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Abstract

The mutual approach of two bubbles and the rate of thinning and the deformation of the partially mobile thin
liquid film intervening between them is studied. The material properties of the interfaces (surface viscosity, Gibbs
elasticity, surface and/or bulk diffusivity) are taken into account. In the normal stress balance at the fluid interfaces
we include the contribution of the intermolecular forces. To obtain the liquid velocity and pressure distribution the
lubrication approximation is used. From the normal stress boundary condition the first order (with respect to the
capillary number) shape function is derived. It provides information on the inversion thickness, at which the curvature
in the gap between the drops changes from convex to concave, and the pimple thickness, at which the curvature of
the interfaces spontaneously increases due to the action of the attractive intermolecular forces. The analytical and
numerical investigations reveal significant influence of the disjoining pressure and the surfactant on both thicknesses.
Explanation of the following effects is proposed: (i) increase of the pimple thickness and decrease of the inversion
thickness with the increase of the interfacial mobility; (ii) role of the surface viscosity; (iii) role of the van der Waals
interaction. © 1999 Elsevier Science B.V. All rights reserved.
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1. Introduction

The collision of two foam bubbles may be
accompanied by deformation (flattening in the
zone of contact), which is governed by the hydro-
dynamic resistance and the energy of interaction
between the bubbles. When the bubbles (or drops)
approach each other, the slight deformation of
their surfaces at large separations can increase

significantly as they come closer to each other and
at a given thickness the interfacial shape can
change from convex to concave: a dimple is
formed. The conditions for flattening in the case
of different driving forces (buoyancy, Brownian,
etc. forces) are investigated in Refs. [1–3]. Due to
the instability of the dimple it flows out soon after
the formation and an almost plane-parallel film is
formed [4,5]. This film thins to the final critical
thickness of rupture without significantly chang-
ing its radius [6]. The thickness, at which the* Corresponding author.
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dimple forms was called earlier [4,5] inversion
thickness, hit, because the surface curvature
changes sign. Since the dimple expands radially
very fast and almost immediately a planar film
between the bubbles forms [6], it seems appropri-
ate to call hit also film formation thickness.

This physical picture takes place if the drops
are relatively large (of the order of 1 mm). On the
contrary, due to the high capillary pressure, small
drops keep their shape practically spherical up to
the moment of flocculation or coalescence. Since
the coalescence rate depends strongly on whether
a film forms between the bubbles or they remain
(almost) spherical up to the moment of coales-
cence, for many chemical technologies [7,8] it is
important to be able to predict, at least qualita-
tively, the occurrence of this process. Which path-
way the bubbles will follow depends on many
factors: their size; surface tension; surfactant type
and concentration; surface interaction; external
forces; etc. This makes the computational study of
the process extremely difficult and actually impos-
sible for systems of practical interest. That is why
we tried to develop an analytical approach. Al-
though our results can be hardly applied directly
to practical systems, we believe that our conclu-
sions can serve as ‘thumb rules’ to help practi-
tioners in their own studies. Our results are also
applicable to emulsion drops, provided that the
surfactant is dissolved in the continuous phase,
which is usually the case with practical systems—
then the liquid circulation in the drops has no
effect on the rate of mutual approach and from
hydrodynamic viewpoint the drops behave as
bubbles [4,5].

The first solution of the problem for two rigid
spherical particles, approaching each other along
their line of centers in a liquid is due to Taylor [9].
For a long time the Taylor formula for the veloc-
ity of approach was used to calculate the floccula-
tion rate not only of suspensions, but also of
emulsions. In the case of two spherical drops,
when the surfactant is soluble only in the continu-
ous phase, simple asymptotic expression was
derived by Ivanov et al. [10]. It takes into account
the influence of Gibbs elasticity, bulk and surface
diffusivities, but the effects of the interfacial vis-
cosity and the disjoining pressure were not consid-

ered. Numerical calculations of the film profile
during the approach of two droplets in pure liquid
phases were performed by Davis et al. [11,12].
These authors derived also some asymptotic ex-
pressions. Yiantsios and Davis [13] studied nu-
merically the deformation of two approaching
small droplets in pure liquid phases (no surfactant
present) under the action of an external driving
force and van der Waals attraction force. Simi-
larly to Ivanov et al. [5,10], they found two differ-
ent regimes: without dimple formation and with
dimple formation. They showed also that at a
given gap width, hpt, the van der Waals attraction
can prevail over the hydrodynamic resistance and
observed at even smaller thickness increase of the
curvature in the gap region (a pimple appears).
The thickness hpt is called below the pimple
thickness.

In this paper we extend the previous studies of
bubbles approach by deriving analytical expres-
sions for the bubble shape and approach rate,
based on an asymptotic procedure. We study the
role of the interaction forces between the drop
surfaces and of the surfactant (more specifically of
Gibbs elasticity and surface viscosity). In Section
2 a mathematical model, based on the lubrication
approximation, is formulated in order to derive
the governing equations for the surface velocity,
the pressure and the local thickness. It is followed
in Section 3 by a study of the different patterns of
bubbles deformation (the problem for inversion
and pimple thicknesses). Several asymptotic ex-
pressions, accounting for the Gibbs elasticity, the
surface viscosity, the driving force, and the van
der Waals disjoining pressure on the approach
velocity and film deformation are derived in Sec-
tion 4. The general solution is briefly discussed in
Section 5.

2. Mathematical formulation of the problem

We consider a thin viscous liquid layer between
two gas bubbles, 1 and 2, which is squeezed by
the external force, F (Fig. 1). To simplify the
discussion we will assume that the bubbles radii
are the same. However, all obtained results can be
applied to bubbles with different radii as well,
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provided that the surface velocity U and the bub-
ble radius Rc in all equations are replaced by the
mean values U= (U1+U2)/2 and Rc=2Rc,1Rc,2/
(Rc,1+Rc,2) of the surface velocities U1 and U2

and radii, Rc,1 and Rc,2, of the two bubbles (see
Fig. 1). The problem is described in a cylindrical
coordinate system, Orz, and the local thickness of
the layer is denoted by H(r, t). Since the bubbles
are supposed to be close to each other, the hydro-
dynamic resistance is concentrated in the gap
region, where the radii of curvature are large
compared to the local distance between the inter-
faces. Therefore the lubrication approximation
can be used for solution of the problem [10,14,15].
The main requirement for applicability of this
approximation are: (i) small Reynolds number
(the inertia terms in the momentum balance equa-
tion can be neglected); (ii) small thickness of the
viscous layer between the bubbles compared to
the characteristic bubble radii; (iii) small slope of
the interfaces. In the lubrication approximation
the pressure, P, in the continuous phase depends
only on the radial coordinate, r, and time, t :
P=P(r, t). Then the integration of the equations
of fluid motion and continuity, with account for
the corresponding kinematic boundary conditions
(continuity of velocities), leads to the integrated

bulk continuity equation (see Eq. (3d) in Ref. [10]
and Eqs. (2, 3) in Ref. [14])
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In Eq. (1) h is the dynamic viscosity, V(r, t)= −
(H/(t is the local velocity of film thinning, and U
is the radial component of the surface velocity.

The surfactant distribution can be found by
solving the diffusion equation along with the sur-
factant balance at the film surfaces and the fol-
lowing assumptions: (iv) small Peclet number in
the gap (the convective terms can be neglected);
(v) small deviation from equilibrium of the sub-
surface concentration and adsorption (the pertur-
bations dc and dG of the equilibrium subsurface
concentration, c0, and adsorption, G0, are so
small, that the surface material parameters are
constant during the drainage); (vi) the surfactants
are soluble only in the continuous phase (in this
case the viscous friction from the fluid in the
droplets is negligible compared to the friction
from the continuous phase—the emulsion system
behaves as a foam, see Eq. (25) and the discus-
sions below it in Ref. [4]); (vii) Diffusion-con-
trolled adsorption (the surfactant exchange
between the bulk fluid and the interface is diffu-
sion controlled which is usually the case with thin
films [4,5]). The result of this solution gives the
dependence of the adsorption, G, on the surface
velocity, U, and on the local film thickness, H.
Then, by means of the tangential stress balance
boundary condition (which accounts for the role
of the surface tension gradient and the surface
viscosity—the Marangoni and Boussinesq effects,
respectively) one obtains (see Eq. (12) in Ref. [14])
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In Eq. (2) Rc is the bubble radius, b and hs are the
bulk and surface diffusion parameters, and Nsv is
the dimensionless surface viscosity number. These
parameters are defined as:
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(3)Fig. 1. Sketch of two approaching bubbles of radii Rc,1 and
Rc,2 at a distance h.
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where EG
− ((s/( ln G)0 and ha
 ((G/(c)0 are
the equilibrium values of the Gibbs elasticity and
the adsorption length, s is the surface tension, D
and Ds are the bulk and surface diffusion coeffi-
cients, and the sum of the interfacial shear, hsh,
and dilatational, hdil, viscosities, is the total sur-
face viscosity, hs
hsh+hdil. The parameters
defined by Eq. (3) do not depend on the thickness.
They can vary in a wide range depending on the
type of surfactants and the surfactant concentra-
tion (for more information see Section 5).

The layer profile is determined from the normal
stress balance at the interfaces which in lubrica-
tion approximation reduces to balance of pres-
sures [5,10]:
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=P+P+
s

2r
(

(r
�

r
(H
(r

�
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where Pm is the pressure in the spherical meniscus
at infinite distance from the axis of symmetry and
P is the disjoining pressure.

Finally, an integral force balance is needed to
close the problem:

F=2p
&�

0

(P−Pm)r dr+W,

W
2p
&�

0

Pr dr (5)

where W is the force due to the action of the
disjoining pressure, P. Eq. (5) relates the external
force, F, acting on the approaching bubbles
(droplets) and the drag (lubrication) force—the
latter is the integral in Eq. (5), which depends
only weakly on time [13]. The character of the
external force, F, depends on the process under
consideration, e.g. buoyancy force for the process
of creaming [16], turbulence force in a stirred
emulsion [17] or Brownian force in a fine emul-
sion at rest [1]. It is important to note that in the
framework of the assumptions (i–vi) it is not
possible to make a transition to zero surfactant
concentration. In such case the full low Reynolds
hydrodynamic model has to be used [11–13] or
the next order terms with respect to Reynolds and
Peclet numbers in the lubrication approximation
equation have to be included [5].

Let h be the minimum distance between the
caps of the undeformed bubbles. We will suppose

that h�Rc. Then, the appropriate lengthscales
inside the thin film (the narrow region around the
axis of symmetry) in the z- and r-directions are h
and 
hRc, respectively [10]. It was shown by
Taylor [9] that the approach rate of two particles
(with tangentially immobile surfaces) at such close
separation obeys the equation:

VTa=
2hF

3phR c
2 (6)

The quantity VTa, which we call Taylor velocity, is
the appropriate scale for the rate of approach of
the two bubbles. It follows then from the continu-
ity equation and the normal stress boundary con-
dition that the appropriate scales for the radial
velocity, the dynamic and disjoining pressure, and
the time are VTa
Rc/h, 12VTahRc/h, and h/VTa,
respectively. Hence, we introduce the following
dimensionless groups:
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Here x, t, H0 , U0 , V0 , P0 , Q0 and W0 are the respective
nondimensional values of the radial coordinate, r,
time, t, the local thickness, H, the surface velocity,
U, the local approaching velocity, V, the pressure
difference, P−Pm, the disjoining pressure, P, and
the force due to the action of the disjoining
pressure, W ; h0 s is the nondimensional parameter
hs, which takes into account the influence of the
surface diffusion, and the parameter a plays the
same role as Bond’s number in the theory of
capillarity.

With the scaling introduced above, the dimen-
sionless creeping flow Eqs. (1), (2), (4) and (5)
inside the thin gap transform to:

1
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We will assume that the bubbles are only
slightly deformed, which means that the dimen-
sionless parameter a is small compared to the
unity (a�1). Then the local thickness, H0 , the
pressure, P0 , the surface velocity, U0 , and the local
velocity, V0 , can be expanded in series in terms of
the power of a :

H0 =H0 0+aH0 1+…, P0 =P0 0+aP0 1+…,

U0 =U0 0+aU0 1+…, V0 =V0 0+aV0 1+… (9)

By substituting these series in Eqs. (8a,8d) and
separating the terms with the same power of a one
obtains series of simpler equations.

The shape of the colliding bubbles is deter-
mined mainly by the viscous stress, the capillary
pressure and the disjoining pressure. Depending
on the relative magnitude of these factors one can
envisage at least two kinds of deformation:

2.1. Formation of a dimple

It is observed when there is no significant at-
tractive (negative) disjoining pressure and the cap-
illary pressure is not large enough to counteract
the normal viscous stress and the positive compo-
nent of the disjoining pressure. Then it may hap-
pen that at a given gap width (called inversion
thickness, hit [18]), the bubbles deform signifi-
cantly and their caps become flat [5,18]. Since the
flat surface cannot sustain the viscous stress, the
interfacial shape in the gap changes suddenly
from convex to concave, i.e. a dimple forms. The
subsequent evolution of the dimple can follow
different paths [5,10,18] but at least with small
bubbles the dimple is either pushed out or gradu-
ally decreases until a thin (almost) plane-parallel
film forms between the bubbles. Since at the
inversion thickness the surface is flat, its curvature
must be zero, so that one has:

1
x
(

(x
�

x
(H0
(x

�
=0 at x=0

or
8a(P0 +Q0 )=1 at x=0 (10)

The second expression above follows from Eq.
(8c). This equation is nothing else but the condi-
tion for balance of the dynamic and disjoining
pressure in the gap and the capillary pressure in
the spherical parts of the bubbles (the latter corre-
sponds to the unity).

2.2. Formation of a pimple

If the disjoining pressure, P, is negative, the
two film surfaces will attract each other, i.e. the
disjoining pressure will counteract the hydrody-
namic pressure thus decreasing the deformation.
Because of the different dependence of these pres-
sures on the gap width, h, (usually P depends
stronger on h), it may happen that at a given
distance, hpt, the disjoining pressure effect totally
eliminates the viscous deformation of the caps of
the bubbles (around the axis of symmetry), so
that at this moment the capillary pressure there
[the last term in the right hand side of Eq. (4)] is
exactly 2s/Rc. Then the sum of the dynamic
pressure, P−Pm, and the disjoining pressure, P,
becomes zero [see Eq. (4)]. Further decrease of the
thickness, h, will make the sum P−Pm+P nega-
tive. Although the drag force is an integral on the
pressures over the drop area [see Eq. (5)], one can
argue that at hpt the drag force will be (approxi-
mately) zero. At smaller thicknesses it will become
negative and the force balance (5) will stop being
possible. Then protrusions will form at the drop
caps, which will start growing spontaneously until
coalescence occurs, unless there is another factor
to prevent that. Because of its shape, we will call
this protrusion (which is opposite to the dimple)
‘pimple’ and the thickness, hpt, at which it forms,
‘pimple formation thickness’. The above discus-
sion suggests that hpt can be found from the
condition [see Eq. (8c)]:

P0 +Q0 =0 at x=0 (11)

The pimple formation can be interpreted as the
onset of instability without fluctuations (stability
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analysis of the film intervening between the drops
will be carried out in Ref. [19]). The drop defor-
mation due to the negative disjoining pressure was
first found numerically in Ref. [13] for the case of
two drops in a system without surfactants.

3. Tangentially immobile interfaces

If the bulk solution contains large amount of
surfactant (close to or above the critical micelle
concentration, CMC), the Gibbs elasticity, EG,
may be high enough to suppress the interfacial
motion and to make the interfaces tangentially
immobile, i.e. then U0 =0 [4]. In this section we
will use this simplification in Eqs. (8a, c, d).

As already discussed, we will seek the solution
of the problem (8) as asymptotic series for H0 and
P0 in terms of the powers of a. Substituting the
series from Eq. (9) into Eqs. (8a, c, d) and equal-
izing the coefficients in front of the same powers
of a, one obtains sets of simpler equations for H0 0,
P0 0 and V0 0 (zeroth order approximation); for H0 1,
P0 1, and V0 1 (first order approximation); etc. It is
important to note that every following term in the
series for the local thickness, H0 n, can be calcu-
lated from Eq. (8c) independently of P0 n by using
only the previous terms in the asymptotic
expansion.

The zeroth order solutions for H0 0 and P0 0 are:

H0 0=1+x2, P0 0=
V0 0

8H0 0
2 (12)

After substituting the expression for P0 0 from Eq.
(12) into the zeroth order approximation of Eq.
(8d) one obtains the zero order term of the veloc-
ity of thinning:

V0 0=1−8W0 0, W0 0=2
&�

0

Q0 0x dx (13)

where Q0 0 is the zero order term in the disjoining
pressure and W0 0 is the zeroth order term in the
force due to the action of the disjoining pressure.
Since the disjoining pressure, Q0 , and the energy of
interaction, W0 , depend only on the local film
thickness, H0 , their zeroth orders are determined
only by H0 0. The intermolecular forces of longest
range are the van der Waals forces [20,21]. In the
common case of small thicknesses (no electromag-

Fig. 2. Sketch of the dependence of function f(h) on 1/h. The
pimple thickness, hpt, is the solution of the equation f(1/hpt)=
0 (see point C). The inversion thickness, hit, is the smaller
solution of the equation f(1/hit)=1 (see point A). The case of
minimal force, Fmin, is the point B.

netic retardation) the van der Waals disjoining
pressure satisfies Derjaguin approximation [22]
and has the following simple form:

Q0 = −
A0

4H0 3, A0 
 AH

18phVTaRch
(14)

where AH is the Hamaker constant and A0 is its
dimensionless form. From Eqs. (12)–(14) it fol-
lows that the zero order term of the velocity of
thinning obey the simple relationship:

V0 0=1+A0 (15)

Therefore, the attractive van der Waals disjoining
pressure accelerates the droplet approach com-
pare to the classical Taylor regime. Finally, after
substituting the solutions from Eqs. (12)–(15) into
the equation for the inversion thickness [Eq. (10)]
we obtain a(1−A0 )=1. With Eq. (7) and Eq. (14)
this leads to the following equation for hit:

f(hit)

F

2pshit

�
1−

AHRc

12Fh it
2

�
=1 (16)

(for discussion of the validity of this equation see
the end of this section). In the case when the
intermolecular forces are negligible, from Eq. (16)
the known result, hit=F/(2ps), can be derived
[10,18].

As sketched in Fig. 2, the function f(hit) in the
left hand side of Eq. (16) has a maximum at
h it

2 =AHRc/(4F). From the two sets of possible
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solutions for the dimple formation thickness we
select those from the left branch of the curve
(point A in Fig. 2), since the right branch corre-
sponds to smaller inversion thickness. In order for
Eq. (16) to have a solution at all, its left hand side
must reach values larger than 1 so that the condi-
tion for existence of the solution for the dimple
(film) formation thickness will be:

4F3

9p2s2AHRc

]1 (17)

Thus, we reach the conclusion that in the pres-
ence of van der Waals attraction the dimple will
form only with appropriate values [satisfying Eq.
(17)] of the system parameters F, AH, Rc and s. If
the other parameters are fixed, the driving force,
F, must be larger than Fmin
 (2.25p2s2RcAH)1/3.
If the driving force takes this value the minimum
possible inversion thickness is (see point B in Fig.
2)

hit,min=
Fmin

3ps
=
�AHRc

12ps

�1/3

(18)

Therefore, for tangentially immobile interfaces the
van der Waals attraction causes a slight decrease
of the inversion thickness, from F/(2ps) to F/
(3ps). The limitations for the other parameters
can be obtained in a similar way from Eq. (17)—
it is obvious that large attractive forces and sur-
face tensions will hinder and even suppress the
dimple formation. The situation with the bubble
radius is slightly more complicated, because F
also depends on Rc, e.g. for gravity coalescence
F8R c

3 so that large bubbles will form dimples
much more easily. Substituting the solution from
Eqs. (12)–(15) into Eq. (11) one derives for the
pimple thickness1:

hpt=
'AHRc

12F
(19)

This result shows that in the presence of van der
Waals attraction the solution for the pimple thick-
ness always exists. A comparison between Eq. (10)
and Eq. (11) reveals that hpt corresponds to the
intersection point (point C in Fig. 2) of the curve
f(h) with the abscissa (the right hand side of Eq.
(16) must be zero, rather than 1). Hence, when the
solution for the inversion thickness exists, hpt is
always smaller than hit and the pimple appearance
is impossible, because it is preceded by dimple
formation. In such case the only possible mecha-
nism for film rupture is through fluctuational
instability [5,23].

Eq. (19) shows that the pimple formation thick-
ness depends significantly on the drop radius, Rc.
For example, if a bubble is driven by buoyancy
and is approaching another bubble (suppose im-
mobile), the force is F=4pR c

3 Dr g/3, where Dr is
the density difference and g is the gravity acceler-
ation. Then hpt

2 =AH/(16p Dr gR c
2), and it is in-

versely proportional to the bubble (drop) radius.
For typical values of the Hamaker constant AH=
4×10−20 J, density difference (for drops) Dr=
0.12×103 kg m−3, and Rc=10 mm, the pimple
thickness is 82.3 nm. Note that this thickness is
quite large, so that when calculating the van der
Waals energy of interaction the electromagnetic
retardation must be accounted for [21].

The above conclusions are illustrated in Fig. 3,
showing the dependence of the inversion, hit, and
the pimple, hpt, thicknesses on the drop radius, Rc,
for tangentially immobile surfaces. As physical
parameters in our numerical investigation we used
the experimental data from Refs. [24,25] for a
system of two approaching small droplets of soy-
bean oil in water. The aqueous film is stabilized
by bovine serum albumin (BSA) with 0.15 M
sodium chloride to suppress the electrostatic inter-
action. The density difference, Dr, is 0.072×103

kg m−3 and the experimentally determined inter-
facial tension, s, was reported therein to be 7, 15
and 30 mN m−1 for different concentrations of
BSA. When calculating the van der Waals attrac-
tion at small and large distances, the Hamaker
constant was replaced by the effective interaction
parameter, Aeff, defined by Eqs. (5.9.1–5) in Ref.
[21]. It takes into account the electromagnetic

1 One of the Referees mentioned to us the recent paper of
Cristini et al. [32]. These authors calculated numerically the
influence of an insoluble nondiffusing surfactant on the veloc-
ity of approach of spherical drops. They took also into
account the influence of the van der Waals attraction and
found numerically that the rapid coalescence occurs at hBhpt

(see Eq. (6.1) in Ref. [32]).
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retardation. For large distances Aeff is inversely
proportional to the local film thickness and for
small distances it is equal to the Hamaker con-
stant, AH. One sees from Fig. 3 that the larger the
bubble radius, the earlier the film forms, i.e. hit is
greater—it reaches 500 nm for drop radii of the
order of 200 mm. The equation determining the
inversion thickness [Eq. (16)] has no solution for
drop radii smaller than 80 mm. The pimple thick-
ness, hpt, for the same system is also shown on the
figure. It decreases with the increase of the drop
radius, i.e. with larger driving force.

Another question worthwhile discussing is the
validity of Eq. (16). It is easy to see that with
negligible intermolecular forces it is in fact equiv-
alent to a=1. This could cast some doubt on the
results because, according to the initial assump-
tion, a must be a small parameter. This apparent
contradiction stems from the nature of the asymp-
totic procedure we used. Without entering into
details we will note that the same problem could
be solved by assuming that the dimensional local
thickness, H, can be represented as superposition
of the unperturbed value, H0=h+r2/(2Rc), and
perturbations H1, H2, etc. (such an approach was
used in Refs. [11–13]). The perturbation must
satisfy the conditions H1�H0, H2�H1, etc. In
order to check if this condition is fulfilled by our
solution, we calculated the next term in the expan-

sion in Eq. (9). By using Eqs. (8c), (9) and (12) we
thus obtained the following result for the dimen-
sionless local thickness of the gap:
H0 =1+x2−a ln(1+x2)+aA0 x2

1+x2+O(a2)

(20)

If for simplicity we neglect the van der Waals
interactions, we have)H1

H0

)
=
)aH0 1

H0 0

)
=a

ln(1+x2)
1+x2 (21)

The maximum value of the right hand side of Eq.
(21) is 0.178a for xB0.5, which means that even
for a=1 the perturbation aH0 1 is smaller than the
unperturbed gap width H0 0. The logarithmic term
in Eq. (20) can be derived also directly by inte-
grating the normal stress condition [Eq. (8c)] and
using the integrated force balance [Eq. (8d)].

4. Effect of small and large surface viscosities

In the case of low molecular weight surfactants
the surface viscosity is usually negligible at low
surfactant concentrations. On the contrary, the
effect of the Gibbs elasticity (Marangoni effect),
which also damps the surface mobility, is signifi-
cant even at low surfactant concentrations. The
surface viscosity may become sizable only when

Fig. 3. Effect of the drop radius, Rc, on the inversion, hit, and pimple, hpt, thickness for tangentially immobile surfaces.
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the surface coverage is (almost) complete (at ad-
sorption G=G�). However, at these surface con-
centrations the Gibbs elasticity is also very
high—theoretically it must become infinity and
the surface must become immobile (due only to
the Marangoni effect) at G=G�, if the surfactant
obeys Langmuir adsorption isotherm [see Eq. (27)
below]. Hence, the effect of the surface viscosity
for low molecular surfactants will be always dom-
inated by the effect of Gibbs elasticity—e.g. it
was shown in Refs. [4,5,14,15] that for a planar
film with radius 100 mm in order to have an effect
comparable to that of the Gibbs elasticity, the
surface viscosity must be larger than 1 sp. That is
why we believe that the role of the surface viscos-
ity in foam and emulsion stability has been some-
what overstated in the literature [26,27]. The
situation can be different with proteins (or other
polymers), which have relatively low Gibbs elas-
ticity and high surface viscosities. The surface
viscosity may prove important also in processes
with small radial lengthscale, such as short surface
waves or the initial stage of dimple formation or
fluid motion around the dimple rim (which is very
narrow) in the case of large and stable, persisting
dimples [5]—indeed, it has been shown [4,5,14,15]
that the relative contribution of the surface viscos-
ity (compared with Gibbs elasticity) is inversely
proportional to the square of the radial length-
scale. The effect of the surface viscosity is en-
hanced also by the surfactant bulk diffusion,
which leads to decrease of the adsorption gradient
thus decreasing the effect of the Gibbs elasticity.
Since these issues have not yet been resolved and
to demonstrate more clearly the competition be-
tween Gibbs elasticity and surface viscosity, we
have studied briefly the effect of the latter on the
dimple and pimple formation.

The parameters, which account for the effects
of surface viscosity and Gibbs elasticity are: Nsvhs/
h=hsDs/(hEGRc) and Nsvb=hsD/(haEGRc) (typi-
cal values of the parameters for three different
type of surfactants are given in Section 5). In this
section we will assume that both parameters are
small and will solve the problem [Eqs. (8a–d)] up
to zeroth order terms. The surface velocity, U0 0,

and the velocity of bubbles’ approach, V0 0, are
related with the pressure gradient, (P0 0/(x, as
follows:
U0 0=

xV0 0

2H0 0

+H0 0
2 (P0 0

(x
(22)

[this follows from Eq. (8a)]. If we substitute Eq.
(22) into Eq. (8b), the corresponding dimension-
less form of the tangential stress balance becomes

−
xV0 0

2H0 0
2+

(b+1)H0 0+h0 s
H0 0(bH0 0+h0 s)

U0 0=Nsv

(

(x
�1

x
(

(x
(xU0 0)

n
(23)

Finally, for the velocity of bubbles approach, V0,
we obtain from Eqs. (8d), (22) and (23)

V0=VTa
�

1−
pRc

F
W0(h)

n
Fv(h, b, d, Nsv) (24)

where d is a length parameter defined as d
hs/
(b+1) [10]. From Eqs. (10) and (11) the respec-
tive transcendental equations for the inversion
thickness, hit, and the pimple thickness, hpt, are:

F
2pshit

�
1−

pRc

F
W0(hit)

n
Fp(hit, b, d, Nsv)

+
Rc

2s
P(hit)=1 (25a)

F
pRchpt

�
1−

pRc

F
W0(hpt)

n
Fp(hpt, b, d, Nsv)+P(hpt)

=0 (25b)

In Eqs. (24, 25a, b) the mobility functions, Fv and
Fp, take into account the influence of the interfa-
cial rheological parameters on the velocity (see
Appendix A). At high elasticity the length
parameter, d, is much smaller than h, i.e. d/h:
6hDs/(EGh)�0. Then we have Fv�1 and Fp�1
and Eqs. (24, 25a, b) reduce to the result for
tangentially immobile interfaces (see Section 3).
At small surfactant concentration, or when the
film thickness is very small, d/h�1 and Fp�1/
ln(d/h). Hence, the smaller the surfactant concen-
tration the lower the dynamic pressure in the gap,
and the dimple appears at smaller distances while
the pimple formation occurs at higher distances
between the droplets. Briefly, decreasing the sur-
factant concentration favors formation of a pim-
ple rather than of a dimple.



D.S. Valko6ska et al. / Colloids and Surfaces A: Physicochem. Eng. Aspects 156 (1999) 547–566556

Table 1
Dependence of the mobility functions, Fv and Fp, on the
surface rheological parameters and bulk diffusivity

No. Particular cases Mobility functions, Fv and Fp

Fv= (b+1)/
�

1−
d

3h
+

8

3
Nsv

b

b+1

�
b+

d

h

�n
Fp=

Fv

b+1

�
1−

2d

3h
+

16

3
Nsv

b

b+1

�
b+

2d

h

�n
Case 1 d/h�1

Fv=1/
�

1−
hs

3h
+

16

15
Nsv

h s
2

h2

�
Fp=Fv

�
1−

2hs

3h
+

28

5
Nsv

h s
2

h2

�
Case 2 hs/h�1 and b=0

Fv=
hs

2h

,�
ln(d/h)−1−8Nsv+

4Nsvhs

3h

n
Case 3 Fp=

2hFv

hs

�
1+

8

3
Nsv

hs

h

�
d/h�1

Case 4 Without Marangoni Fp=2Fv=
3

8Nsvterms and Nsv�1

Fv=
2Nsv

2Nsv−1
Case 5 Fp=1−

1

2Nsv

�p2

6
−1

�
Nsv�1

To illustrate this conclusion we derived several
asymptotic expressions for the mobility functions
(see Table 1). The first four cases correspond to
small effect of the surface viscosity. If d/h�1
(case 1) the surface viscosity parameter, Nsv, in Fv

and Fp is multiplied by the bulk diffusion parame-
ter b. Therefore, if the bulk diffusivity is large
enough to suppress the surface tension gradient
(i.e. the Marangoni effect), the influence of the
surface viscosity will be more pronounced. In case
2 (insoluble surfactants and large interfacial mo-
bility) the bulk diffusivity parameter, b, is zero. In
this case Nsv is multiplied by h s

2/h2 in Fv and Fp

(see Table 1). As a result, for insoluble surfactant
the Gibbs elasticity leads to more pronounced
effect of immobilization of the interface and the
effect of surface viscosity is consequently small. In
the case of large mobility of the interfaces, i.e.
with d/h�1 (case 3 in Table 1), the surface
viscosity affects the drainage velocity and the
formation of dimple or pimple significantly. This
is well visible when the Marangoni effect is negli-
gible (case 4 in Table 1). Then the drainage veloc-
ity depends only on the surface viscosity and the
inversion thickness can achieve larger values than
for tangentially immobile interfaces.

In order to illustrate these effects we calculated
the mobility functions for a wide range of values
of the mobility parameter, d/h, with three values
of the bulk diffusivity parameter (b=0, 1, and 10)
and with surface viscosity parameter Nsv=0.1.
The numerical results are presented in Fig. 4 with
solid lines. The results calculated from the respec-
tive asymptotic expressions are plotted with
dashed lines. Obviously, the exact and the asymp-
totic formulae for the mobility functions agree
well. The general trend of the increase of the
drainage velocity with increasing mobility of the
interfaces is demonstrated in Fig. 4 (a). In Fig. 4
(b) the increase of the mobility function for the
pressure when the mobility of the interfaces in-
creases is shown—this effect favors the dimple
formation and hinders the pimple formation.

In order to demonstrate the influence of surfac-
tants on the inversion and pimple thickness we
solved numerically the respective Eqs. (25a, b)
with van der Waals attraction forces. The results
are presented in Figs. 5 and 6. When the surface
viscosity effect is neglected (Nsv=0), the mobility
functions, Fv and Fp, depend only on the length
parameter, d, and the thickness, h. The numerical
results for different values of the Hamaker con-
stant (AH=0, AH=4×10−21 J and AH=4×
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10−20 J) are plotted in Fig. 5. Both quantities, d
and hit, are normalized by F/(2ps). The bubbles
radius and the surface tension are chosen to be
Rc=20 mm and s=15 mN m−1. The observed
general trend is that when the parameter d in-
creases (increasing surface mobility), the inversion
thickness decreases. This effect has the following
simple explanation: when the surfaces are with
lower Gibbs elasticity (i.e. more mobile) the hy-
drodynamic friction is lower, so that the gap

width, at which the viscous stress can counterbal-
ance the capillary pressure and provoke dimple
formation, is smaller. When the disjoining pres-
sure, P, is zero, the solution for the inversion
thickness exists for the whole range of the
parameter d. If the attractive van der Waals dis-
joining pressure is taken into account, above a
certain surface mobility (above a given value of
the parameter d, which depends also on the
Hamaker constant, AH) no solution for the inver-

Fig. 4. Dependence of the mobility functions on the dimensionless mobility parameter at Nsv=0.1 and different values of b : 0
(insoluble surfactant), 1, and 10. (a) Mobility function for the velocity, Fv; (b) mobility function for the pressure, Fp.
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Fig. 5. Inversion thickness, 2pshit/F, vs. parameter 2psd/F in the case of Nsv=0, for AH=0, AH=4×10−21 J, and AH=4×
10−20 J. The drop radius and the interfacial tension are Rc=20 mm and s=15 mN m−1, respectively.

sion thickness exists, i.e. no dimple can be formed.
The bigger the attractive force, the lower the
inversion thickness and more difficult the dimple
formation is.

The inversion and pimple thicknesses as func-
tions of the surface mobility for two different
values of the Hamaker constants, AH, are com-
pared in Fig. 6. The other parameters are the
same as in Fig. 5. The vertical lines correspond to
the values of the dimensionless mobility parame-
ter, d, at which no solution for the inversion
thickness exists—above this value only pimple
can appear. One sees, that with larger attractive
forces the pimple appears at lower surface
mobility.

If the Marangoni effect is negligible and the
surface viscosity is large enough, i.e. if Nsvhs/h�1
and Nsvb�1, Nsv in the right hand side of Eq.
(23) will be a large parameter and the solution can
be written as series in terms of 1/Nsv. The leading
order term of the solution for U0 0 is

U0 0=
V0 0

8Nsv

ln H0 0

x
(26)

i.e. the surface velocity is inversely proportional
to Nsv. Upon substitution of Eq. (26) into Eq. (22)

and integration of the result for the pressure
gradient, the asymptotic expressions for the mo-
bility functions Fv and Fp can be derived. The
final results for the mobility parameters are given
in Table 1 (case 5). Since the surface viscosity
hinders the interfacial mobility, the surface veloc-
ity, the inversion and the pimple thicknesses reach
eventually their values for tangentially immobile
interfaces as Nsv grows (see Section 3).

5. Numerical results and discussion of the general
case

The exact solution (within leading order terms
with respect to a but with no other approxima-
tions) is described in Appendix B. Therein expres-
sions for the mobility functions, Fv and Fp, are
derived [see Eqs. (B3) and (B5)]. We used them in
the transcendental Eqs. (25a, b) for the calcula-
tion of the inversion and pimple thicknesses. It is
important to note that, just as it is in the approx-
imate case, considered above in Section 4, the
surface viscosity parameter in all coefficients of
Eq. (B1) appears as the combinations Nsvhs/h=
hsDs/(hEGRc) and Nsvb=hsD/(haEGRc). There-
fore, in the general case too, the surface viscosity
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can influence the drainage and film formation
only when either the Gibbs elasticity or the bub-
ble size are small. The effect is more pronounced
with thinner films. The numerical results for the
mobility function, Fv, for Nsv=1 are given in Fig.
7 and for Nsv=0.1 in Fig. 4. As one should
expect, the increase of the surface viscosity num-
ber from 0.1 (Fig. 4) to 1.0 (Fig. 7) decreases the
mobility of the interfaces.

The role of the surface viscosity on the dimple
formation is illustrated in Fig. 8 for typical values
of the mobility parameter, d. The different curves
correspond to surface viscosity parameters Nsv=
0.001, 0.01, 0.1, and 0.5. It is evident that when
the surface diffusivity is high (large d), the inver-
sion thickness depends stronger on the surface
viscosity. With increasing surface viscosity the
inversion thickness increases as well because of
the rising hydrodynamic friction. At high surface
viscosity (see the curve for Nsv=0.5) the dimen-
sionless inversion thickness tends to 1, i.e. then
the interfaces behave as almost immobile.

Until now our discussion was not concerned
with a specific type of surfactant. At the same
time, it is well known that the stability (the coales-
cence or flocculation) of foams and emulsions
depend strongly on whether or not thin liquid

films form between the colliding bubbles or
droplets [28] and the formation of such films
depends in terms on the surfactant properties and
concentration. That is why we calculated, using
the full Eqs. (25a, b) and Appendix B, the inver-
sion and pimple thickness as functions of the
surfactant concentration for three different kind
of surfactants: nonionic (Triton X-100), ionic
(sodium dodecyl sulfate, SDS) and protein iso-
lates (BSA) in the continuous phase (see Figs. 9
and 10). We assume that the electrostatic repul-
sion was suppressed by adding 0.1 M NaCl to the
SDS solution. Although BSA is not a typical
surfactant, it was found that all three obey Lang-
muir adsorption isotherm with the parameters
presented in Table 2 [29,30]. The equilibrium sur-
factant adsorption, G0, and the interfacial tension,
s, are related with the surfactant concentration,
c0, by Langmuir–Szyszkowski adsorption
isotherm:

G0

G�
=

c0

B+c0

, s=sp+kBTG� ln
�

1−
G0

G�
�
(27)

where T is the temperature, kB is the Boltzmann
constant, sp is the interfacial tension of the pure
solvent, G� is the saturation adsorption, and B is

Fig. 6. Inversion and pimple thicknesses vs. surface mobility parameter at different values of the attractive force. The other system
parameters are the same as in Fig. 5.
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Fig. 7. Dependence of the mobility function, Fv, on the dimensionless mobility parameter at Nsv=1 and different values of b : 0
(insoluble surfactant), 1, and 10.

Fig. 8. Influence of the mobility parameter, 2psd/F, on the thickness of film formation, hit, for different values of surface viscosity
number Nsv=0.001, 0.01, 0.1, and 0.5, and bulk diffusion parameter b=0.01.

the adsorption constant, which is related with the
specific energy of adsorption. The corresponding
relationships for b and hs read

b=
3hD

kBTG0

B
G�

�
1−

G0

G�
�−1

,
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Fig. 9. Dependence of the inversion thickness on the surfactant concentration for bovine serum albumin (BSA) (solid line), Triton
X-100 (dashed line) and sodium dodecyl sulphate (SDS)+0.1 M NaCl: (a) interfacial tension; (b) mobility function, Fv; (c) inversion
thickness, hit.

hs=
6hDs

kBTG0

�
1−

G0

G�
�

(28)

The calculated dependence of the interfacial
tensions of the three solutions at the interface

water solution–dodecane vs. the dimensionless
surfactant concentration, c/Cfin, is shown in Fig. 9
(a) (the concentration, Cfin, corresponds to CMC
for Triton X-100 and SDS and to the final con-
centration of validity of the Langmuir isotherm
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Fig. 9. (Continued)

For BSA[29,30]). Because of the lack of data, we
assume for the surface viscosity a linear depen-
dence on the adsorption: hs=hs, maxG0/G�. Since
we could not find the experimental data for the
surface diffusion coefficient, Ds, it was taken
equal to the bulk diffusion coefficient, D. When
calculating the van der Waals attractive force
instead of the Hamaker constant we used the
effective interaction parameter, Aeff, defined by
Eqs. (5.9.1–5) in Refs. [21], which takes into
account the electromagnetic retardation. The driv-
ing force, F, was taken to be the buoyancy force
for dodecane drops.

Since for a relatively large drop radius Rc=100
mm the solution for the inversion thickness exists,
a pimple cannot form. The mobility functions, Fv,
and the inversion thicknesses as functions of the
concentration are plotted for this case in Fig. 9
(b,c). As one should expect, at high surfactant
concentrations the mobility functions, Fv, tend to
unity [Fig. 9 (b)], i.e. the interfaces become immo-
bile, but this happens for SDS at concentrations,
which are by two orders of magnitude larger than
for BSA and Triton X-100. The significant in-
crease of the inversion thickness, observed in Fig.
9 (c) at high surfactant concentrations for all
three surfactants, results from the respective de-

crease of the interfacial tension. Similarly, the
inversion thickness for BSA is lower than for
Triton X-100 and SDS, because its interfacial
tension is higher [Fig. 9 (a)]. For better clarity of
the presentation we have not shown in Fig. 9 (c)
the curves for the inversion thickness for tangen-
tially immobile interfaces, but the reader could
realize that they should coincide with the respec-
tive curves in Fig. 9 (c) for the concentration
range where the respective mobility functions in
Fig. 9 (b) are approximately equal to 1, i.e. where
the interfaces are tangentially immobile. However,
since the interfacial mobility with SDS is much
higher [Fig. 9 (b)], the deviation of the inversion
thickness from its value for an immobile surface
starts at higher surfactant concentrations. Below a
given concentration of SDS [below the point,
marked in Fig. 9 (c)]. Eq. (25a) for the inversion
thickness has no solution, i.e. below this point a
dimple cannot form.

As shown in Section 3, below a given bubble
radius only pimple can form. The results for the
mobility function, Fv, and the pimple thickness,
hpt, for small droplets, of radius Rc=20 mm (they
form only pimples) are plotted in Fig. 10 (a, b). It
is important to remember that the value of the
pimple thickness depends on the mobility of the



D.S. Valko6ska et al. / Colloids and Surfaces A: Physicochem. Eng. Aspects 156 (1999) 547–566 563

Fig. 10. Dependence of the pimple thickness on the surfactant concentration for bovine serum albumin (BSA) (solid line), Triton
X-100 (dashed line) and sodium dodecyl sulphate (SDS)+0.1 M NaCl: (a) mobility function, Fv; (b) pimple thickness, hpt.

interface and the magnitude of attractive forces
but not on the interfacial tension. The observed
significant increase of the mobility function and
the pimple thickness in the case of SDS in Fig. 10
(a, b) result from the higher mobility of the
interface with SDS compared to that with Triton
X-100 or BSA—for latter two surfactants the
mobility function at all concentrations is nearly 1
and the pimple thickness is approximately
constant.

6. Conclusions

A theoretical model for calculation of the influ-
ence of surfactants on the drainage velocity, inver-
sion and pimple thickness of two slightly
deformed bubbles is developed. It takes into ac-
count the influence of Gibbs elasticity, bulk and
surface diffusion and surface viscosity, which are
included in the characteristic parameters, see Eq.
(3). The governing equations [Eqs. (8a–d)]
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U0 0=
xV0 0

2
� 1

H0 0

−
1

(b+1)H0 0+h0 s
n

+O(Nsv) (A1)

where the dimensionless surface diffusion parame-
ter, h0 s, is defined as h0 s
hs/h. Substitution of Eq.
(A1) into Eq. (22) yields:

(P0 0

(x
= −

xV0 0

2H0 0
2[(b+1)H0 0+h0 s]

+NsvV0 0
� 1

H0 0

−
1

(b+1)H0 0+h0 s
n

×
(

(x
�1

x
(

(x
(xU0 0)

n
+O(N sv

2 ) (A2)

After simple integration the respective expres-
sion for the force Eq. (8d) can be represented in
the form:
1−8W0 0= −8

&�
0

x2 (P0 0

(x
dx (A3)

If we multiply Eq. (A2) by −8x2 and integrate
the result from 0 to infinity the final expression
for the dimensionless velocity of droplet approach
reads

V0 0= (1−8W0 0)Fv (A4)

where the mobility function, Fv, was found to be

Fv
−1=

2
d0 (b+1)

�d0 +1
d0 ln(d0 +1)−1

n
+

8Nsv

3
�

1+
1

(b+1)2(d0 +1)
n

+

+16Nsv

d0 +1
d0 2(b+1)

�2
d0 ln(d0 +1)−

d0 +2
d0 +1

n
(A5)

In Eq. (A5) the dimensionless mobility parameter,
d0 , is defined as d0 
h0 s/(b+1). By setting Nsv=0 in
Eq. (A5), the respective result from Ref. [10] is
recovered. Simple expressions for Fv for several
particular cases are given in Table 1.

Direct integration of Eq. (A2) using Eq. (A4)
from 0 to infinity gives the following result for the
pressure in the gap: 8P0 0(0)= (1−8W0 0)Fp, where
the mobility function of the pressure, Fp, is

Fp=
2Fv

d0 (b+1)
�

1−
1
d0 ln(d0 +1)

n

derived from the lubrication approximation for
small shape perturbation are used for numerical
calculations in order to find the inversion and
pimple thicknesses. Analytical expressions, valid
for small and large effect of the surface viscosity
or tangentially immobile interfaces are derived
[see Eqs. (16, 19, 24, 25a, b) and Table 1]. They
can serve for simple estimations of the effect of
the surfactant.

The quantitative calculations (see Sections 3–5)
show that with increasing surface mobility, sur-
face tension and the attractive disjoining pressure
(e.g. van der Waals attraction) the inversion thick-
ness, at which a film forms, decreases. In contrast,
larger driving force, Gibbs elasticity and surface
viscosity favor film formation. All factors which-
increase the hydrodynamic resistance in the gap
region lead to earlier film formation. The attrac-
tive disjoining pressure hinders the film formation
and if its value is large enough it can prevent the
film formation altogether. In this case at a given
thickness the curvature of the droplets at the gap
increases and a pimple is formed. The pimple
formation thickness does not depend on the inter-
facial tension. The pimple thickness becomes
larger with larger surface mobility and attractive
intermolecular force, and it is smaller for larger
driving force. The pimple thickness can be inter-
preted as a special kind of instability which is
provoked only by the disjoining pressure, not by
mechanical and/or thermal fluctuations. The
problem of fluctuational stability and the critical
thickness of rupture of the intervening film is
considered in Ref. [19].
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Appendix A. Solution of Eqs. (8a–d) in the case of
small effect of the surface viscosity

In the common case of small effect of the
surface viscosity, i.e. when Nsv�1, the right hand
side of Eq. (23) is small. Hence the leading order
term for the surface velocity is
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Table 2
Parameters of the bovine serum albumin (BSA), Triton X-100 and sodium dodecyl sulphate (SDS)+0.1 M NaCl [29,30]a

SDS+0.1 M NaCl BSATriton X-100

1.75×10−6 mol m−2G� 3.75×10−6 mol m−2 0.38×10−6 mol m−2

1.4×10−3 kg m−34.9×10−6 kg m−3 0.124×10−6 kg m−3B
6.0×10−10 m2 s−1D 1.0×10−10 m2 s−12.6×10−10 m2 s−1

0.33 kg m−3 (CMC)0.4 kg m−3 (CMC) 0.6 kg m−3Cfin

1.0×10−6 mPa s 5.0×10−3 mPa shs, max 1.0×10−6 mPa s

a CMC, critical micelle concentration.

B2= −h0 s cos(3u)−2(2b+h0 s) cos(2u)+h0 s cosu

+2(2b+h0 s)
B1=h0 s sin(3u)+2(2b+h0 s)sin(2u)+h0 s sin u

B0=h0 s cos(2u)−4(Nsvh0 s−1−b)cos u−h0 s
−4(1+b)−4Nsv(2b+h0 s)

L=
h0 s
8

sin(3u)+
b
2

sin(2u)−
�

b+
3h0 s
8
�

sin u

Because of the boundary conditions at u=0 and
u=p and the periodicity of B2, B1, B0 and L, the
solution can be presented as a Fourier series:

U0 0=
V0 0

8
%
�

k=1

ak sin(ku) (B2)

where the coefficients ak depend implicitly on the
physical parameters. After substitution of the
Fourier series into Eq. (B1) we obtain an infinite
linear system of equations for the unknown quan-
tities ak. This system is of seven-diagonal type and
is solved numerically by means of the Thompson
algorithm [31]. The special type of the system
makes possible the solution of the problem for a
large number of coefficients (in our calculations
the cut off number was 10 000).

After substitution of Eq. (B2) into Eq. (22) we
obtain the expression for the gradient of the dy-
namic pressure. If the result is substituted in the
force balance [Eq. (A3)], the mobility function for
the velocity, Fv, takes the form:

Fv=
1

1−aodd+aev

(B3)

where aev and aodd are the respective sums of the
even and odd parts of coefficients ak:

aodd= %
�

k=0

a2k+1

2(2k+1)
, aev= %

�

k=1

ka2k

4k2−1
(B4)

+
16FvNsv

3
�

1+
1

(b+1)2(d0 +1)
n

−
8FvNsv

d0 (b+1)
� d0

d0 +1
−

4
d0 +

2(d0 +2)
d0 2 ln(d0 +1)

n
(A6)

Simple asymptotic expressions for specific cases
are given in Table 1.

Appendix B. General form of the mobility functions

We presented above (see Sections 3 and 4)
asymptotic solutions of Eqs. (22) and (23) for
several specific cases. It is not possible however to
obtain simple analytic solution of these equations
without further approximations. That is why we
represented the general solution of Eqs. (22) and
(23) for the mobility functions, Fv and Fp, as
infinite series, which were further treated numeri-
cally. The procedure is outlined below.

The boundary conditions of Eq. (23) are: van-
ishing velocity, U0 0, at the film origin, x=0 and at
x�� (far away from the gap region). The wide
range of x from zero to infinity makes the numer-
ical solution with a high precision impossible. To
overcome this difficulty, we introduce a new vari-
able, x= tan(u/2), which transforms the infinite
range of x values to the finite interval [0, p ],
where the infinity point is transformed to u=p,
and the zero point to u=0. Since with the new
variable the approximate unperturbed film profile
is H0 0=1/cos2(u/2), Eq. (23) acquires the form

B2Nsv

(2U0 0

(u2 +B1Nsv

(U0 0

(u
+B0U0 0=LV0 0 (B1)

where the coefficients are:
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A direct integration of the expression for the
dynamic pressure gradient from 0 to infinity gives
a simple expression for the mobility function of
the pressure:

Fp=
8P0 0(0)
1−W0 0

=
1−aodd−aev

1−aodd+aev

(B5)

The mobility parameters, Fv and Fp, are com-
plex functions of the thickness, h, and the material
properties of the interfaces through the parame-
ters b, hs and Nsv, on which the coefficients ak

depend.
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