of SDS and CAPB. (a) 1 / CMCM vs. x1: the
points are data from Ref. [121]; the solid line is fit to the data by the model in Sec-
tion 6.1; the interaction parameter β = 1.2 is determined from the fit. (b) Depen-
dences of |ψs| and πel vs. x1 and (c) of the mole fractions y1, y2 and yn, respectively, of
DS−, SDS and C10G in the micelles vs. x1, predicted by the model at the CMC.
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the respective figure. For all pairs, β is negative, i.e., the mixing is ener-
getically favorable (synergistic). For the pairs CnTAB + C12E8, n = 12,
14, 16 in Fig. 18a,b,c, the value of β increases with n, which means
that the mixing becomes less favorable with the rise of the mismatch
between the hydrophobic chain lengths of the two surfactants. The re-
placement of C12E8 with C12E4 leads to a smaller β (more synergistic
mixing): compare Fig. 18c and d. This could be explained with the less
hydrophilic head group of C12E4. In other words, C12E4 could penetrate
deeper in the micelle than C12E8 and, thus, to partially compensate the
unfavorable mismatch with the longer hydrophobic chain of CTAB.

Fig. 19 shows the calculated micelle surface potential ψs and the
electrostatic component of surface pressure, πel from Eq. (4.21a), for
the same pairs of surfactants as in Fig. 18. In addition, Fig. 20 shows
the micellar composition for the same systems, which is presented
as plots of the molar fractions y1, y2 and yn vs. x1. The comparison of
the plots in Figs. 18 and 19 indicates that the properties of the
mixed micelles are dominated by the effect of the lengths of the hy-
drophobic chains of the constituent surfactants, which is accounted
in the theory by the constants K1

(mic) and Kn
(mic). Indeed, yn is the

smallest (and y1 is the greatest) for CTAB, which is the ionic surfac-
tant with the longest chain length in Fig. 20. In turns, the greatest
fraction of the ionic surfactant, y1, leads to the highest surface poten-
tial, ψs, and greatest electrostatic component of surface pressure, πel;
see Fig. 19c. Note however that the higher ψs counteracts the effect
of the longer chain length, and tends to diminish y1. In its own turn,
the effect of the highest ψs for CTAB is partially diminished by the
greatest KSt (strongest counterion binding) for this surfactant; see
Table 3 and the curve for y2 in Fig. 20c. In a final reckoning, this bal-
ance of effects leads to the fact that the plots in Figs. 19 and 20 for dif-
ferent pairs of surfactants are not so different. A common feature for
all systems in Fig. 20 is that the effect of counterion binding, described
by y2, becomes essential for x1 > 0.90.

Another common feature for all investigatedmixed systems is that
for all of them the ranges of variation of the micelle surface potential
and electrostatic surface pressure are the same: 0 b |ψs| b 120 mV
and 0 b πel b 5 mN/m; compare Figs. 16b, 17b and 19.

7. Generalization to one ionic surfactant with several
different counterions

In view of potential applications, here we generalize the model
from Section 4 to the case of one ionic surfactant with several differ-
ent counterions, for example SDS with Li+, Na+ and K+ counterions.

7.1. Stern isotherm and adsorption equations

For simplicity, we assume that all investigated surfactants and
salts are 1:1 electrolytes. Component 1 is the surfactant ion; compo-
nents 2 ≤ i ≤ m are the counterions and components m + 1,
m + 2, … — the coions due to the added non-amphiphilic salts.

In the bulk solution, we have association–dissociation equilibrium
of the surfactant and a given counterion, which is described by the
equation:

c1ci ¼ Q1ic1i; 2≤ i≤m ð7:1Þ

— see the comments after Eq. (3.1). Here, c1 and ci (2 ≤ i ≤ m) are the
concentrations of the respective ions; c1i denotes concentration of
non-ionized surfactant molecules with bound counterion of kind i; Q1i

is the equilibrium constant of the reaction corresponding to Eq. (7.1).
As in Section 3, let us consider the binding of counterions to the

headgroups of the surfactant molecules in a flat adsorption layer.
The concentrations of the reagents in a surface layer of thickness δ
are (Fig. 2a):

ci ¼ cis; c1 ¼ 1
δ

Γ1−
Xm
j¼2

Γ j

0
@

1
A; c1i ¼

Γ i
δ
: ð7:2Þ

Here, cis (2 ≤ i ≤ m) is the subsurface concentration of the coun-
terions of kind i; Γ1 is the total surface concentration of component
1 (the surfactant), both ionized and non-ionized, in the adsorption
layer; Γi is the surface concentration of bound counterions of the
kind i. Substituting Eq. (7.2) into Eq. (7.1), we obtain:

Γ1−
Xm
j¼2

Γ j

0
@

1
Acis ¼ Q1iΓ i; 2≤ i≤m: ð7:3Þ

As in Section 3, to obtain Eq. (7.3) we used the circumstance that
in a closed system, the final equilibrium state of the system is
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Fig. 18. Plots of CMCM, vs. the mole fraction of the ionic surfactant, x1. (a) DTAB + C12E8; (b) TTAB + C12E8; (c) CTAB + C12E8; (d) CTAB + C12E4. The data with C12E8 are from
Ref. [165], and those with C12E4 — from Ref. [164]; the temperature is 25 °C. The solid lines are fits by the model from Section 6.1. The determined values of the single adjustable
parameter, β, are given in the respective figures.
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independent of the reaction path [94]. Eq. (7.3) can be rearranged in
the form:

cis=Q1i ¼
Γ i

Γ1−
Xm
j¼2

Γ j

; 2≤ i≤m: ð7:4Þ

Summing up the above equations, we derive:

1þ
Xm
j¼1

cjs=Q1j ¼
Γ1

Γ1−
Xm
j¼2

Γ j

: ð7:5Þ

Substituting the denominator in Eq. (7.5) into Eq. (7.3), we obtain
the most popular form of the Stern isotherm for a systemwith several
counterions [84,99]:

Γ i
Γ1

¼ KSt;icis

1þ
Xm
j¼1

KSt;jcjs

2≤ i≤mð Þ ð7:6Þ

where KSt,i is the Stern constant for counterion of kind i, and

KSt;i ¼
1
Q1i

2≤ i≤mð Þ: ð7:7Þ

In other words, the Stern constant KSt,i equals the reciprocal reac-
tion constant, Q1i. Eq. (7.7) is the generalization of Eq. (3.5). The
adsorption isotherm of the considered ionic surfactant can be
expressed in the form [84,99]:

K1 1þ
Xm
j¼1

KSt;jcjs

0
@

1
Ac1s ¼

Γ1
Γ∞

f Γ1ð Þ: ð7:8Þ

The meaning of K1, Γ∞ and f(Γ1) is the same as in Section 3.2. In
view of Eq. (7.7), the substitution of Eq. (7.5) into Eq. (7.8) yields:

K1c1s ¼
Γ̂ 1

Γ∞
f Γ1ð Þ ð7:9Þ

where by definition

Γ̂ 1 ≡ Γ1−
Xm
j¼2

Γ j ð7:10Þ

is the surface concentration (adsorption) of ionized surfactant mole-
cules. By multiplication of Eqs. (7.4) and (7.9), in view of Eqs. (7.7)
and (7.10) we obtain:

K1KSt;ic1scis≡
Γ i
Γ∞

f Γ1ð Þ: ð7:11Þ

The surface concentrations c1s and cis are related to the respective
bulk concentrations, c1 and ci by means of the Boltzmann equation:

c1s ¼ c1 exp −Φsð Þ; cis ¼ ci exp Φsð Þ 2≤ i≤mð Þ: ð7:12Þ
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Fig. 19. Plots of the calculated micelle surface potential, ψs, and of the electrostatic component of micelle surface pressure, πel, vs. the mole fraction of the ionic surfactant, x1, in
mixed surfactant solutions at the CMC. (a) DTAB + C12E8; (b) TTAB + C12E8; (c) CTAB + C12E8; (d) CTAB + C12E4.
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Using Eqs. (7.1), (7.7) and (7.12), we can bring Eq. (7.11) in the form:

K1c1i ≡
Γ i
Γ∞

f Γ1ð Þ 2≤ i≤mð Þ: ð7:13Þ

Eq. (7.13), which is the adsorption isotherm for the non-ionized
surfactant molecules, which generalizes Eq. (3.12) for the case of
many kinds of counterions.

7.2. System of equations describing the micelle–monomer equilibrium

As in Section 3.3, we consider a micelle as a gas bubble in the
limiting case of infinitely small volume of the gas in the bubble. Then,
the basic thermodynamic equations describing the surfactant adsorp-
tion at the bubble surface can be used in the limiting case of a micelle.
In the case of micelles, we make the following replacements:

1=K1→K micð Þ
1 ; f Γ1ð Þ→f 1;

Γ̂ 1

Γ∞
→y1;

Γ i
Γ∞

→yi 2≤ i≤mð Þ ð7:14Þ

which are analogous to those in Section 3, with yi being the mole frac-
tion of non-ionized surfactant molecules of kind i in the micelle (the
molar fraction of the bound counterions of kind i). Because we are deal-
ing with a single ionic surfactant, we can set f1 ≡ 1.

Thus, in the case of single ionic surfactant with several counterions
(2 ≤ i ≤ m), the system of equations acquires the form:

ln c1γ�ð Þ ¼ ln K micð Þ
1 þ ln y1 þΦs ð7:15Þ

ln c1i ¼ ln K micð Þ
1 þ ln yi 2≤ i≤mð Þ ð7:16Þ

c1i ¼ KSt;icic1 2≤ i≤mð Þ ð7:17Þ
Xm
i¼1

yi ¼ 1 ð7:18Þ

c1 þ
Xm
i¼2

c1i þ cmic ¼ C1 ð7:19Þ

ci þ c1i þ yicmic ¼ Ci 2≤ i≤mð Þ: ð7:20Þ

Here, Eq. (7.15) is the analog of Eq. (7.9) and is identical to
Eq. (4.1). Eq. (7.16) is the analog of Eq. (7.13) and generalizes
Eq. (4.2). Furthermore, Eqs. (7.17)–(7.20) represent the generaliza-
tions of Eqs. (4.3)–(4.6). The generalized expression for the ionic
strength can be expressed in two equivalent forms:

I ¼ 1
2

c1 þ
Xm
i¼2

ci þ
Xm
i¼2

Ci

 !

¼ c1 þ
Xm
i¼2

Ci þ
1
2
y1cmic:

ð7:21Þ

The two forms of Eq. (7.22) are equivalent because of the
electroneutrality of the solution as a whole:

Xm
i¼2

ci ¼
Xm
i¼2

Ci þ c1 þ y1cmic: ð7:22Þ

Thus, we arrive at a complete system of 3 m + 3 equations, viz.
Eqs. (4.7), (4.21) and (7.5)–(7.21) for determining the following
3 m + 3 variables: y1,…, ym; c1,…, cm; c12,…, c1m; cmic, γ±, I, andΦs.
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Fig. 20. Plots of the calculated molar fractions of the components in the micelles at the CMC: y1 — of ionized molecules of the ionic surfactant; y2 — of non-ionized molecules of the
ionic surfactant (with bound counterion); yn — of the nonionic surfactant. (a) DTAB + C12E8; (b) TTAB + C12E8; (c) CTAB + C12E8; (d) CTAB + C12E4.
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8. Conclusions

Our task in the present article is to put together physically grounded
equations, expressing either chemical equilibria or mass balances, in
order to construct a detailed physicochemicalmodel of themicellar solu-
tions of ionic surfactants and their mixtures with nonionic surfactants.
It turns out that the aforementioned equations are not enough — an
additional equation is necessary to close the system. We demonstrate
that excellent agreement with the experiment can be obtained if the
Mitchell–Ninham (MN) closure [85] is used. The latter expresses a
mechanical balance, which states that the electrostatic and non-
electrostatic components of the micelle interfacial tension counterbal-
ance each other, so that the micelle exists in a tension free state.

Solving the system of equations, we further predict the concentra-
tions of all monomeric species, the micelle composition, ionization
degree, surface potential and mean area per head group. Upon addi-
tional assumptions for the micelle shape, the mean aggregation num-
ber can be also estimated. It is important that the model contains a
minimal number of thermodynamic parameters, which have been
determined for several surfactants by comparing the theory with
experimental data. Thus, each nonionic surfactant is characterized
by a single thermodynamic parameter — its micellization constant,
Kn
(mic). Each ionic surfactant is characterized by three parameters:

the micellization constant, K1
(mic), the Stern constant KSt that accounts

for the effect of counterion binding, and the non-electrostatic compo-
nent of micelle surface tension, γ0. In the case of mixed micelles, each
pair of surfactants is characterized with an interaction parameter, β,
in terms of the regular solution theory.

The constructed detailed physicochemical model gives several
nontrivial predictions. First, the model gives an interpretation of the
slope, A1, of the Corrin–Harkins plot [3] of the CMC vs. the ionic
strength in double log scale. This slope is often interpreted as a degree
of counterion binding, y2 = 1 − α. The present analysis shows that
in general y2 ≠ A1, and that y2 can be considerably smaller than A1

in the absence of added salt.
Second, the model predicts an increase of the micelle aggregation

number, Nagg, with the rise of the surfactant concentration. In many
studies, Nagg = const. has been assumed for spherical micelles. The
present model predicts that the variation of Nagg can be considerable,
in agreement with the experimental studies on this effect.

Third, the proposed detailed model allows verification of simpler
models of the electrolytic conductivity of micellar solutions without
added salt. Using the calculated concentrations of all monomeric
ionic species, we predicted their total conductivity, which turned
out to exactly coincide with the experimentally measured conductiv-
ity, κe, in the whole range of surfactant concentrations above the CMC.
In other words, there is nothing left for the micelles, so that their
equivalent conductance, λm, turns out to be zero (or negligible). A
possible explanation is that the electrostatic repulsion between a
given ionic micelle and its neighbors is so strong that it counterbal-
ances the effect of the applied external electric field, which is unable
to bring the micelles into directional motion as carriers of electric cur-
rent. The result λm = 0 calls into question the predictions of the
simplified models that completely neglect the interactions between
the micelles. In the simplified models, an expression for λm, see
Eq. (5.3), is postulated from the very beginning. Because this expres-
sion gives an a priori non-zero λm, the remaining part of conductivity
(due to the dissociated counterions) becomes smaller, which results
in systematically smaller values of the micelle ionization degree, α,
determined as an adjustable parameter in the simplified models.
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Fourth, the comparison of the detailed model with experimental
data for various pairs of ionic and nonionic surfactants (with respect
to the CMC of their mixed solutions) gives a constant interaction pa-
rameter, β. In other words, the determined β is independent of the
micelle composition and of the bulk concentration of electrolyte, as
it must be. The constancy of the β values obtained in the present
study is an additional argument in favor of the adequacy of the pro-
posed model.

As every model, the present one has its limitations. It works in
terms of mean aggregation numbers, mean charges per micelle, etc.
The micelle size distribution, polydispersity and growth are out of
the scope of this model. The variation of Nagg with the rise of the
ionic surfactant concentration can be described presuming monodis-
perse spherical micelles. The onset of growth of non-spherical aggre-
gates can be detected as a deviation between the value of Nagg

predicted by the model for spherical micelles and the experimental
Nagg.

The proposed model can find applications for characterization of
ionic surfactant micelles by aggregation number and charge; for
interpreting the dependence of CMCon themole fractions ofmixed sur-
factants and on the electrolyte concentration; for analyzing the precip-
itation and pH variation in carboxylate solutions, see e.g., [91]; for
determining the solubility limits of fatty acids and alcohols in micelles
of conventional surfactants, see e.g., [89]; for analysis of data from the
micellar electrokinetic chromatography (MEKC), where the micelles
are used as a pseudo-stationary phase [159–162], etc.
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Appendix A. Micelle surface charge, potential and electrostatic
surface pressure

Here, our goal is to generalize (i) the Gouy equation that relates
the surface charge and potential and (ii) the expression for the mi-
celle electrostatic surface pressure, πel, for the case of micellar solu-
tions above the CMC. Note that the respective expressions available
in the literature [85] are valid at the CMC, where cmic = 0 and ν = 0;
see Eq. (4.15). We will use the jellium model (Section 4.2), which
leads to the following form of the Poisson–Boltzmann equation:

d2Φ
dr2

¼ κ2 sinhΦþ v coshΦ−1ð Þ½ �− j
r
dΦ
dr

ðA:1Þ

— see Eq. (4.13) for the notations. Let us multiply Eq. (A.1) by dΦ / dr
and integrate:

1
2

dΦ
dx

� �2
¼ coshΦ−1þ v sinhΦ−Φð Þ þ ∫

∞

x

j
x̃

dΦ
d x̃

� �2
d x̃ ðA:2Þ

x = κr is a dimensionless radial coordinate and x̃ is an integration var-
iable. The integral in Eq. (A.2) can be estimated by means of the follow-
ing iteration procedure. In zero order approximation, Φ = Φ0, we
neglect the integral term in Eq. (A.2) and bring this equation in the
form:

dΦ0

dx
¼ −2 sinh

Φ0

2

� �
1þ v

sinhΦ0−Φ0

coshΦ0−1

� �1=2
: ðA:3Þ

One can check that the functionΦ0(x) determined by Eq. (A.3) de-
cays exponentially at x → ∞, i.e., Φ0(x) decays much faster than 1 / x.
For this reason, a good estimate of the integral term in Eq. (A.2) is
[85,109]:

∫
∞

x

j
x̃

dΦ
d x̃

� �2
d x̃≈ j

x
∫
∞

x

dΦ0

d x̃

� �2
d x̃

¼ j
x
∫
Φ0

0

−dΦ̃0

dx̃

 !
dΦ̃0≡

2j
x
F Φ0ð Þ:

ðA:4Þ

In view of Eq. (A.3), the function F(Φ0) is defined by the expression:

F yð Þ≡ ∫
y

0

sinh
u
2

� �
1þ v

sinh u−u
cosh u−1

� �1=2
du ðA:5Þ

where u is an integration variable. Using double integration by parts in
Eq. (A.5), we obtain:

F yð Þ ¼ 4 sinh2 y
4

� �
1þ v

sinh y−y
cosh y−1

� �1=2

−vy

y
4
− tanh

y
4

� �
sinh

y
2

� � 1þ v
sinh y−y
cosh y−1

� �−1=2
þ…

ðA:6Þ

For all y and 0 b ν b 1, the first term in the right-hand side of
Eq. (A.6) yields F(y) with a maximal relative error smaller than 6%.
The two terms in the right-hand side of Eq. (A.6) give F(y) with a
maximal relative error smaller than 2%.

Next, in Eq. (A.2) we substitute Eq. (A.4), along with Eq. (A.6).
Taking square root and expanding in series, we derive:

−dΦ
dx

≈ 2 sinh
Φ
2

� �
1þ v

sinhΦ−Φ
coshΦ−1

� �1=2

þ2j
x

tanh
Φ
4

� �
−vΦ

Φ
4
− tanh

Φ
4

� �
coshΦ−1þ v sinhΦ−Φð Þ

2
664

3
775:

ðA:7Þ

Substituting Eq. (A.7) into the boundary condition Eq. (4.16) with
Z = y1Nagg, after some transformations we obtain Eq. (4.17), where
Φs = Φ|r = R and the definitions of Φ and κ by Eqs. (4.11) and (4.14)
have been used.

The electrostatic contribution to the micelle surface pressure, πel,
can be calculated from the expression [112,166]:

πel ¼
εε0
jþ 1

∫
∞

R

dψ
dr

� �2
j
R
r
þ rj

Rj

 !
dr > 0: ðA:8Þ

Eq. (A.8) is obtained by substituting the Maxwell electrostatic
stress tensor into Eq. (40) of Ref. [112], or into Eq. (3.69) of Ref.
[166]. For large κR, Eq. (A.8) reduces to

πel ¼ εε0∫
∞

R

dψ
dr

� �2
dr þ O

1
κRð Þ2

� 	

≈−εε0
kT
e

� �2

∫
Φs

0

dΦ
dr

dΦ:

ðA:9Þ

To calculate πel, we substitute Eq. (A.7) into Eq. (A.9). The last term
in Eq. (A.7) represents a small correction,

vΦ
tanh Φ

4

� � Φ
4 − tanh Φ

4

� �
cosh Φð Þ−1þ v sinhΦ−Φð Þ b 0:04; ðA:10Þ

and can be neglected. The integrals of the remaining terms in
Eq. (A.7) can be taken analytically, so that the integration in
Eq. (A.9) yields Eq. (4.21) as a final result.
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Appendix B. Expression for the slope of the Corrin–Harkins plot

Eq. (4.26) can be represented in the form:

ln c1γ� e−Φs þ KStc2γ�
� �h i

¼ ln K micð Þ
1 : ðB:1Þ

The differential of Eq. (B.1) reads:

d lnc1 þ d ln γ� þ d ln e−Φs þ KStc2γ�
� �h i

¼ 0: ðB:2Þ

Differentiating in the brackets and using again Eq. (B.1), we get:

d ln c1 þ 1þ KStc1c2γ
2
�

K micð Þ
1

 !
d ln γ� þ KStc1c2γ

2
�

K micð Þ
1

d ln c2 ¼ c1γ�e
−Φs

K micð Þ
1

dΦs:

ðB:3Þ

In view of Eq. (4.33), the coefficients in Eq. (B.3) can be expressed
in terms of y1 and y2:

d ln c1 þ 1þ y2ð Þd ln γ� þ y2d ln c2 ¼ y1dΦs: ðB:4Þ

Because γ0 = const., the differentiation of Eq. (4.21a) yields:

d κ sinh2 Φs

4

� �� 	
þ j
R
d ln cosh

Φs

4

� �� 	
¼ 0: ðB:5Þ

Separating the differentials of Φs and κ, we further obtain:

κ
4
sinh

Φs

2

� �
þ j
4R

tanh
Φs

4

� �� 	
dΦs ¼ −κ sinh2 Φs

4

� �
d ln κ : ðB:6Þ

At the CMC, κ2 is proportional to c2. Then, 2d lnκ = d lnc2, and
Eq. (B.6) acquires the form:

dΦs ¼ − tanh
Φs

4

� �
1þ j

2κR cosh2 Φs
4

� �
2
4

3
5−1

d lnc2: ðB:7Þ

At the CMC, we have c1 = CMC and c2 = I, and consequently

A1≡
d ln CMCð Þ

d ln I
¼ d ln c1

d ln c2
: ðB:8Þ

Finally, we substitute Eq. (B.7) into Eq. (B.4), and obtain an ex-
pression for the derivative in the right-hand side of Eq. (B.8), which
coincides with Eq. (4.30).
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