Colloids and Surfaces, 64 (1992) 245-264
Elsevier Science Publishers B.V., Amsterdam

245

Contribution of ionic correlations to excess free energy
and disjoining pressure of thin liquid films
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Abstract

An approach 1o the calculation of the ionic-correlation free energy per unit area of thin liquid films is developed. The
Poisson-Boltzmann ion charge distribution inside the film is replaced by an equivalent stepwise model distribution. In
this way comparatively simple expressions for calculating the correlation free energy and disjoining pressure are derived.
The results are in good agreement with numerical data of other authors. The dependence of the ionic-correlation free
energy on various factors (dielectric permittivities, width of the Stern layer, electrolyte concentration, ionic charge,
stiface charge density, temperature) is examined. In all cases the ionic correlations give rise to an attractive contribution
to the disjoining pressure, which often exceeds the contribution due to the van der Waals forces. In the case of 2:2
electrolytes the combined action of ionic correlations and van der Waals attraction can prevzail over the electrostatic
repulsion and a net attraction between the two film surfaces takes place.

Keywords: Disjoining pressure, excess free energy: ionic correlations; thin liquid films.

1. Introduction

In spite of the fact that the Derjaguin-Landau-
Verwey—Overbeek (DLVQO) theory was found to
be the main theoretical concept in the field of
colloid stability [1-5], this theory often does not
exhibit goyod agreement with experiment. For
example. unreasonably large values of the
Hamaker constant (4y ~ 107° J) are needed for
interpreting the data from coagulation of colloids
[6,7].

The existing problems about the agreement
between theory and experiment can be overcome,
at least in part, if the effects of the ionic correlations
in the electric double layers are takcu into account.
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Debye and Hiickel [8] were the first who accounted
for the contribution of the ionic correlations in
the free energy of uniform electrolyte solutions.
Considerably later, ionic correlations in non-
uniform and non-isotropic solutions were studied.
Martynov [9] considered the contribution of the
ionic correlations and image forces into capaci-
tance of an electric double layer. His approach was
based on the Bogolyubov-Born—Green—Yvoen set
of equations for the correlation functions. Later
Outhwaite and co-workers [10-12] treated the
samy problem by means of the hypernetted chain
{HNC) equation. Another approach is based on
computer simulations, see for example Refs [13
and 14].

In the case of two overlapping electric double
layers (a thin film), ionic correlations contribute to
the disjoining ; ‘ssure of the thin film. To calculate
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the respective contributions, Derjaguin [5] and
Muller and Derjaguin [15] used a model of the
counterion atmosphere. According to this model,
the counterions are located on two planes, which
are parallel to the respective film surfaces
(Helmholtz model). These authors concluded that
the ionic-correlation disjoining pressure compo-
nent is comparable to the electrostatic component
only at very small film thicknesses (h~ 2 nm).
However, at such small film separations the finite
size of the ions should aiso be taken into account,
In the case of an electrolyte film between two
uncharged surfaces, ionic-correlation effects were
studied by Gorelkin and Smilga [16], Mitchell and
Richmond [17], Richmond [18,19], and Carnie
and Chan [20].

In the case of charged film surfaces the situation
is more ~omplicated because of the non-uniform
distribution of the ions inside the film. In this case
quantitative results were obtained by Guidbrand
et al. [21] by means of the Monte Carlo method.
These authors established the following two effects
due to ionic correlations. (i} The ions are located
closer to the film surfaces, which results in a
decreased overlapping of the two counterion atmo-
spheres; (ii) the ionic correlations give rise to
attractive forces, similar to the van der Waals
forces. Under some conditions the net attractive
force can exceed the electrostatic repulsion.

An alternative approach to the correlation effects
in thin films was proposed by Kjellander and
Marcelja [22]. They developed a computer method
for solving the integral equations of the statistical
mechanics in the framework of the HNC-closure.
They studied separately the cases without electro-
lyte [23] and with electrolyte [24]. These authors
found that in some cases the effect of the ionic
correlations inside the film can be accountad for
by using the conventional DLVO theory with an
effective surface charge lower than the real one
[24].

An alternative to the above numerical methods
was proposed by Attard et al. [25,26], who devel-
oped an analytical approach called the Extended
Poisson-Bolizmann theory (EPB). This approach
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allows calculation of the excess film free energy
and disjoining pressure from the ionic charge den-
sity distribution inside the film. In particular, for
solutions without electrolyte they cbtained a corre-
lation disjoining pressure 1., ~ h~? for large film
thickness h [25]. Exponential decay of 1., was
established for electrolyte-containing solutions
[26]. In spite of its elegant form, the EPB theory
is not easy to apply numerically because of its
complex matheimatics.

The numerical results show that the attractive
forces due to the ionic correlations inside the thin
films can be in the order of the known van der
Waals forces, and even larger. However, as a rule,
the effect of ionic correlations is not taken into
account when interpreting experimental data for
disjoining pressure or contact angles, see for exam-
ple Refs [3,27 and 28]. We believe this situation is
due, at least in part, to the complicated and
inaccessible form of the existing theories of the
ionic-correlation disjoining pressure. That is why
our aim in the present study is to develop a
conceptuaily and mathematically simpler approach
to the ionic correlations in thin liquid films at the
cost of some model simpiifications. Such a model
approach is possible because the excess correlation
free energy is an integral of the respective free
energy density between the thir film surfaces. Then
one can replace the real continuous charge density
distribution inside the film (expressed by elliptical
functions) by an appropriate simple stepwise model
distribution. Fortunately this model approach
turns out to give not only simpler expressions but
also numerically correct results (see Section 35
below).

This paper is organized as follows. Section 2
presents the theoreticai method. The model of the
charge density distribution is introduced in Sec-
tion 3 and the calculation of the correlation internal
and free energies is described in Section 4. Electro-
lyte-containing films between two similar dielec-
trics as well as conductor phases are considered.
The effect of different factors (electrolyte conzen-
tration, surface charge density, dielectric permittivi-
ties, Stern layer, etc) on the ionic-correlation
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disjoining pressure is examined in Section 5.
Appendix A contains derivations of some equa-
tions, whereas Appendix B presents the algorithm
for computer calculations.

As mentioned above, the preseni paper deals
with electrolyte-containing films, i.e. electric double
layers are present inside the film. This is the case
for foams, suspensions, or oil-in-water emulsions.
The ionic-correlation effects in water-in-oil emul-
sions, where the electric double layers are situated
outside the liquid film, are investigated in Part 2
of this study; Ref. [29].

2. Theoretical method
Our treatment of the correlation energy is based

on the equation [9,20,30]

4
V2 — k2o = —==q8(r) @.1)

where ¢ is a fluctuation polarization electrical
potential due to the presence of the electrical
charge g at the point r = 0;

2n,.(r 2.2
where ¢ is dielectric permittivity, kg is the
Boltzmann constant, T is temperature, n,, is the
numerical density of the mth ion species,

Gn=2Z,€ (2.3)

is the respective ion charge with ¢ being the charge
of the clectron.

For a homogeneous electrolyte solution, n,,, and
k do not depend on r. Then, by using Fourier
transformation, one can represent Eqn (2.1) in the
form

1

()mf;r e k?+ k2 24)
where k = |k|. The inverse Fourier transformation
yields
Omlr)=— GXP (—xr),  r=ir| (2.5)
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where the subscrint “m” refers to the mth ion
species.

The bulk densiiv of the correlation internai
energy is [31]

1 Gm |
B _ —
u mZ%[MﬂUJ 26)
Finally, from Eqgns (2.2), {2.5) and (2.6) one obtains
the known formula of Debye and Hiickel [8]

3
u), = — ke T @7
8n

Then the bulk density of the free energy is [8,31]

dT kg Tx?
fé= j Mooz = = _81—2-;}_ (2.8

T

In the case of a plane-parallel thin liquid film
fO =¥ (2), where the z-axis is oriented perpen-
dicularly to the film surfaces. Qur aim below is to

calculate the free energy per unit area of the thin
film:

Jeor = j- fRA(2)dz
0

where the planes z=0 and z=h are the two film
surfaces. The ion concentration is not constant
inside the film: n,,=n,(2). However, f, is an
integral quantity, which is not too sensitive to the
local behavior of the functions n.(z). This fact
enables one to use an appropriate model stepwise
distribution for n,(z). For each step n,, = const.
and then the formalism for deriving Eqn (2.8) can
be extended and applied. As a result one can obtain
an explicit analytical expression for f,,.. With this
end in view we consider an appropriate stepwiss
model of the ion distribution in the next section.

3. Stepwise model ion distribution
3.1 Single interface

Let us consider a single, plane, charged interface
with surface charge density 6. The aqueous phase
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is a solution of symmetrical electrolyte; the charge
of a counterion is g, = Ze, whereas the charge of
aco-ionis g,=—Ze(Z==+1, +2,...). Here and
subsequently the indices 1 and 2 will refer to
counterions and co-ions, respectively. The concen-
trations of both ion species are equal to n, far
from the interface.

At given g, Z and ng the classical electric double
layer theory provides explicit expressions for the
ion distributions rn,(z) and n,(z); see Appendix A.
The bulk charge density is

o

p(z)=Ze[n,(z) — ny(2)], J plz)dz=—o
0

3.1

As mentioned above, for calculating the ionic-
correlation energy it is convenient to replace the
continuous real charge density distribution p{z)
with an idealized (model) one:

p' for O<z<a

P =<(p" for a<:z<a, (3.2)

0 for z2>d,

(see Fig.1). Here the plane z =0 represents the
interface and p', p'", a and a,, are four parameters
of the model. We determine them from the
following four equations, expressing conditions for
equivalence between the idealized and real charge

plz) 4

Pl ceenes

0 a Qoo 7 Z
Fig. 1. Sketch of the ion-charge distribution in an electric doubie

layer: the smooth and the stepwise profiles represent the real
and model charge distributions, p(z) and p'(z), respectively.
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density distributions:
j p(z)z/ dz = I p(z)z'dz=1j,j=0,1,2 (3.3)
o 0

p'(0) = p(0) (34)

Equations (3.3) establish equivalence between the
two distributions with respect to three integral
moments. Equation (3.4) calibrates the two distri-
butions and ensures realistic description of the
image forces (see below). By substitating Eqn (3.2)
into Eqns (3.3) and (3.4), after some algebra, one
derives explicit expressions for the parameters of
the model:

— ._l_ 2 1/2
a, (= 57 [ B+ (B2~ 44C)""2] (3.5)

where a equals the smaller root, and a.. equals the
greater root,

A=0%—2I,p(0) B =3I,p(0)+ 2I,0;

C=41?+ 31,0 (3.6)

(In view of Eqgns (3.1) and (3.3), Ip=—0.) In
additicn one obtains

pl=p0), p"=QI +oa)lasla,—a)] (3.7

The parameter a represents the width of the
layer of high counterion concentration close to the
interface. However, the parameter a, provides a
measure for the total width of the electric double
layer. When two approaching double layers are
separated at a distance h < 2a_,, the overlapping
of the two counterion atmospheres becomes sig-
nificant and noticeable repulsion between the two
interfaces takes place. Values of a and a_, calculated
for different 1:1 clectrolyte concentrations are
given in Table1 (temperature 298K, e/o=
3.5-107" cm?). One sees that both @ and
a, decrease with increase of the electrolyte
concentration,



P.A. Kralchevsky, V.N. Paunov/Colloids Surfaces 64 (1992) 245-264

TABLE 1

The model parameters a and a_, and the model Debye lengths
of the double clectric layer as a function of electrolyte
concentration

T af{cm) a.fem) w7 M{em) wxpl{em) kg {cm)
(=< 10%) (x107) {=x108) (x107) {(x107)

0.01 5.04 8.22 541 2.58 3.04
0.02 4.64 6.14 532 1.95 2.15
0.03 4.39 5.16 5.26 1.64 1.75
0.04 4.20 4.55 318 1.45 1.52
0.05 4.04 4.13 5.10 1.31 1.36

T=298 K, A =3.5rm?, 1:1 clectrolyte.

Similarly to Eqn (3.2) one can write

n for O0<z<a

ndz)=({n for a<z<a, (3.8)

0 for I>ag
m=1, 2. We determine n'| and »} from the
equations

ny=n3(0),  ni=nb+p'/(Ze) (3.9

where n,(0) is the Poisson—Boltzmann subsurface
concentration of the co-ions. The first Eqn (3.9) is
a counterpart of Eqn (3.4), and the second Eqn (3.9)
expresses the balance of the electrical charge.

The other two parameters, nY and »n} we deter-
mine from the equations

= n, (“—2—“2) (3.10)

nh = nll + p"/(Ze) G.1D

The parameters f,, I, p{0), n,(0) and
n,[(a+ a,)/2] can be easily calculated from the
Poisson—Beltzmann ion distribution as described
in Appendix A.

At known ionic concentrations one can calculate
the Debve parameters k; and x;; for the respective
two regions

4nZ?e?

Ky =————(n} +n¥),

- 3.12
T Y=11I (3.12)
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In Table | their reciprocal values are compared
with a, a,, and with the Debye parameter

K% = ——:’;—'no (3.13)
for the bulk of the solution.

3.2 Thin liquid film

The overlapping of the two counterion atmo-
spheres in the thin film changes the distribution of
the ion species as compared with the case of single
interface considered above. The model stepwise
distribution of the charge density in a flat symmet-
rical film is sketched in Fig. 2.

for si2<|zl<a+s/2

H
p(z) = g (3.14)
p" for Izl < /2

The coordinate plane z=0 is placed in the middie
of the film for the sake of convenience. The width
of the subsurface layers is equal to a by definition.
However, the electrical charge densities ' and g"
in general differ from the respective densities p'
and p" in the cace of the single interface, compare

Figs 1 and 2. The thickness of the aqueous core
of the film is

h=5+2a 3.15)

o(z) §

Fig. 2. Sketch of the ion-charge distribution inside a thin liquid
film: the smoocth and stepwise profiles represent the Poisson-
Boltzmann and the idealized (model) charge density distribu-
tions, p{z) and p"(z).
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We determine §' and p" from the equations

k2 hi2

pz)dz= J p(z)dz,  p(h/2)=p(h/2)

o
<

(3.16)

which are counterparts of Eqns (3.3) and (3.4).
Equation (3.16) can be transformed to read

p'=p(h/2) (3.17)

where Eqn (3.14) and the electroneutrality condi-
tion are taken into account.

Similarly to Eqn (3.8), for the distribution of the
ion species inside the thin film, one can write

il for s2<|zl<a+s/2
n“‘(z)z{ " / (3.18)

i for |z} < 5/2

The model ionic concentrations A, and Al (m =
1, 2) are determined analogously to the case of a
single interface:

Ay=ny(h/2), iy =1k + pY(Ze) (3.19)
A = ny(s/4) (3.20)
=il + 5"/(Ze) (321)

(Compare with Eqns (3.9)-(3.11).)

Expressions for the parameters of the Poisson-
Boltzmann distribution p(h/2), n,(h/2) and n,(s/4)
are given in Appendix A.

Comparison of Figs 1 and 2 shows that the
stepwise model of the ionic distribution depicted
in Fig. 2 makes sense for

2a<h<2a, (3.22)

However, this is just the region of physical
interest. Indeed, for h > 2a_, the overlapping of the
two interfaces (and thus the film excess correlation
energy) is negligible. Besides, for h<2a special
effects due to the finite size of the ions become
significant, see for example Refs [4,32].

The Debye parameters &, and &, for the respec-
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tive regions inside the thin film are

Y=IL1I (3.23)

4. Excess correlation energy of a thin liquid film

For an clectrical charge located at r=rg,
Eqn(2.1) reads

4r
Vip—1rip=——qdlr=ro) 4.1

It is convenient to choose the coordinate system
in such a way that

ro=(0,0,{) 4.2)

where as usual the z-axis is perpendicular to the
film surfaces. It is convenient to apply a twe-
dimensional Fourier transformation:

€*L

1f .
Pk, 2)=(—2-7-[)—2 f I dx dy exp(—ik * r)o(r)

4.3)

where

r=(x, yz) and k=(k k, 0) (4.4)

In view of Eqns (4.2)-(4.4) the Fourier transform
of Eqn (4.1) reads

2
2w rrp=— Loz @)
where k? = k2 + k2.

The system of interest is sketched in Fig. 3. The
regions I, IT and III are the three homogeneous
zones inside the film shown in Fig. 2. (Note that
the regions I and I1I are similar.) The regions 1-1II
represent the diffuse part of the electric double
layer. The two narrow layers S1 and S2 represent
the Stern layers at the two film surfaces. The
regions IV and V are the two outer phases of the
same dielectric permittivity ¢, (in general ¢, #¢).
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2
81 v 20+s+WwW
o D2 Ra+s
10§ ST
€ I Ky
PO 1.
1« o
Si -y
v
A

Fig. 3. Sketch of the regions of uniform ion-charge density in
our model. Regions 1, 11, and III are the same as in Fig. 2;
regions 1V and V are two bulk phases adjacent to the film
surfaces; regions S1 and S2 represent the two Stern layers.

4.1 Correlation energy of region I

When the point r=r, is located in region I,
Eqn (4.5) reads

0%¢

SE-#e= -2o-0) (4.6)
where

A=k + R @7
(Compare with Eqn (3.23).) By using the variables
W= Az, E= AL E,=q/(2nel) (4.8)
one transforms Eqn (4.6) to read

0% ¢ .

2= 0="2E0w=0, 0<i<bh 4.9)

The solution of Eqn (4.9) for region I reads [33]
@'k, u) = B, exp(—u)+ B, exp u

—E, sgn(u—{)sinh(u—{),
O<u<b {4.10)
where B, and B, are constants, and the function

sgn(x) is the sign of x. Note that [34]

é
" sgn (x) = 28(x) @.11)

25t

Since r, belongs to region I, the right-hand side

of Eqn (4.5) is zero in region II and x =K, in this
region. Then one finds

@Mk, u) = A, exp(—au) + 4, exp au,

b<u<b+c 4.12)
where 4, and A, are constants and
=+ k%A%, b=da, c=is 4.13)

Similarly one can calculate the fluctuation poten-
tials in the remaining regions:

"Mk, u) = C, exp(—u)+ C, exp u,
b+c<u<2b+c “4.19)
oVk,u)=D exp(—tu), u>2b-+c+w (415
¢V(k,uy=D,exp(tu), u<-—-w 4.16)
¢Sk, u) = F, exp(—tu) + F, exp(u),

—Ww<u<0 4.17)
@52k, u) = G, exp(—1tu) + G, exp(tu),
2b+ce<u<2btc+w 4.18)
where C;, D;, F;, G; (i =1, 2) are constants,
t=k/4, W= 4w 4.19)

and w is the width of the Stern layer. The inte-
gration constants are to be determined from the
standard boundary conditions

Y1 Y2
¢¥'=¢¥? and €V ————a‘gu =¢¥? a——?u (4.20)

imposed at each boundary between two regions
Y1 and Y2. After some tedious but simple calcula-
tions one obtains

jd"(k, §)d{ = AE,[b/4* + H'(b, B, v)] @21
0
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where

aZ

b2 P,

H'(b, B, v)= {1=Bv+12(—1v—1)b
— 1+ pvlexp(—2b)} (4.22)

P, =141 +v)—(1=pF)1 —v)exp(—2D) (4.23)

v=cx:;z, ;z=:;;exp(—2ac),
=217 (4.24)
9-—-:;gexp(—2b), /3=:;Zr,
= CIZ exp (— 2kw) (4.25)

The variables 4, o, b, ¢ and 7 are defined by Eqns
(4.7), (4.13) and (4.19) as functions of k.

The inverse Fourier transformation of Eqn (4.21)
yields

a

fw'(rz, odr=1 f dk kJo(r2K)
0 0
a 1
x m-i-H (b, 3, v)
(4 26)
where
r,=(x, y, 0), ra =|r;| { )

and J, is a Bessel function. With the help of Refs
{35 and 36] one finds

( 1. g aexp(=yr;)
fso'(rz,c,)dc—;[———
0

[ s

+ .[ dk kJor: k)H'(b, B, v):l (4.28)

o)

At the limit s — oo (the upper film surface in
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Fig. 3 is replaced at infinity) the fluctuation poten-
tial ¢'(r2, (), tends to a function ¢! (r;, (), repre-
senting the fluctuation potential in region I of a
single electric double layer, see Fig. 1. In the same
limit £y — xy (Y =1, IT) and Eqn (4.28) transforms
into

e

a
wa',.(.vz, yd; = g[a_____exp: Kara)
o

7 !
+ j Ak kJ o(rs k) HB 1 By ¥ |
0

(4.29)
where
and
o= (7 R (4.30)

are the respective limiting values of b, f and v.
The excess fluctuation potential at ry =1(0,0, ()
due to the finite thickness of the film is

A¢'Q) = im [@'(r, )= @lolra, L2 (431)

Then from Eqns (4.28)-(4.29) and (4.31) one obtains
JAWL(C) d¢= qu{—(’C'I —w)a+ j‘ dk
0 0

x k[H'(b, f,v) — H'(bo, Ba. Vw)l}

(4.32)

where the subscript “m” refers to the mth ion
species, compare with Eqn (2.5). The excess correla-
tion internal energy per unit area of region I reads

a

Ao, = j dc[% S i Aw'm(f:)] (4.33)

4]
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{(Compare with Eqns {2.6) and (4.31).) Finally, the
combination of Eqns (2.3), (3.23), (4.31) and (4.33)
yields

i K .
Aulcor = éLT[kBT{—(KI — Kl)a

+ jdk k{H'(b, B,v)— H'(b,,, Bw> vw)]}
[¢]

4.34)

The integral in the right-hand side of Eqn (4.34) is
to be solved numerically. By using the relation
between internal and free energy (see Eqn (2.8)),
from Eqn (4.34) one derives

7 2 I dT T
Af:.:or= g_il[kBT{_ 5('21"“‘!)“'*' T J—z- J dk
]

[4]

x k[H'(b, B, v)_Hl(boo’ﬁinco}]} (4.35)

where Afl,, is the excess correlation free energy
per unit area of region 1. The functioz H' is given
by Eqns (4.22)-{4.23) above. The term proportional
io (K; — x;)a accounts for the contribution of the
usual Debye—Hiickel screening in a homogeneous
solution, whereas the integral term in Eqn (4.35)
accounts for bctn the image forces and solution
inhomogeneity (see also thce discussion in Sec-
tion 4.3 below). It is worthwhile noting that H!
depends on T through x; and &, see Eqns (3.12)
and (3.23), where the concentrations n!, and A,
(m=1, 2) must be kept constani during the inte-
gration with respect to T.

4.2 Cerrelation energy of region 11

In this case b < & < b + c. Instead of Eqns (4.10)
and (4.12) one has
¢k, u)= B, exp(—u) + B, exp (u), O<u<b
(4.36)

253
"k, u) = A, exp(—ou) + A, exp (au)

— E, sgn(u — ) sinh a(u — &),
b<u<b+c (4.37)
where
E,=E/a

Equations (4.14)-(4.18) also hold in the present
case. The integration coustants A;, B, C;, D;, F;
and G, (i=1, 2) can be determined from the bound-
ary conditions (Eqn (4.20)). The result of these
simple but tedious calculations reads

a+ts

J ¢"(k, £) AL = 2AE, [c/(2d)* + H"(c, o, x}]

a

{4.38)

where

H"%c, o, )= 625:,2{1 — 2 + [2oc(l — ) — 1 + #2]
x exp (— 2uc)} (4.39)

Py =o?[(1 + x)* — (1 — x)? exp (—2ac)] (4.40)

and the variables A, «, ¢ and x are defined by Eqns
(4.7), (4.13) and (4.24). By using the inverse Fourier
transformation one derives a counterpart of
Eqn (4.28) for region II:

ats

_ q| sexp(—Kurz)
j (fo“(rZ’C)dC—c[ ry

+ J dk kJo(ra K)H"(c, a, x)]
(¢]

(4.41)

Auv the limit s— oo the fluctuation potential
@"(r,, {) tends to a function @' (r,, {), representing
the fluctuation potential in region II of a single
electric double layer, see Fig. 1. In the same limit,
By=ky (Y=I1,1I). Then the integral over
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@' (r2, {) reads

ats

_4[ sexp(=xura)
j(p':o(rz,adc-([ -

+ Idk kJo(rzk)H"(cm, Xs Xco):l

0

(4.42)
where
Co=SRE+KE,  an =(5/c) /K + ki,
1 1-06
= — ® 4.4
X oe 1+ 6, @4)
18
= © —~2b 4.44

b, and B are given by Eqn(4.30). Similarly to
Eqn(4.31) one can define the excess fluctuation
potential at the point ry = (0, 0, {) in region II:

40"(Q) = lim [o"(r2, ) — 0% (r2, 0)] (445)
ra—
Then analogously to Eqn (4.34), by integrating

49" ({) one obtains the excess correlation internal
and free energies per unit area of region II:

~2
ki

n __
Aucor - 811'

kg T{"(':'n —Ky)s

+ I dk k[H"(c, o0, x) — H"(c.., 2, xw)]}

(4.46)

ki 2 . aod'I" r
A Llor= -S_I;kBT{_S(K"_K")S_*- T J‘}_Z' J\dk

T 0
x k[H"(c, o x)— H"c,, ax,xx)]} (4.47)

The function H" is defined by Eqns (4.39)-(4.40).
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Since region III is similar to region I (see Figs 2
and 3), the total excess internal and free energies
per unit area of the film are:

Af;:or = 2Af ICOI’ + Afclolr
(4.48)

Augy =24u  + Aul,

The derivative of Af,,, with respect to the film
thickness equals the ionic-correlation component
of the disjoining pressure:

ncor =—- [a(Aﬂ:or)/ah]T (449)

The numerical data (see Section 5 below) show
that both Af,,. and I, have negative sign, ie.
they correspond to attraction between the film
surfaces. Hence Af,, and I1,, are to be compared
with the respective contributions of the van der
Waals attractive forces [5,37]:

An Ay

T

Aﬁw=—m’ vw =

(4.50)

h,, is the equivalent water thickness of the film
accounting not only for the diffuse double layer
but also for the two Stern layers and the two
surface monolayers, see for example Ref. [38]. A
comparison shows that the ion-correlation effect
often exceeds in magnitude the effect of conven-
tional van der Waals forces (Section 5 below).

4.3 Effect of the image forces

The contribution of the image forces is automati-
cally incorporated in Eqns (4.35) and (4.47). To
visualize this consider the case when there is no
Stern layer: w=0. If such is the case, from
Eqn (4.25) one obtains

€—€
c+¢

Mlw=o=4d1, 44 (@.51)

Then Eqns (4.28)-(4.29) can be represented in the
form

a

aexp(—x a4 .
f oy, ) dl = ﬂ[—f‘——f’—) + ZKo(yr)
€ I 2
0
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+ j dk kJ o(r, k)LY(b, B, v)] (4.52)
L]

(4.48)
[a exp(—rrsz)

ra

o~

- e A
j@’w(rz,g)dg*: + 7‘1‘(0(&:1’2)
0

°‘-—~ﬁlf3

dk kJo(rzk)Ll(bstoos oo)]

{4.53)

where the integral terms are regular at r, — 0;
L'(b, B, v) = ——1———-——' -2

+[26(B— 1}{v—1)— 1 + Bv]

X exp (—2b)/P1} (4.54)

where P, is given by Eqn (4.23). K, is a modified
Bessel "unction which is logarithmically divergent
at r, — 0. Neveriheless, the excess fluctuation
potential, 4¢'({), turns out to be finite (see
Eqn (4.31)) and the expression for 4f%,,, Eqn (4.35),
is also regular:

Afcor Kl kB {— 5;‘(’31-1'{1)‘1— =
X In(&y/i))+ T j (;:C jdk

T 0

X k[Ll(b: ﬁ, \’) - Ll(baos ﬂma v:a)]}

for w=10 (4.55)

One can prove that the terms in Eqns (4.52),
which are divergent proportionally to (1/r,) and
In(r,), are due to the electric charge at the point
(0, 0, {) and its image at the point (0, 0, — ), respec-
tively. Then the first and second terms in the braces
in Eqn (4.55) can be attributed to the Debye screen-
ing and to the image forces, respectively. For a
film formed from aa aqueous solution ketween two
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air or oil phases 4, >0 and K,>x;. Then the
logarithmic term in Eqn(4.55) gives a negative
contribution to 4f' .. In other words, the image
forces lead to an effective attraction between the
film surfaces. However, ‘his is not the case for films
between conductors, as shown below.

When phases IV and V (see Fig. 3) are conduc-
tors of electricity, the boundary conditions at the
film surfaces are

Mumo=0¢"liz2n=0 (4.56)

i.e. one is dealing with a Dirichlet boundary prob-
lem. 4f_,. can be found in the same way as for a
film between dielectrics. That is why we skip the
details and give the final expressions for Af},, and
Af". in the case w= 0 (negligible Stern layer):

1
K)a+ =

ki 2.
Ajc.or 'kﬂ {—5("71“ )

T o]
xln(r&,/;«:,)—kTJ‘T—j‘
0

x k’:Dl(bs o, k) - Dl(bwﬁ 2 k) - G!(k)]}

Af -2| 1 - (]E K )S + 1 dk
cor = 8n 3 n " Tz
(3]

X k[D"(b, o, k) - D" (bccn XL k) - G"(k)]}

(4.58)
where
a?
E?
x exp (—2b)} {4.59)

D\(b, o, k) = (1—a+[1+a—4b(l—a)]
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O, =21 +a+(1 —ayexp(—2b)]} (4.60)
G'(k) = 2ai[tanh b — bjcosh? b]a*/(b* Q,) (4.61)
Q, = (1 + a tanh b)*> — (1 — 2% tanh? b)I (4.62)
I —atanhb
= A(b, a) exp (— 2xc), Alb, o) = T+ atanhb
(4.63)
DMb, o, k) = [1 — exp(—s/k* + K}
x A(b, 0)/(k* + E£E) (4.64)
DU (b, ey, k)=[1—exp(—s/k*+Ki)]
x A(b,,, 2., )/(k* + x{) (4.65)
1 Alb,
GM'(k) = m[ 20— exp(—ac)]
x [exp(—ac)+ g] — 2sg/ (i.cx)] (4.66)
g = A%(b, &) exp (—2xc) 4.67)

The total excess correlation energy is given again
by Egn (4.48). Tt is worthwhile noting that the term
proportional to In(#/x;) in Eqn(4.57) gives a
positive contribution to 4f,,,. Hence in the case
under consideration the image forces give rise to
effective repulsion between the film surfaces. In
spite of that Af,,, is still negative, but smaller in
magnitude compared with the case of film between
dielectrics (see Fie. 9 below).

5. Numerical data and discussion

The equations derived in the previous section
enable us to study the role of different facters on
the correlation excess free energy of the film, 4/,.
The latter is to be compared with the excess free
encrgies Af, and 4f,,, which are due to the
electrostatic and van der Waals interactions,
respectively. The total excess free energy Af per
unit area of the film is

Af= A.fcl + Af;'w + Afcor (5~])

4f is simply connected with the contact angle 6,

P.A. Kralchevsky, V.N. Paunov/Colloids Surfaces 64 (1592) 245-264

which is an experimentally measurable parameter
[28,39,401:

cos 6 =1 + Af/(26) (5.2)

where ¢ is the solution surface tension. The disjoin-
ing pressure

m=- (éﬂ) (5.3)
T

ch

is another quantity given by experiment, see for
examj o Refs [5,27 and 28]. Similarly to Eqn (5.1)
one can write

H=Hc!+nvw+ncor (5'4)

where 11, I1,,, and II_, are the electrostatic and
van der Waals and correlation components of
disjoining pressure; compare with Eqn (4.49).

To caiculate 47, in Eqn (5.1) we used the rigor-
ous formuia of Muller; see Eqn (A27) in Appen-
dix A. Af,,. was calculated by means of Eqn({4.48)
along with Eqns (4.22)-(4.25), (4.30), (4.35),
(4.39)-(4.40), (4.43)-(4.44) and (4.47); see Appen-
dix B for the algorithm of calculation. 4f,,, was
calcuiated by means of Eqn (4.50), where we used
the expression

h,=h+ Ah (5.9

where, as usual in this paper, /1 is the thickness of
the diffuse electric double layer inside the film,
whereas 4h accounts for the two surface layers.
For foam films stabilized with ionic surfactants,
Ah is very close to the equivalent water thickness
of the ultrathin Newton black films consisting
practically of two surfactant monolayers [28,39].
That is why in our numerical calculations we use
4h =4 nm, which is a quantity of the order of the
thickness of such ultrathin films.

In Fig. 4 the sum H_ + I, is plotted as a
function of h, calculated by means of our model
(the solid curve), and compared with results of
other authors for electrolyte concentration C =
0.002 mol 17! and area per unit surface charge
A = 0.6 nm?.(By unit charge here and subsequently
we understand the charge of the electron.) The
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100
1,105 . AR
EN/mil IR
ki
[
N Car = D002 mol/l
50 \ & =€, = 78,358
\ T = 208,15K
25 A= 0.6 nm?
00 ~
o y { 5 20

Fig. 4. Plot of (11, + I1.,,) vs film thickness h at 0,002 mol1-!
1:1 electrolyte concentration. Short dashed curve, I, =0;
solid curve, our model; long dashed curve, EPB theory [26);
the points (@) represent numerical results of HNC-closure.

algorithm of our calculations is described in
Appendix B. In particular, 11, is calculated by
means of Eqn (A28)—see the short-dashed curve
in Fig.4. The long-dashed curve represents
1, + I, calculated by means of the EPB theory
of Attard et al. [26]. The points represent numerical
data of Kjellander and Marcelja obtained by means
of HNC-closure; see Fig. 3 in Ref. [26]. A good
agreement between our model and the HNC data
is observed. This result confirms our suggestion
that the real smooth ionic charge distribution can
be replaced by a model stepwise distribution with-
out decreasing the accuracy of calculation of integ-
ral quantities like 4f,, and IT .

This conclusion is confirmed by the comparison
with other numerical data given in Ref. [26].
Namely, for concentration C,=0.1moll™}, 1:i
electrolyte, 4 = 5 nm? and h = S nm, the calculated
values of I,+1I, are the following:
096-10*Nm~2 from HNC, 1.09:10*Nm~2
from EPB and 1.01-10* Nm~2 from our theory.
The difference between HNC and our theory
is probably due to the effect of the finite ion
size, which is not taken into account either in
our theory, or in EPB. For comparison
M,=120+10*Nm™2

We also compared our approach with the theory
of Muller and Derjaguin [5,15]; see Fig.5. The
pronounced difference between the results of these
two theories is probably due to the very simplified
model used by Muller and Derjaguin,
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Fig. 5. Plot of I1.,, vs h calculated by means of our approach
{dashed curve) and by the theory of Muller and Derjaguin
[515] at C,;=001moll™! concentration of 1:1 electrolyte
and area per unit surface charge 4 = 3.5 nm?.

To study the effect of the outer-phase dielectric
permittivity, ¢,, on 4f,,, we varied ¢, between 0
and 78.4. As seen in Fig. 6 this variation does not
result in a considerable effect on Af,.. In particular,
the curves with ¢; =0 and ¢, =1 practically coin-
cide. Hence for foam films (¢, = 1) one can use the
Neumann boundary condition (¢, = 0, ¢ # 0); com-
pare with Eqn (4.20).

The effect of the width, w, of the Stern layers at
the two film surfaces, is examined in Fig. 7. 41,
is calculated for two different values of w: w=0
and w=0.3 nm. The curve with w = 0.6 nm is very
close to that corresponding to w=0.3 nm and
cannot be visualized in Fig. 7. In general, the effect
of Stern layer thickness w is more pronounced
than the effect of the outer-phase dielectric permit-
tivity; compare Figs 6 and 7. It is worthwhile
noting that the excess free energy 4f,,, is finite at
the limit w — 0. This is due to the exact cancellation

DMeor 000
{mN/m]
-0.0
£ = 78.
=784 Cet = 0.001 mol/1
-01e J A =1 nme
015 T = 208K
¢ =78.4
-0.20 w =02 nam
-025 ] =0
-0 30
o 5 10 5 20 2% 36

h [um]

Fig. 6. Excess correlation free energy Af.,, vs film thickness h
at different dielectric permittivities of the outer phase, ¢,.
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’
4
-030 L 4
3 4 5 6 ? 8 9 10
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Fig. 7. Excess correlation free cnergy Af.,, vs film thickness it
at different widths of the Stern layer, w.

—  ooop
: | e
~
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- :
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5 ! ---  Allcer
2 —os0 ¢
0 10 15
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Fig. 8. Isotherms of the correlation excess free energy, Af.,.

and internal energy Au.,, per unit arca of a thin film vs the
film thickness h.

of the two logarithmic divergencies due to the
image forces; see Section 4.3 above.

The plots of the free correlation energy Af_,. and
of the internal correlation energy Adu.,, vs film
thickness h are compared in Fig. 8. One sees that
under the same conditions du.,, is systematically
larger in magnitude than A4f_,.

Figure 9 shows that the magnitude of Af,, is
markedly larger in the case of gaseous outer phases
(the Neumann boundary problem: de/dz=0 at
the boundaries) compared with the case of metal
outer phases (the Dirichlet boundary problem:
@ =0 at the boundaries). This result is connected
with the fact that the contribution of the image
forces has opposite signs for the Dirichlet and
Neumann problems; see Section 4.2 above.

According to Eqgn(£.1) the total excess free
energy per unit area »f the thin film, A4f, is a
superposition of the contributions due to the
electrostatic, van der Waals and ionic-correlation
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AMeor ooor oo
[m8/m]) |  ee--mois
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Fig. 9. Correlation excess {ree energy Af,, vs the film thickness
# for two different boundary conditions: Dirichlet problem (film
between two electroconducting phases) and Neumann problem
(film between two gaseous phases).

interactions. The different components of 4f are
compared in Fig. 10 for the case of C,=
0.0l mol1~! 1:1 elcctrolyte concentration, area
per unit surface charge A=1nm?2, T=298K,
e=784,¢; =1,w=0.2nm. Af,, and 4f, are calcu-
lated from Eqgns (4.50) and (A27). Here and subse-
quently for calculating Af,, and I7,, we use the
Hamaker constant Ay=4.5-10"'3erg and
4h = 4 nrn, which are typical values for foam films.
(For emulsion films A4y, and hence 4f,,, and 7,
is less by one order of magnitude.) One sees in
Fig. 10 that |4f,,| turns out to be considerably
larger than j4f, .|, both of them corresponding to
attraction between the film surfaces. In spite of
that, the electrostatic repulsion is strong enough
to determine the positive sign of 4f in the range
of film thicknesses considered.

In Fig. 11 the role of the electrolyte concen-

E 1.50 5. (1) af

\ "

2 . (2) afe

— 100 ]

R (3) afvw

-

by

é 050 (4) &fcor

=1

12

£ ooo0 e —— = —

©n 3—" .-

@ -

;‘_ 4 -

=  _0.s50 —
] 5 10 15

l h [nm]

Fig. 10. The total excess free energy 4f and its electrostatic
(4f4), van der Waals (4f,) and ionic-correlation (4f,,)
components vs the fiim thickness h.
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Fig. 11. Dependence of (a) the excess correlation free energy 4f,,, and (b) the total disjoining pressure I7 on the film thickness h at
different electrolyte concentrations, C,,.

tration in the bulk solution, C,, is examined.
Figure 11(a) shows that the magnitude of the corre-
lation excess free energy Af;,, is larger for the lower
electrolyte concentration. However, the same is
true for the electrostatic free energy 4f,,. Since for
a 1:1 electrolyte Af,, exceeds |4f..l, the total
excess free energy 4f and the disjoining pressure
correspond to repulsion (Fig. 11(b)).

The situation changes considerably for a 2:2
electrolyte. As shown in Fig. 12(a), |I1,,,| is larger
for a 2:2 electrolyte than for a 1:1 electrolyte at
the same bulk concentration, C,;. Moreover, the
total disjoining pressure IT turns out to be negative
for a 2:2 electrolyte, whereas it is positive for a
1:1 electrolyte; see Fig. 12(b). Negative values of
IT have been also obtained by other authors [21]
with 2:2 electrolytes.

Figures 13(a)-13(b) illustrate how the magnitude
of the surface charge density, |o], affects the excess
free energy. As earlier, we use the area per unit

00
Meor » 1078
-05

[N/m?]

cleciroly\o

2.=8.7 nm

’
-15 / T=208K
22 4 K
e=784; =10
au=4.3nm / A=lum% w=0.2nm
/ C,, = 0.005 mol/]

’
electrolyte  «

-25
000 025 05¢ 075 100

(a) h(2ax)

surface charge, 4 =¢/|o|, as a measure for the
surface charge. One sees that in Fig. 13(a) the
greater the surface charge density (the smaller A4),
the greater the magnitude of the attractive correla-
tion free energy 4f,,,. However, the repulsive elec-
trostatic energy Af,, strongly increases with the
increase of the surface charge. So, it turns out that
the total free energy Af is repulsive and increases
with the increase of the surface charge density at
the same bulk concentration C, =0.01 mol1-! of
a 1:1 electrolyte; see Fig. 13(b).

The temperature enters the expression for the
ionic-correlation free energy Af,, both explicitly
and implicitly, through the dielectric permittivity
of the medium e. Figure 14 represents the plot of
Af.c vs h for two different temperatures. The
respective experimental values of ¢ are taken from
Ref. [41]. One sees that, in spite of the compara-
tively great temperature interval (40 K), the change
in 4f,, is not too large. At the end of this section

5.0

Mx 10 10 C, = 0.005 mol/1
A =tlom?
[N/m?] 30 T = 298K
20 £ = 0.4
1:1 electrolyte & = 1.0

10} .=8.7nm v = 0.2nm

2:2electrolyte 7
a.=4.3 nm

-20
000 025 050 075 100

(b) h/(2a-)

Fig. 12. Plots of (a) the ionic-correlation and (b) the total disjoining pressures, I, and IT vs the film thickness h for 1:1 and 2:2
clectrolytes at the same electrolyte concentration.
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Fig. 13. Plots of (a) the ionic correlation and (b) the total excess free energies, 4f,,, and Af, vs the film thickness h at different values
of the area per unit surface charge, A.

we recall that the algorithm for calculating the
excess free energy Af and disjoining pressure IT is
given in Appendix B.

6. Concluding remarks

Our aim in the present study is to calculate the
contribution Af,,, of the ionic correlations to the
excess free energy per unit area of thin liquid films
formed from elcctrolyte solutions. From the expres-
sion for Af,, one can easily calculate the ionic-
correlation contributions to the disjoining pressure
and contact angle; sece Eqns (4.49) and (5.1)-(5.2).
Af.. accounts for the following effects:

(i) energy of formation of Debye counterion
atmosphere around each ion in the film;

(i) energy of deformation of the counterion
atmosphere due to the image forces, i.c. to the fact
that unlike a bulk solution, the film interior is not
an isotropic uniform phase;

{iii) energy of the long-range correlations

Ry

Meor
-0 Cor = 0.005 mol /1
[N/ ] A =1lnm®
=10

-0

w =2 nm

—=— T=283K . =818

T=323K. ¢ = 69.70

0 5 10 14 20
hlnm]

Fig. 14. Plot of the ionic-correlation free energy Af,,, vs the
film thickness k at two different temperatures.

between charge density fluctuations in the two
opposite electric double layers.

The above three effects can be related to the
three terms in the right-hand side of Eqn (4.55).

The method we used to calculate Af,, is an
extension of the Debye-Hiickel method based on
Eqn{2.1). Utilizing the fact that Af,, represents
the integral of the bulk density of the correlation
free energy along the transversal to the film sur-
faces, we used a stepwise model ion-charge distribu-
tion inside the film; see Fig. 2. The stepwise model
profile is equivalent to the continuous Poisson-—
Boltzmann charge density distribution with respect
to several integral characteristics (Eqn(3.3)). By
solving Eqn (2.1} for each uniform region of the
model charge density profile, along with appro-
priate boundary conditions, we arrived at compar-
atively simple expressions for the excess correlation
internal and free energies du,,, and Af,,; see Eqns
(4.34)-(4.35) and (4.46)—(4.45). Numerically these
expressions turn out to be closer to the HNC-data
of Kjellander and Maréelja than to the EPB theory
of Attard et al. [26], who have used the continuous
Poisson—-Boltzmann charge distribution at the cost
of much more complicated mathematics; cf. Fig. 4.

The expressions derived were then applied to
examine the effect of different factors on Af,,, and
fT.,.. The main conclusions are the following.

(1) When the two outer phases are dielectrics of
permittivity ¢,, the variation of ¢, between 0 and
80 does not affect Af,,, significantly; see Fig. 6.

{2) When the outer phases are metals or conduc-
tors, 4f.. is considerably smaller than in the case
of dielectrics; see Fig. 9.
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(3) The increase of the width, w, of the Stern
layer between 0 and 3 A can change 4f,,, up to
5-10%; see Fig. 7. Further increase of w does not
cause appreciable changes in Af,,.

{4) In all cases examined Af,, is negative and
corresponds to attraction, which in many cases
exceeds the van der Waals attraction; see Fig, 10.

(5) The increase of electrolyte concentration
decreases the magnitude of Af,,, (Fig. 11(a)).

(6) In the case of a 2:2 electrolyte the attractive
forces can prevail and the total free energy Af and
disjoining pressure can be negative (Fig. 12).

(7) The increase of surface charge density
increases the magnitude of Af,, (Fig. 13).

(8) The increase of temperature leads to a slight
increase of |Af.}, (Fig. 14).

It should be noted that all these conclusions are
valid for film thicknesses much greater than the
ion diameter, because we used the concept for
point ions,

In conclusion, the effect of ionic correlations
vields an important contribution to the balance of
different surface forces in thin liquid films. This
effect gives rise to an attractive force, which can
be comparable with, or even considerably greater
than, the van der Waals attraction.
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Appendix A: Equilibrium distribution of the charge
density

Our aim is to specify the expressions for calcu-
lating some parameters of our model, which are
connected with the ion density distribution. First
we will briefly consider the case of the electric
double layer, and then we will pay some attention
to a medified version of the Poisson-Boltzmann
theory of the thin liquid film.

Electric double layer

The parameters I,, I,, p(0) and n,(0) can be
calculated from the electrostatic potential ¥(z).

The latter satisfies the Poisson-Boltzmann
equation

d?y ZeV

E;Z—=Nésinhn//, dl:Eg—T (A1)

where x, is given by Eqn(3.13). The boundary
conditions are

limy =0 and lim(dy/dz)=0 for z-
(A2)

From (A1)-(A2) we derive (see e.g. Ref. [6]):

d ,
Elé = — 2K sinh (¥/2) (A3)

P.A. Kraichevsky, V.N. Paunov/Colloids Surfaces 64 (1992) 245-264

¥(z) =4 arctanh [tanh (¥, /4) exp(— ko 2)] (Ad)

where . is the surface potential (at z=0). From

the electroneutrality condition (the second
Eqn (3.1)) one obtains [6]

4nZec
(d'/’/dz):=0 = Kgy Kg=— (kBT (AS)

The combination of Eqns (A3) and (AS) yields

Y, = — 2 arcsinh [x,/(2x,)] (A6)
According to the Boltzmann equation

np(z) = noexp L(=-1)"¥(2)],
From Eqns (3.1) and (1.7) one obtains

p(2) = — 2Zeng sinh Y(z) (A8)

m=1,2 (A7)

The integrals I, and I, are calculated numeri-
cally by substituting from Eqns (A4), (A6) and (A8)
into Eqn(3.3). n[(a+a.)/2] is calculated from
Eqns (A4), (A6) and (A7) by setting z=(a + a,)/2.
Finally, from Eqns (A7) and (A8) one obtains

n2(0) = ngexp Y (A9)
p(0)= —2Zenysinh ¢, (Al0)
Thin liquid film

Let us choose the plane z=10 to be located in
the middle of the film, as shown in Fig. 2. In
contrast with the conventional DLVO theory (see
e.g. Refs [2 and 5]) we choose the potential to be
zero in the middle of the film: ¢ =0 for z=0. (As
demonstrated below, this choice leads to simpler
analytical expressions.) Then according to the
Boltzmann equation, the ion concentrations read

Nm(2) = Mo €Xp L(—~1)"¥(2)],

where n,, and n,, are the concentrations of the
counterions and co-ions at the middie of the film.
Since the solution inside the film is supposed to
be in electrochemical (Donnan) equilibrium with
the bulk solution outside the film, one can write

m=1,2 (All)

fiohzo = N3 (A12)



P.A. Kralchevsky, V.N. Paunov/Colloids Surfaces 64 (1992) 245-264

or alternatively

1/2

N = ho/m''3, Ny = ngm'/? (A13)

where by definition
m=ny[Nyo (Al4)

In these notations the Poisson-Boltzmann equa-
tion reads

dz KZ

e Btewew-mapy)]  (@19)
The boundary conditions are

Yy=0 and dy/dz=0 for z= (Al6)
The electroneutrality condition yields

(Y /dz).=p2 = — &, (A17)

(see Fig. 2 and Eqn(AS)). The first integration of
Eqn (A1S5) along with Eqn (A16) yields

Ly _ Ko

y dz = m1/4 [y_ 1 +m(1/y_ l)]llz (AIS)
where by definition
y=exp(—y) (A19)

On integrating Eqn (A18) one obtains

2 . y— 1 2
z(y) = —m* F(y|m), y=arcsm( )
Ko y—m

(A20)

where F(y|m) is an elliptic integral of the first kind
[42]
’
F(ylm)zf(l —msin?0)~ 42 d6 (A21)
4]
We calculated F(y|m) by using the convenient
method of the arithmetic-geometric mean; see

Eqn (17.6.9) in Ref. [42]. At the film surface z = /2,
y =y, and Eqn (A20) yields

4 . —1 1/2
h(m)= —m'*F(y,|m),  y,=arcsin (&—)
Ko yo—m

(A22)
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An equation for determining y, can be derived
from Eqns (A17)-(A19):

p2m1/2 =Yg = 1 +m(l/ys_ l),

p=1K;/Ko|
(A23)

From Eqn (A23) one obtains
yo=3p'm" 2 +m+1
+[(p?>m'’2 + m + 1)* — 4m]*/?} (A24)

Note that Eqns (A22) and (A24) represent h as an
explicit function of m. The parameters

ny(h/2) = nom'2/y,

and

o m'?
p(h/2)=Zen, (’,;if‘z - T) (A25)
are also explicit functions of m. To find the last
parameter, n,(s/4), from Eqn{A20) we first deter-
mine y as a function of z and then set z = s/4:

4] s/ ° 1 — msn?(x,|m)

(A26)

where x, = Kk(s/8 and sn(x,|m) is the elliptic sine
of Jacobi, see e.g. Ref. [42].

To calculate the electrostatic excess free energy
per unit area of the film we used the rigorous
expression due to Muller {43]; see also Ref. [5]:

AJ‘;I W - I'Idh + 4"0’(8 TI/KO (A27)
where
Oy = nokg T[m* — m~ 1472 (A28)

is the electrostatic component of the disjoining
pressure and

Eo+(EF+ 1)
Eo+(EL + 1)

I=4(EL+ )2 -4 44|, |In

2
§

s— &2 2
-2 j[s(s-{«l)] ds (A29)

&
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where

¢m=—sinh (¥, /2), ¢, = —sinh (Y, /2),

¢o = —sinh (Y /2) (A30)
Y= 1 Inm, i}y, = — 2 arcsinh (p/2),
l//0=|//m—1n Vs (A3l)

and y, is given by Eqn(A24). The integral in the
right-hand side of Eqn{A29) we calculated
numerically.

The algorithm of our computer calculations is
given in Appendix B below.

Appendix B: Algoerithm for calculating the film
excess free energy and the disjoining pressure

Since the number of parameters and equations
in this work turned out to be large, we propose
below an algorithm for calculating the excess free
energy per unit area of the film 4f and the
disjoining pressure I7.

1. Input parameters: area per unit surfacc charge
A (cm?), bulk electrolyte concentration n, (cm ~3),
number of charges per ion Z, temperature T (K),
dielectric permittivities ¢ and ¢,, width of the Stern
layer w (cm).

2. Calculation of k; from Eqn (3.13), k. from
Eqn (AS), ¥, from Eqn (A6), p from Eqn (A23) and
6=+e/A (e=4803-10"'° CGSE units); the sign
of o depends on whether the s rface is positively
or negatively charged.

3. The integrals I, and I, are calculated by
numerical integration from Eqns (A4), (A6), (A8)
and (3.3).

4. Calculation of n,(0) from Eqn (A9), p(0) from
Eqn (A10); a, a.,, p' and p" from Eqns (3.5)-(3.7);
ny and nY from Eqn (3.9); n| and nY from Eqns
(3.10)—(3.11); x; and xy; from Eqn (3.12).

5. n[(a+ay,)/2] is calculated by setting
z=(a+a,)/2 in Eqn (A7) and by using Eqns (A4)
and (A6).

6. Some value of the parameter m is input. Each
value of m corresponds to a value of the film
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thickness h (see point 7) 0<m<1,0<h< o0. By
varying m one can calculate the dependence of Af
and I7 on the film thickness h.

7. y. is calculated from Eqn (A24), 7, and the
film thickness k from Egn (A22).

8. n,(s/4) is caiculated by means of Eqgn (A26);
to calculate sn(xy|m) we used Eqn(16.4.4) in
Ref. [42].

9. ny(h/2) and p(h/2) are calculated from
Eqn (A25); #Y and #¥ from Eqgns (3.18)-(3.21) and
Ky from Eqn (3.23); Y =1, IL

10. 4ut,, and Af!,, are calculated from Eqgns
(4.34)-(4.35). The integrals with respect to kand T
are calculated numerically. For each value of k
one determines £, &, b, ¢ and 7 from Egns (4.7),
(4.13)and (4.19); then H'(b, B, v)and H'(b,,, B, V)
are calculated from Eqns (4.22)-(4.25) and (4.30).
When w=0 one can use Eqn (4.55) instead of
Eqn (4.35).

10¥. When the film is formed between two
electro-conductors (Dirichlet problem) we use Eqns
(4.57)-(4.67) to calculate Af_,,.

11. Au, and AfY_ are calculated from Eqns
(4.46)—(4.47). The integral term is calculated numer-
ically. For each value of k one determines 4, o, b,
¢, T and § from Eqns (4.7), (4.13) and (4.19). The
function H*(c, %, 2) and H"(c,,, «,, A.,) are calcu-
lated from Egns (4.39)-(4.40).

12. The excess free energy due to ionig correla-
tions is determined by using Eqn (4.48).

13. The excess free energy due to the van der
Waals forces, Af,, is calculated from Eqn (4.50)
with h,, given by Eqgn (5.5).

14. The excess free energy due to the electrostatic
forces, Af,, is calculated from Egn (A27) along
with Eqns (A28)-(A31).

15. The total excess free energy, 4f, at a given
film thickness h is calculated from Eqn(5.1). By
varying the parameter m (point 6 above) with a
given step, one calculates 4f'= 4 (), h = h{(m) and
then one can draw the plot of 4f vs h.

16. The disjoining pressure isotherm II(h) is
calculated in accordance with Eqn (5.3) by numeri-
cal differentiation of the plot of Af vs h.



