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The disjoining pressure approach for describing a thin liquid film as a liquid layer of finite and variable
thickness is applied to dynamic curved films. The results, which are obtained without making any as-
sumptions about the form of the real stress tensor, are applicable to films with both uniform and uneven
thickness. The surface stress tensors of the film surfaces are expressed by integrals over the components
of the bulk stress tensor. The balances of the linear and angular momenta at the film surfaces are derived
from the respective balances in the bulk phases. The results show that a vectorial disjoining pressure, II,
must be included in these balances. It can be represented as a sum of static and dynamic parts each
having normal and tangential components about the reference surface of the film. It is shown how the
derived general equations(which serveasboundary conditions forthe three-dimensional dynamic problem )
simplify for some specific cases and how they are connected with the respective equations derived previously

by other authors. © 1990 Academic Press, Inc.

1. INTRODUCTION

As pointed out in some previous studies on
thin films (1-3), a curved thin liquid film can
be represented by means of a membrane of
zero thickness with its own (film) tension .
This model is sometimes called “‘the mem-
brane model.” On the other hand the film can
be represented also as a homogeneous bulk
phase of finite thickness /; this is the “detailed
model” of the film. The most essential feature
of this model is that instead of a single mem-
brane tension (as in the membrane approach),
the mechanical state of the system is charac-
terized by two surface tensions (corresponding
to the two surfaces of the film) and by an ad-
ditional (disjoining) pressure inside the film.
The disjoining pressure was first measured by
Derjaguin and Kussakov (4) in experiments
with solid plates. Thermodynamic definition
of the film surface tensions was given by Ru-
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sanov (1) and a hydrostatic definition for flat
films by Toshev and Ivanov (5). A compre-
hensive review can be found in Refs. (6-9).

In general, the film surface tensions differ
from the interfacial tensions between the re-
spective bulk phases. Moreover, when the film
surfaces are not parallel, the film surface ten-
sions and the disjoining pressure depend also
on the position at the film surface (10, 11).

It is important to note that two variants of
the detailed film model can be distinguished
in the literature (12, 13). In the first variant,
called “the body force approach,” the inter-
action between the film surfaces is accounted
for by introducing an additional “body force”
term in the Navier-Stokes equation. In the
second variant the interaction between the
surfaces of the film is incorporated into the
boundary conditions of the usual Navier—
Stokes equation. This last approach, which is
called “the disjoining pressure approach,” is
followed in the present paper.
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The purpose of this paper is to extend the
digjoining pressure approach to the general
case of dynamical (draining ) films with curved
nonparallel surfaces. As in the previous part
of the present series, all macroscopic relations
at the film surfaces are derived from the re-
spective relations in the bulk phases and thus
explicit expressions for the film excess param-
eters are obtained. Since the film surface ten-
sions and the disjoining pressure are the most
specific and important effects in this case, we
have simplified the treatment by neglecting the
inertial terms (low Reynolds’ number) when
deriving the balances of the linear and angular
momenta at the film surfaces.

It is expedient to illustrate first the basic
ideas with the example of a static spherical
thin liquid film (for more details see Ref.
(14)). In the membrane model this film is
considered as a single membrane of radius ry,
which intervenes between the two bulk phases
(I) and (II). For example, ry can be the radius
of the surface of tension (see Ref. (9)). Alter-
natively, in the detailed model one introduces
an idealized system consisting of the bulk
phase (1) with pressure P! (lying within ry
< r < F), bulk phase (II) with pressure P"
(within 7 < r < ry) and a reference phase (R)
with pressure PR (within 7 < r < #) (Fig. 1).
The film 1s therefore represented as a spherical
layer of the phase (R) of thickness # = 7 — .
The spheres of radii 7 and 7 are called “film
surfaces”. (Note that 7 < rg < 7.)

The nonisotropic pressure tensor in the real
interfacial region can be expressed (15, 16) as

P = Pyee, + Pr(ee, + ege;), [1.1]
with e,, ey, and e, being the unit vectors of the
local basis in spherical coordinates. Then one
can define the surface tensions & of the upper
film surface and ¢ of the lower film surface by
using the following procedure. (i) The spheres
of initially arbitrary radii » = Fand r = 7 (¥
< 7) are the Gibbs dividing surfaces. They are
situated on either side of the surface of tension
(in the membrane model) of radius 7y, which
is now called the “reference surface.” (ii) An
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FiG. 1. Scheme of a spherical film, represented as a
layer of the phase R with thickness /2 = 7 — 7. The vertical
line represents the section of the imaginary strip used to
define the surface tension & of the upper film surface at r
= F(see text).

imaginary sectorial strip, which has infinites-
imal width but macroscopic length, r; — rg, 1s
located orthogonally to the upper Gibbs di-
viding surface (see Fig. 1); a similar strip of
length ry — ryis orthogonal to the lower surface.
(1i1) The conditions for equivalence between
the real and the idealized systems with respect
to the total force and force moment acting on
the sectorial strips determine the radii of the
film surfaces and the surface tensions; for the
upper film surface these are (14)

moo_
of = (P — Py)rdr,

o

mo_
&f2=f (P — Pr)ridr,

0

[1.2]

where

P = P07 — r)+ PRIO(r — F) — 6(r — 7]

+ P%(r — 7, [1.3]
with
f(x)=0 for x<0,
=1 for x>0, [1.4]

is the pressure in the idealized system. The
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same procedure, applied to the lower film sur-
face with radius r = r, yields

or = "’ (P — Py)rdr,
‘[‘ [1.5]

ro
or’ = f (P — Pr)ridr.
n

The radii 7 and 7, thus introduced, define the
surfaces of tension for the two interfaces be-
tween the film and the adjacent phases (I) and
(II). It should be noted that the four quantities
o, 6, 7, and 7 depend on the reference pressure
PR That is why to different choices of PR cor-
respond different model systems. When the
film is in contact with a bulk liquid it is con-
venient to use the pressure in the liquid as a
reference pressure PR (see, e.g., Ref. (11)).
The dependence of the film surface tensions
on the choice of P® was discussed in Ref. (9).

Since we consider now a static system, the
condition for mechanical equilibrium in the
real system is V-P = 0. In view of Eq. [1.1]
this condition takes the form (15, 16)

d(l’zPN) _

IR [1.6]

The integration of Eq. [1.6] vields
0
r%PN(rO)—r%PI=2f PTrdr. [17]
n

Here we have made use of the fact that the
distance ry, — 7y is large enough so that Py(7;)
= P similarly P"(ry) = P". Having in mind
Eq. [1.3] one can eliminate r7 P! between Eq.
[1.7] and the first of Eqgs. [1.5]. The result
reads (14)

2 _

2

r
P — PR — [ Px(ry) — PR] rf‘z’ . [1.8]
For the upper film surface one analogously
derives

5

-
== PR = P4 [Pa(ro) — PRl 5.

[1.9]
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The quantity

II = Pu(ro) — PR [1.10]

appearing in both Eqgs. [1.9] and [1.10] was
termed in Ref. (14) the disjoining pressure of
the spherical film. According to this definition
the disjoining pressure II is connected with
the total pressure tensor P and therefore II
accounts for all kinds of interactions in the
film: van der Waals forces, electrostatic forces,
etc. Eq. [1.10] shows that I1 can be calculated
from the value of Py on the reference surface
r = ry; note that Py(79) can be expressed
through integrals over the intermolecular po-
tentials and the pair correlation functions (see,
e.g., Eqs. [34.6]-[34.8] in Ref. (16)). It is
worth noting that the disjoining pressure ap-
pears because the component Py of the pres-
sure tensor at the reference surface in the real
system is different from the pressure PR in the
idealized system. Such a term does not appear
in the membrane model, because then the
limits of integration are always taken to be in
the bulk phases, where the pressures in the
real and the idealized systems are the same
(see, c.g., Ref. (16)). The disjoining pressure
term can be eliminated if one chooses PR
= Pn(ry) but such a choice has many incon-
veniences (9).

Since the disjoining pressure acts normally
to the reference surface, one can write a vec-
torial version of Eq. [1.10]:

I=n-(P—PU)|,p [LI]

where U is the three-dimensional idemfactor
and n is an outer unit normal to the reference
surface.

The substitution of Eq. [1.10] in Eqs. [1.8]
and [1.9] leads to

2—57=P‘—PR—II£_§,

r r

2~ 2

7f=PR—P“+nf~§. [1.12]
¥

These two equations can be interpreted as
normal force balances at the two film surfaces.
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Indeed, imagine a surface element of area A4
on the reference surface r = ry. The orthogonal
projection of this element onto the film surface
r =17 (orr=F)is of area AA/*/r (or
A A7/ r3). The disjoining pressure, II, as de-
fined by Eq. [1.10], can be interpreted as an
excess force per unit area acting on the refer-
ence surface. The terms IIr3/#? and Wr3/7?
in Egs. [1.12] are the orthogonal projections
of this force on the film surfaces r = ¥ and r
= 7, respectively.

The first Eq. [1.12] shows that the pressure
drop P! — PR across the lower film surface and
the interaction between the film surfaces is ac-
counted for by two terms: the curvature term
20 /7 (in which the surface tension o, because
of the interaction between the film surfaces,
will be different from the surface tension of a
drop of the same radius) and the disjoining
pressure term 11r3/7°. Analogous interpreta-
tion holds for the second Eq. [1.12].

In the above, we chose the surface of tension
of the film, r = ry, as a reference surface. How-
ever, in the general case the role of reference
surface could be played by any spherical sur-
face lying inside the film region. Hence, the
disjoining pressure depends both on the choice
of the reference pressure PR and on the choice
of the reference surface. However, once the
choice of the idealized system has been made,
II has a well-defined value for any given phys-
ical state of the real system.

We will show below that a vectorial defi-
nition of the disjoining pressure, as in Eq.
[1.11], is valid not only for a spherical film,
but for any film of arbitrary curvature. Al-
though mathematically the treatment of an
arbitrarily curved film is much more compli-
cated, the basic ideas are the same as outlined
above for a spherical film. In the next section
we will derive expressions for the excess stress
tensor at the film surfaces. In Section 3 the
surface momentum balances are derived. The
linear momentum balances, Eqs. [3.16] and
[3.17], which connect the surface and bulk
stress tensors and the vectorial disjoining
pressure, are general boundary conditions for
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the solutions of the equations of fluid motion.
The angular momentum balance defines the
positions of the film surfaces. In the last section
the physical meaning of some results is dis-
cussed and several simplified forms of the
general surface momentum balance equations
are obtained.

2. SURFACE TENSIONS OF A DYNAMIC
CURVED FILM

Let us consider a dynamic curved thin lig-
uid film of variable thickness situated between
two fluid phases (1) and (IT). We suppose that
the total stress tensor, T(r), and the density
distribution p(r) are known and are contin-
uous functions throughout the real system. For
example, they can be calculated by means of
the methods of statistical mechanics (see, e.g.,
Ref. (16)). As in the analysis of single inter-
faces (9) the total stress tensor T is supposed
to be a symmetric tensor, which can be rep-
resented as superposition of the pressure tensor
P and the tensor of viscous stresses Q:

T=-P+Q. [2.1]

Let us now introduce an idealized system
in which the film is considered as a layer from
the reference phase (R ) enclosed between two
curved dividing surfaces, which represent the
surfaces of the film. In other words, the de-
tailed model is used. The three phases (I), (II),
and (R) of the idealized system preserve their
bulk properties up to the dividing surfaces.

In order to give mathematical description
of the system let us choose a reference surface
located somewhere inside the film; for example
the surface of tension of the film can serve as
a reference surface. Then let (u!, u?) be cur-
vilinear coordinates at the reference surface,
let R(u', u?) be its running radius vector, and
let n(u', u?) be the running normal to the
reference surface. One can introduce curvilin-
ear coordinates (u', u% \) in the space by
means of the equation (17, 19)

r(u', u? \)

= R(u', u?) + An(u', u?), [2.2]
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where r is the radius vector of an arbitrary
point in the space and A is the distance from
this point to the reference surface. Further, let
the equations of the dividing surfaces for the
film be

A={u',u?) and A= {u', u?); [2.3]
here and hereafter the symbols “~ and “™”
denote quantities referring respectively to the
lower and the upper film surface (Fig. 2). Since
there are three separate model bulk phases in
the idealized system one can express the mass
density profile, p, and the stress tensor, T, there
as follows:

pl! for M <A<§,
p=19 p® for {<r<§,
o for <A<,

HIG. 2. A sectorial strip associated with a length element
dl in the reference surface. d7 and d[ are the common
length elements of the sectorial strip with dividing surfaces
representing the lower and the upper film surfaces. n, i,
fiand », 7, ¥ are unit normals to the corresponding surfaces
or line elements.
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T! for M <A<,
T={ TR for (<A< [24]
TY for (<A<,

where the superscripts refer to the respective
bulk phases. Instead of Eq. [2.1] in the ideal-
ized system one has

TV =-P'+Q% Y=LILR, [25]

where the pressure tensors P are isotropic:
PY=P'U, Y=L1ILR. [2.6]

The curvilinear coordinates (#', #?) on the
reference surface along with Egs. [2.2] and
[2.3] generate curvilinear coordinates on the
film surfaces:

R =r(u', u? qu', u?)),
R =r(u', u? qu', u?). [2.7]

Here R and R are the running radius vectors
of the two film surfaces. The respective surface
basic vectors are

Lo ROk
o auai o aua9

In order to make up for the differences be-
tween the stresses in the real and in the ideal-
ized systems one must introduce surface stress
tensors 7 and 7 at the surfaces of the film. If
dl is a length element on the upper dividing
surface and 7 is the unit normal to d/( is also
tangential to the upper dividing surface),
»-7dl is the force exerted on the element
dl. The vector #- 7 could have nonzero pro-
jection along the normal it to the upper film
surface. This means that the matrix of 7 in the
local basis formed by the vectors a,;, 4,, and
it reads

a=1,2. [2.8]

T Ti2 7~'13
(B)=\|7u T T2 [2.9]
0 0 O
with
;aﬂ:ﬁa ;"ﬁﬁ,
T3 =4, 70, o f=12. [2.10]
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In other words, if

Uy = U — i [2.11]

is the idemfactor at the upper film surface, then

ii=0, Upi=i  [212]
Of course, analogous relationships hold for the
lower film surface.

Let us consider an elementary arc d/ on the
reference surface and let A4, be the corre-
sponding sectorial strip normat to the reference
surface (see Fig. 2). It was proven by Eliassen
(17) that the vectorial surface element ds of
a sectorial strip can be expressed as

ds = v Ldld\,
L=(1—-2\H)Uy + b, [2.13]
where Uy, b = —Vyn, and H are respectively

the idemfactor, the curvature tensor, and the
mean curvature of the reference surface. The
condition for equivalence between the real and
the idealized systems with respect to the force
acting on the sectorial strip, applied to the
lower (A; < A < 0) and to the upper (0 < A
< \,) parts of the system separately, provides
the following equations (cf. Fig. 2):
0
dlv-7=dlv- | d\L-(T-T),

AL

[2.14]

Ao _
dia-i=dly-f A\L-(T —T); [2.15]
0

here d(d[) is the common arc of the lower
(upper) film surface and the sectorial strip,
and » () is the normal to this arc lying in the
respective film surface. Eqs. [2.14] and [2.15]
are the conditions for equivalence by force be-
tween the real and the idealized systems.

The conditions for equivalence between the
real and the idealized systems with respect to
the force moments acting on the sectorial strip,
applied to the lower and to the upper parts of
the system separately, provides two more
equations:
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dlv-7 X R
0 —
=dlp-| dAL-(T-T)Xr, [2.16]
A1
dly-7 X R
A2 _
= dly- dANL-(T—T)Xxr, [2.17]
0

In order to obtain from Egs. [2.14] and
[2.15] explicit expressions for 7 and 7 we need
some additional mathematical formulae. We
will consider first the upper film surface. By
means of the known relations (17, 18)

_OR on

= — — 2.18
T3 ue [ |

= "aﬁbg

one obtains from Egs. [2.2],[2.7], and [2.8]
i, = 2485 — {(b%)y+nf,, [2.19]

where ag (8 = 1, 2) are the vectors of the co-
variant surface basis on the reference surface
and b are the (mixed) components of the
curvature tensor b. Then the covariant com-
ponents of the metric tensor of the upper film
surface are

ﬁa. ﬁﬁ = (l - EZK)aaﬂ
=281 = {H)bog + $uls-

Here we used the equation of Gauss: b,,b}
= 2Hb,s — Ka,g with a,5 and K being the co-
variant metric tensor and the Gaussian cur-
vature of the reference surface (see, e.g., Ref.
(18)). The antisymmetric e-objects are defined
in the following way ( 18):

dag

[2.20]

e = ep=0, er=—e; =1

ell=e2 =0 2= _g2

Then the determinants of the metric tensors
Aqp and 4,z are

a=1e"e®a.4a.;,

a=5e"e™,40,. [2.21]
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From Eqgs. [2.20] and [2.21] one easily obtains
== () + {101 - 20H)* - PKla?

+ 2801 = SHYb*} {8, [2.22]
where

X(\)=1-—2\H + N*K. [2.23]

The standard definitions of the surface alter-
nators are (18)

€ap8 = vaeaﬁ: Eaﬁ = Vgeaﬂ’

af af
afl € ~of — €

€ ———\/z, € 7;:

One can show that the contravariant com-
ponents of the metric tensor at the upper film
surface are

[2.24]

4% = TG,

= 2{101 - 261)? - K

1281 — EHD* + e 8,81, [2.25]

Then the contravariant basis at the upper film
surface can be easily determined from the

equation
A% = 4°%,. [2.26]

Since du®/dl are the components of the unit
tangent to the arc d/ in the reference surface,
one can write

B

vdl = a%v,dl = a%e, Eld-ul_ dl

= a%,qdu’ [2.27]
and similarly
pdl = 4% ,pdu® = (d/a)' 2%, pdu’; [2.28]

at the last step we used Eq. [2.24]. The sub-
stitution of Eqs. [2.27] and [2.28] in Eq.
[2.15], in view of the arbitrariness of d/, leads
to

A _
i 7= (a/@)a [ LT 1T),
[2.29]
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Moreover, it is known (17) that Uy = 4,,4°4°.
Then having in mind Eq. [2.12] one finally
obtains

A2
= [Caia-T),  [230)
0

where
L = (a/3) a6 -L; [2.31]

(cf. also Egs. [2.13], [2.20], [2.22], and
[2.26]). For the lower film surface one simi-
larly derives

0

=] dAL-(T-T), [2.32]
A

(X3t 2]

where L is given by Eq. [2.30] wit instead
of “7”.

Equations [2.30] and [2.32] are the defi-
nitions of the tensors of the film surface stresses
7 and 7. They have similar form to the defi-
nition of the film (interfacial) stress tensor 7
in the membrane model (see e.g. Eq. [3.24]
in Part I). In view of Egs. [2.1} and [2.5] 7
and 7 can be represented as sums of an elastic
(¢ or ) and a viscous (7" or 7)) part:

r=c+1V, 1=5+7", [233]
with
0 — —_
= f dAL-(P - P),
Ap
0 — —
A :f dx-L(Q—Q), [2.34]
Ap

A2
i- [ aw-@-p),
0

% B
i(")=J; dAL-(Q — Q). [2.35]

The elastic parts, ¢ and ¢, are the tensors of
the film surface tensions.

In the limiting case of an equilibrium
spherical film Egs. [2.30] and [2.17] reduce
to Egs. [1.2] and Eqgs. [2.32] and [2.16] reduce
to Eq. [1.5]. By analogy with the case of a
spherical film one can conclude that the di-
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viding surfaces, introduced in the present sec-
tion, are the surfaces of tension of a dynamic
curved film. Indeed, they were defined from
the conditions for mechanical equivalence
(with respect to the forces and force moments)
between the idealized and the real systems.

3. BALANCES OF THE LINEAR AND
ANGULAR MOMENTA AT THE
FILM SURFACES

(a) Balance of the Linear Momentum

If the inertia terms are negligible, the bal-
ance of the linear momentum in the real sys-
tem reads

V-T+pof =0. [3.1]

Here p is the total fluid mass density and f is
the acceleration of an external mass force
(gravitational or centrifugal). The respective
equations for the three model bulk phases, 1,
II, and R, of the idealized system read

V-T'+pf =0, Y=LI,R [3.2]

Our purpose now is to find some of the
boundary conditions which the solutions of
Egs. [3.2] must obey at the film surfaces A
= {u', u®) (between the phases (I) and (R))
and A = {(u', u*) (between the phases (R)
and (II)) in the idealized system. Let 4 be an
arbitrary parcel from the reference surface and
let us consider a cylinder built on 4, as shown
in Fig. 3. The cylindrical surface, which is a
superposition of sectorial strips like that in Fig,
2, cuts off two parcels, A and 4, from the lower
and the upper film surfaces. The bases A = A,
and A = X, of the cylinder are thought to be
far enough from the film for the condition

(I_i)|x=xl =(T - i)|x=x2 =0 [3.3]

to hold. However, if the thickness of the film
is small enough, the stress tensor in the real
system T at A = O (at the reference surface)
will be different from the reference stress tensor
TR, just like the normal component of the
pressure tensor Pn(79) does not coincide with
the reference pressure PR at the surface of ten-

241

F1G. 3. A cylinder associated with the area 4 on the
reference surface used for deriving the balances of mo-
menta at the film surfaces (see text). n, i, and fi are unit
normals to the respective surfaces.

sion r = ry (see Eq. [1.10]). Therefore, in the
general case at the reference surface A = 0 we
have

(T—T)|— #O. [3.4]

Let V'* be the upper part (at 0 < XA < A;)
of the cylinder in Fig. 3 and let A{ be the total
surface of V'*. Then the integration of Eq. [3.1]
yields

ds-1+f dVpf =0, [3.5]
v+

Af

where ds is the vectorial surface element and
we have used the Gauss theorem. From Eq.
{3.2] one can derive in the same way two
equations of the type of Eq. [3.5] for the two
parts of V' for the idealized system (the lower
part, below A, is filled with phase (R) and the
upper part, above A, is filled with phase (I1)).
By summing up these two equations one finds
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that in the idealized system instead of Eq. [3.5]
one has

ds-T + f dAi- (TR — T
A

ghy
+f dVpf=0. [3.6]
v+t

Let A" be the lateral surface of the volume
V. Then the subtraction of Eq. [3.6] from
Eq. [3.5], along with Eq. [3.3], leads to

ers'(l—i)—LdAn'(I—i)
- [ adn-e - 1)

+f dVip—p)f=0. [3.7]
V+

We will represent now, by means of known
integral theorems, all terms in Eq. [3.7] as in-
tegrals over A. Let C and C be the contours
encircling A and 4. Then, one finds from Egs.
[2.13] and [2.15] for the first term in Eq. [3.7]

Lds-(T—-T)= fcdzv-f:zy(l—i)

Ay
:f dfﬁ-i=f~dzﬁn-i, [3.8]
C A

where Vy; and Vy, are the surface gradient op-
erators for the upper and lower film surfaces

Vi = 5“8—5, Vi = aaaza. [3.9]
On the other hand,
dA = a'du'du’®
= (a/&)"%a"?du'du’®
= (a/a)"*dA. [3.10]

Then the second integral in the left-hand side
of Eq. [3.7] becomes
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[ dan-cx-1)

=—f_d/III(a/d)”2, [3.11]
A

where we have introduced the notation
O=n(T—T)lro. [3.12]

Using the curvilinear coordinates [2.2] one
can represent the volume element 4V in the
form (19)

dV = Xd\dA, [3.13]

where the factor X is determined by Eq. [2.23].
Then by means of Egs. [3.10}and [3.13] one
can write the last term in Eq. [3.7] as

fy+dV(p—ﬁ)f =LdA f:z dxx(p — p)f

=f~d~1~“f,
A

where by definition

[3.14]

~ Az
r= (a/d)”zfo (p — P)XdA,

f =i(a/a)”2 f)\z(p —p)fxdx. [3.15]
T 0 P ' '

I' can be interpreted as mass adsorption at the
upper film surface. Indeed

A2
[ave-»=[ ar[ axo-n)
Vvt A

0
=farA(d/a)”2f“=f~ 1dA.
A A

Then f is the effective acceleration of the ex-
ternal mass force. (If f = g = const is the ac-
celeration due to gravity, one obtains from Eq.
[3.151f=g.)

The substitution of Eqgs. [3.8], [3.11], and
[3.14]in Eq. [3.7], in view of the arbitrariness
of A4, yields the local balance of the linear mo-
mentum at the upper film surface:
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Vi =i (TR = T s

+(a/@)PIL+TE=0. [3.16]

The respective balance at the lower film sur-
face, whose derivation is quite similar, reads

Vi 7 =0 (T' = TR) ¢

—(a/a)!"II+Tf=0, [3.17]

where

0
= (a/d)l/ZL (p — p)XdN,

0
f= i(a/d)”zf (p — p)fXdA.
T A

The term with II in Eqgs. [3.16] and [3.17],
whose appearance is a consequence of the re-
lationship [3.4], is the only term without
counterpart in the membrane model (cf. Eq.
[228] in Ref. (9)). In fact, Eq. [3.12] is the
most general definition of the disjoining pres-
sure, which reveals the vectorial excess nature
of this quantity. It follows from Egs. [2.1],
[2.4], and [2.5] that it consists of a hydro-
static, IT ), and of a purely viscous part II ":

M=+ oM, [3.18]
ne® = n-(P— PRLI)I)\:O,
H(V)zno(g_g)‘)\=0' [3‘19]

Obviously the disjoining pressure in an equi-
librium system contains only the term IT .
A geometrical interpretation of the factor
(a/@)"'?, multiplying IT in Eq. [3.16], follows
from Eq. [3.10]. Indeed, it is clear from Eq.
[3.10] that (a/d)'/? is the factor of extension
when projecting orthogonally an element dA
from the reference surface over the upper film
surface. Another representation of (a/d)!/?,
sometimes useful in applications, can be ob-
tained by observing that (cf. Eq. [2.24])

n-fi = n- (1A, X i)

= 1(a/a)'en- (i, X dy).
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Along with Eq. [2.19], after some algebra one
thus finds

(a/@)"? = (n-d)/x(),

where X is defined by Eq. [2.23].

[3.20]

(b) Balance of the Angular Momentum

The balance of the angular momentum at
the film surfaces can be derived similarly to
the balance of the linear momentum from the
respective balances in the bulk phases of the
real and of the idealized systems. Since the
balance of the angular momentum in a bulk
fluid phase requires that the stress tensor must
be symmetric, the tensors T and T must obey
the identities

(V-T)Xr=V-(IXr),
V- THXr=v-(T¥Xr), Y=LILR.
Then Egs. [3.1] and [3.2] yield
VAT Xr)y+pfxXr=0 [3.21]
VA(TY X))+ pfXr=0,
Y=LILR. [3.22]}

Following the procedure used above to derive
Egs. [3.5] and [3.6], one obtains from Egs.
[3.21] and [3.22]

§ dS'(IXr)-f-f dVof Xr=0 [3.23]
AF p+
and

f ds-(in)Jrﬁdfiﬁ-(IR—I“)><1i
AT A

+f AVEf X1 =0 [3.24]
V+

(cf. also Egs. [2.4] and [2.7]). The subtraction
of Eq. [3.24] from Eq. [3.23], along with Eq.
[3.3}, leads to the integral angular momentum
balance:
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[ as-@-1yxr- [ am-x-1)
Ay A
><R-f~d/1ﬁ-(IR—IH)><ﬁ
A

+ f dV(p—p xXr=0. [3.25]

V+
Again we will transform all terms in Eq. [3.25]
into integrals over 4. By means of Egs. [2.13],

[2.17], and some known integral theorems the
first term becomes

[ as-@-1)xx
A
Az B
:fcdlv-fo L (T-T)Xr
=ff dli- (3 X R)
C
:J‘ydﬁn-(zxﬁ). [3.26]
A

The second integral in Eq. [3.25] can be
transformed by means of Egs. [3.10] and
[3.12]:

f dAn-(T—T)XR
4

= f dA(a/@)"*II X R. [3.27]
A

By using Egs. [2.2], [3.13], and [3.15] one
obtains for the last term in Eq. [3.25]

f dV(p—p)fXr
vt
A2
=f da | d\x(p — 5)f X (R + An)
A 0

=J‘~d/ff‘(f><R+f’><n), [3.28]
A

where we have denoted the first moment of
the surface mass distribution by

w_ ] T -
f’=F(a/a)/fO dXAXx(p — p)f. [3.29]
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The substitution of Eqs. [3.26]-[3.28 }in Eq.
[3.25], along wiEh Eqgs. [2.21, [2.7], and the
arbitrariness of 4, yields

Vit (F X R) + IL X (R — {n)(a/d)'"?
i [(TR = T"-:] X R
+ I[f X(R—=§{n)+T"'xXn]l=0. [3.30]

Eq. [2.10] allows writing the first term in Eq.
[3.30] in the form

Vi (£ X R) = (V- ) X R
— g7 — 7%, X i.

[3.31]

Then by means of Eq. [3.16] one obtains from
Eq. [3.30]

it 7% + 3%, 72 + FXn=0, [3.32]
where
F = (a/@)\?I{ + (¢ — ). [3.33]

Eq. [3.32] expresses the local balance of the
angular momentum at the upper film surface.
The respective balance at the lower film sur-
face reads

e, 7%+ 26, 7°+FXn=0, [3.34]
with
F=—(a/a)'?II{ + (£ — ). [3.35]

The projection of Eq. [3.32] along the normal
n reads

(i 1)2,7% + (3% n)E,7°2 = 0,

which in view of Egs. [2.19], [2.26], and
[3.20] transforms into

~ N |
Fob— 502 = —— (d/a)''?

X(5)
X (7RG — 7834 F, . [3.36]

This result shows that unlike the bulk stress
tensors the surface stress tensor 7* is not in
general symmetric. It will be symmetric only
when either the film surfaces are parallel to
the reference surface (i.e., when {, = {, = 0)
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and/or when the normal stress components
79 (a =1, 2; cf. Egs. [2.9] and [2.10]) are
equal to zero. In order to obtain an equation
for 7°3 let us take the projection of Eq. [3.32]
along the basis vector 4. :

G =F-(n X 4,). [3.37]
Moreover, it follows from Eq. [2.19] that
n X ag(88 — (b8)

eg (88 — {b8).

I

nXxa,

I

Then taking also into account Eq. [2.24] one
obtains from Eq. [3.37]

793 = —(a/d)"?F-a*(5% + (e eqh?),
a=1,2. [3.38]

Hence, if the quantity F- a* (cf. Eq. [3.33])
is negligible, one can neglect also %°, and then
according to Eq. [3.36] the tensor 7*° will be
symmetric.

4. DISCUSSION

Equations [3.16] and [3.17] are the con-
ditions for balance of the linear momentum
at the surfaces of a thin liquid film. They must
be used as boundary conditions at the surfaces
of a draining film, when the velocity fields in
the bulk phases I and II and in the film (phase
R) obey Egs. [3.2]. When II = 0 (e.g., when
the film is sufficiently thick), Egs. [3.16] and
[3.17] reduce to Scriven’s (20) equation for
the momentum balance at the interface be-
tween two bulk phases (at low Reynolds
number).

In the approach used by us (called often
“the disjoining pressure approach”) the liquid
flow in the film phase (R) is governed by the
same equations (3.2) as the flow in a bulk
phase and all interactions inside the film are
incorporated in the boundary conditions
[3.16] and [3.17]. (The alternative “body
force approach™ is discussed at the end of this
section.) We must emphasize however, that
the interactions are accounted for not only by
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the disjoining pressure II. The terms I'T and
I'f, and more importantly, the surface stress
tensors 7 and 7, will also depend on the in-
teractions inside the film. As already pointed
out, this will lead to the alteration both of the
viscous part (¥ and of the elastic part o (see
Eqgs. [2.34] and [2.35]) of the surface stress
tensor. For example, in the case of an equilib-
rium symmetric plane-parallel film, ¢ reduces
to the scalar ¢f, the film surface tension, the
latter being connected with the disjoining
pressure I1 by the equation (21)

o =o + 3 J;l Idh, [4.1]
where £ is the equilibrium thickness and ¢’ is
the interfacial tension between the bulk phases.
Although much more complicated, a similar
dependence between ¢ and II exists also for
an equilibrium film of uneven thickness (see
below). Moreover, since P and P in a draining
film contain viscous parts, even the elastic part,
o, of the surface stress tensor could depend
also on the film viscous properties and the flow
pattern. This dependence is analogous to the
dependence of the pressure in a bulk fluid on
the viscosity and the flow pattern.

By using model considerations like those in
Ref. (29), from the expressions [2.34] and
[2.35] for the excess surface stresses 7¢¥) and
7 one can derive equations for the surface
viscosity coefficients. It is obvious from Eqgs.
[2.34] and [2.35], that the surface viscosities
of a thin film will depend on the film properties
and the choice of the reference phase and the
reference surface. Therefore they should be,
at least in principle, different from the surface
viscosities of the interfaces separating the same
bulk phases.

The relative change of the tensor of the film
surface tension o, as well as of the surface vis-
cosities, with respect to their values for the
interface between the same bulk liquids are
very small; for example (¢f — ')/ o’ for a plane-
parallel film (cf. Eq. [4.1]) 1s usually smaller
than 1%. Still, these changes may become im-
portant when the variations (or the deriva-
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tives) of the respective quantities enter the
equations.

Another conclusion worth noting is that the
surface stress tensor 7 can have nonzero com-
ponents 7,3 along the normal to the film sur-
face (see Eq. [2.9]). In other words, in a dy-
namic system the surface tension is not bound
to act only tangentially to the surface. How-
ever, this effect seems to be of Iesser impor-
tance, since the quantity F - a* is expected to
be very small, which allows neglecting the
normal components 7.3 (o = 1, 2) (see the
comments after Eq. [3.38]).

Probably the most important result of the
present work is Eq. [3.12], which shows that
in the general case the disjoining pressure is a
vector, rather than a scalar. This means that,
unlike the case of plane-parallel or spherical
films, where the disjoining pressure acts always
normally to the film surfaces, in the general
case II may have components tangential to
the film and the reference surfaces as well. As
shown below, only when the film is symmet-
rical with respect to a flat reference surface do
the tangential components of II in a film of
uneven thickness vanish. Similarly to the sur-
face stress tensor, the vector of the disjoining
pressure can have a hydrostatic, II®, and a
viscous part, II ¢ (see Eq. [3.18]). Although
the hydrostatic part is analogous to the equi-
librium disjoining pressure, in the sense that
it accounts for the interactions in the film, it
can contain in principle a viscous part as well,
stemming from the viscous dependence of P
and PR. The purely viscous disjoining pressure
I accounts for the difference between the
bulk viscous stresses at the reference surface
in the real and the idealized systems, Q and
Q, respectively. If the velocity fields at the ref-
erence surface in both systems are the same,
II & will be entirely determined by the differ-
ence in the viscosities, again at the reference
surface.

The main results of the present study are
valid also for a system containing solutes, e.g.,
surfactants. For example the definitions of the
surface stresses, Egs. [2.30] and [2.32], and
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of the disjoining pressure, Eq. [3.12], will re-
main the same. This does not mean, however,
that the values of the disjoining pressure and
the surface stresses (both elastic and viscous)
will not be altered. Since the equations of mo-
tion [3.1] and [3.2] in this case are coupled
with the diffusion and adsorption equations,
the bulk stresses T and T will be affected by
the presence of the solute and this in turn will
change the surface stresses and the disjoining
pressure. Indeed, it is very well known that the
presence of surfactants modifies the surface
tension; the surface viscosities and the disjoin-
ing pressure of a film and the role of these
effects on the drainage and rupture of thin
films has been extensively studied (13, 22, 23).
However, in all these studies, dealing only with
relatively thick films with small or zero surface
curvature, the disjoining pressure was treated
as a scalar, having the same value as in an
equilibrium film with the same thickness.
Moreover, the variation of the surface tension
along the film surfaces was ascribed only to
the variation of the adsorption, the latter being
calculated by means of an adsorption iso-
therm. In other words, most of the effects dis-
cussed in the present work were ignored.
Without model calculations it is difficult to
say how important they are and to give a recipe
for applying the present theory to the solution
of specific hydrodynamic problems such as
movement of the three-phase contact line or
capillary waves in thin films. Such calculations
are now under way. Even in its present form,
however, the theory gives some insight into
the physical meaning and the interplay of the
factors involved. Toward this aim we show
below how the general equations simplify for
some specific cases and how they are con-
nected with the respective equations, derived
previously by other authors and by us.

Planar Reference Surface

Since for a planar reference surface b = 0,
H =0, and K = 0, Egs. [2.25], [2.26] and
[3.9] yield
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. a . N
Vi = Vi — 7 (Vud)(Vud) - Vi

+ gnwnf) Vi, 142]

where Vy is the surface gradient operator at
the reference surface (at A = 0); we have used
the fact, that in this case (cf. Egs. {2.22] and
[2.23])

ISR

=1+ (Vuf)> [4.3]

We wili show now that if the two film surfaces
are symmetric with respect to a planar refer-
ence surface the disjoining pressure acts nor-
mally to the reference surface. For a flat ref-
erence surface (b = 0) Eq. [3.38] along with
Eq. [3.33] yields
7 = —(a/@)'*[{a/a)" - 2"

+ T —1)-a%, a=1,2. [44)]

According to Eq. [3.35] the analogous equa-
tion for the lower film surface reads
798 = —(aja)'*[-{a/a) " T -a“

+ (¢ — 1)~ a“],

a=1,2. [45]

Since the film surfaces are supposed to be
symmetric with respect to the reference sur-
face, one must have

=1, f-=f1,
{=-¢ T=-f. [46]

The substitution of Eq. [4.6]in Eq. [4.5] leads
to

793 = (a/d)'"*[{(a/d)" "1 -a®
-Td¢-1)-2%, a=1,2.

a=d,

;a3 — __;7~;a3’

[4.7]

Equations [4.4] and [4.7] can be satisfied only
when the first term in the square brackets is
identically zero, i.e. when

Ma, =0, a=1,2. [4.8]

This shows that II has no components tan-
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gential to the flat reference surface. This fact
was already used by us (without proof) in our
treatment of the transition region between a
film and the axisymmetric liquid meniscus
around it (11). Model calculations of the
equilibrium van der Waals component of the
disjoining pressure in the same system, per-
formed by Groshev et al. (24) by using the
Irving and Kirkwood (25) expression for the
pressure tensor, showed that the tangential
component of I identically vanishes, which
confirms Eq. [4.8]. Note, however, that Eq.
[4.8]1s valid also for a nonequilibrium system.

Axisymmetric System with Planar
Reference Surface

To simplify the treatment we will neglect
hereafter the viscous surface stresses 7, and
most of the equations will be written only for
the upper film surface. Then

Qu [4.9]

Q2

1~

so that

V- % =2Hsi + Vs,  [4.10]
where I is the mean curvature of the upper
film surface. By means of Eq. [4.10] the nor-
mal and the tangential projections (with re-
spect to the upper film surface) of Eq. [3.16]
can be written as

25 — - [Q" ~ QU)|,]- i
+ (PR = PYY|,g+ (a/d)°IL-1 = 0,
[4.11]

o= A, M(a/a)'? + a,-[(QR

—gll)l)=f].ﬂ7 Ol:1,2,

where we have neglected the term proportional
to the external (gravity) force f. To utilize the
symmetry of the system (see Fig. 4) it is con-
venient to introduce polar coordinates u!
= r, u*> =y in the plane XY

[4.12]
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@

FIG. 4. Sketch of a plane thin film encircled by an axisymmetric capillary meniscus. When phases (1)
and (II) are different, the disjoining pressure vector II in general is not orthogonal to the flat reference

surface z = 0.

X=rcosy, y=rsiny.

Then due to the symmetry { = {r), &
= a(r), it follows from Eqgs. [4.2] and [4.3]
that

Vi = [a (1 + {71+ nf'(1 + §3H)7 %,
[4.13]

Similarly one derives

fi=—a {1+ ) a1+ {7 [4.14]

Moreover, due to the symmetry of the system

II=ILa, +IIn; II,=1I-2a,,
O,=1-n, [4.15]

where II, and II, are the tangential and the

normal components of II, respectively. The

substitution of Egs. [4.3], [4.10], and [4.13]-

[4.15] in Eq. [3.16], along with Eqs. [2.5]
and [2.6], leads to

d(5sin ¢) & sin ¢

+

dr r

+[Q% —

=ﬁc—"Hn

tan ¢][x-;
[4.16]

= (0%~
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_d(5cosg) Gsind
df
+[0% —

= 15C + Il.cot (Z)

5 —(Q% — Q%)cot ¢]1r-;,
[4.17]

which are in fact the coefficients before the
two perpendicular vectors n and a, in the vec-
torial equation, resulting from Eq. [3.16].
Here

P.=P"'— PR ¢ =arctan { [4.18]
and we have used also the known expression

(26)

. dsing  siné
2 =——+ . [4.19]

The “weight” I'T of the film surface was ne-
glected in Eqgs. [4.16] and [4.17]. However,
P, can depend on the external (gravitational
or centrifugal) field due to the hydrostatic
pressure. By changing to the opposite the signs
before II, and II, and using barred quantities
one obtains from Egs. [4.16]-[4.19] the re-
spective equations for the lower film surface
with P, = PR — P,

The climination of P, between Eqgs. [4.16]
and [4.17] yields
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& = —II sin q~5 — ,cos ¢
dr

+[(Q% — QL - QR + 0Y)sin

23
n cos ~d>
Ccos ¢

(Q% — O] h=¢. [4.20]
Equation [4.20] shows that alterations in the
film surface tension can be caused both by the
interaction between the film surfaces (the
terms with II, and II;) and by the fluid motion
around and inside the film. If an equation
connecting ¢ with the surface dilation and
composition is available and if the tensor Q is
expressed according to the Stokes constitutive
relations, then Eq. [4.20] can be used as a
boundary condition for the equation of mo-
tion. As shown above, if the two film surfaces
are symmetric with respect to the reference
surface, then II, = 0.

Axisymmetric Static Systems

For a static system Q = 0; if the film is thick
enough II = 0 and the film surface tension
equals the equilibrium interfacial tension be-
tween the two bulk phases & = const. Then
both Egs. [4.16] and [4.17] reduce to a single
equation, which is the known Laplace equa-
tion (cf. Eq. [4.19]):

&’[dsm L d’} - B. [421]
dr ¥
The approximation & ~ & = const in Eq.

[4.16] for a static thin film leads to the Der-
jaguin’s (28) equation

2H = P, — 1, [4.22]
(II$) = T ®.n) having been derived by him
from considerations for chemical equilibrium
in the system (cf. also Eq. [3.18]). If one does

not use this approximation, Eqgs. [4.16] and
[4.17] yield for a static flat film
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d(5 sin ¢) + & sin ¢

=P -1, [423
dr r » 14231
_d(Gcos¢)  Gsing
d¢ r
=P, + I®cot ¢ [4.24]

with II{® = I1®.a, (cf Eqgs. [3.18] and
[4.15]). For a film, symmetric with respect to
the flat reference surface, II{¥ = (. For this
special case, Eqgs. [4.23] and [4.24] have been
previously derived respectively in Refs. (11)
and (10) by using simple force balance con-
siderations.

Equations [4.18], [4.23], and [4.24] form
a full set allowing the calculation of {r),
#(r), and &(r) provided that II® is known
from the microscopic theory. Generally, IL ¢
is a functional of the shape {r) of the film
surfaces so that Egs. [4.23] and [4.24] are in
fact integro-differential equations. One way to
solve the problem is to use an iterative pro-
cedure, starting with II® calculated for the
idealized system, as zeroth approximation.

The tangential component II{® in Eq.
[4.24] is not zero when the film surfaces are
not symmetric with respect to a flat reference
surface or when the reference surface is not
flat. Then, this component can become very
important: note that in Eq. [4.24] I1{® is mul-
tiplied by cot ¢ and the running slope angle
¢ is usually less than 5°.

The combination of Egs. [4.23] and
[4.24] leads to a relationship, connecting &
and I ®:

4 _ ~Psin ¢ — DS cos ¢.
dr
This result, which is a special form of Eq.
[4.20], shows that the hydrostatic equilibrium
in the transition region around a symmetric
film is ensured by simultaneous variation of
& and IT® (11). In other words, the assump-
tions II®) # 0 and & = const are incompatible.
Therefore, all attempts to ascribe the inter-
action between the meniscus surfaces solely
either to IT ) (with & = const) or to 5(r) (with

[4.25]
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II® = () are inconsistent. The physical
meaning of Eq. [4.25] is discussed in Ref.
(11), where it is derived by means of trans-
parent force balance considerations for the
special case of the transition region between a
plane-parallel thin film and the capillary me-
niscus.

On the Connection between the Disjoining
Pressure and Body Force Approaches

As has already been pointed out, in the dis-
joining pressure approach used by us all the
interactions in the film are incorporated in the
boundary conditions, whereas the equations
of motion, Eqs. [3.1] and [3.2], are the same
as those for a bulk liquid. In the alternative
“body force” approach, proposed by Felderhof
(27), the interactions in the film are incor-
porated in the equations of motion: the elec-
trostatic forces—in the stress tensor and the
van der Walls forces—in a body force term.
Since there have been controversies in the lit-
erature about the applicability of these ap-
proaches, we will establish below the connec-
tion between them. We will do this for a film
without electrostatic interactions. From the
formal viewpoint the difference between the
two approaches consists in the choice of the
idealized system, more precisely, in the defi-
nition of the pressure tensor P in the idealized
system. Let us introduce a new scalar pressure
PY in the model bulk phases by the relation-
ship

PY=PY—pYw? Y=LILR, [426]

where W7 is the excess van der Waals potential
in the respective bulk phases, called also the
“body force potential.” One assumes in this
approach that the van der Waals interactions
are additive, so that W7 is defined by (12)

Wi, t)= f

real
system

—f w(|r —r'p”(r, t)dr',
infinite

phase (Y)

w(|x = x')p(r’, 1)dr’

Y=LILR; [4.27]
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here the radius-vector r is located in the phase
(Y') of the idealized system, ¢ represents time,
p(r, t) is the mass density at the source point
r, and w(r) is the intermolecular potential di-
vided by the masses (per molecule). It is clear
that Eq. [4.27] defines three functions, W7/,
W and WR, which are not bound to match
at the dividing surfaces.

From Egs. [2.5], [2.6], [3.2], and [4.26]
one obtains the balance of the linear momen-
tum in the following form (27):

VP, =V-QV+ p'f — p'VW?,

Y=LIL R [428]

One sees that because of the “body force” term
o YV WY the pressure P} will not be constant
throughout phases I, II, and R even when the
external mass force f = 0 and the system is
in equilibrium (Q = 0). The subtraction of
Eq. [4.28] from Eq. [3.1], along with Eq.
[2.1], leads to the equation

p'VWY=V-[(P—P[U)-(Q~- Q"]

+(p— p DI,

which reveals again the excess nature of the
body force potential WY, The boundary con-
ditions at the film surfaces can be obtained
from Eqs. [4.11] and [4.26]. Thus, for the up-
per surface of a flat film one obtains

[-n-(QF — Q") i + (P§ — P})
+ (pRWR — "] e + -1 = 0.
[4.29]

Y=11LR,

For an equilibrium film Eq. [4.29] reduces to
(P§ — PB)|x-¢
=11 — (p"W" = p"W®)[,;  [4.30]

(in this case II = i+ II). As pointed out by
Maldarelli et al. (12) the equation

I = ("W — pRWR) | [431]

in conjunction with Eq. [4.27] can serve as a
model expression for the disjoining pressure
. Then Eq. [4.29] leads to the following sim-
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ple boundary condition for the pressure in the
body force approach:

P —Py=1-(Q¥-Q"M-ii

at A=¢{, [4.32]
which for an equilibrium film yields (12)
PY = PR, [4.33]

In conclusion, there is no contradiction be-
tween the disjoining pressure and the body
force approach. Of course, this conclusion
holds for the case of van der Waals interactions
in the film considered above. The case of elec-
trically charged film surfaces requires a sepa-
rate study. The disjoining pressure approach
has the advantage of allowing the construction
of the macroscopic theory of the curved thin
films in a general form without making any
model assumptions (like Eq. [4.27]) or sim-
plifications from the very beginning.

5. CONCLUDING REMARKS

The disjoining pressure approach for de-
scribing a thin liquid film as a liquid layer of
finite and variable thickness is applied to dy-
namic curved films. The results, which are ob-
tained without making any assumptions about
the form of the real stress tensor, are applicable
to films with both parallel and nonparallel
surfaces. It is demonstrated that from the con-
dition for mechanical equivalence between the
real and the idealized systems follow relation-
ships expressing the stress tensors of the film
surfaces through integrals over the compo-
nents of the pressure tensor.

The balance of the linear and angular mo-
menta at the film surfaces are derived from
the respective balances in the bulk phases for
low Reynolds numbers ( negligible convective
terms). The results show that in contrast with
the case of an interface between two bulk
phases an additional vectorial pressure IT must
be included in these surface mechanical bal-
ances. The vectorial field II, which is defined
along a reference surface inside the film, ac-
counts for the fact that the stresses in the thin
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film differ from the stresses in the reference
bulk phase. That is why II is called disjoining
pressure and thus the definition of Derjaguin
(28) is generalized. II can be represented as a
sum of static and dynamic parts, each having
normal and tangential components about the
reference surface (Derjaguin’s scalar disjoining
pressure is in fact the normal component of
the static part of IT). In principle all parts and
components of IT must be accounted for when
describing the shape and the motion of the
film surfaces or when studying the movement
of a three-phase contact line. However, the
problem is simpler when the surfaces of the
film are symmetric with respect to a flat ref-
erence surface: the balance of the angular mo-
mentum requires that in this case the tangen-
tial component of II must be identically zero.

The general surface balance of the linear
momentum is applied for the special case of
an axisymmetric film with flat reference sur-
face and isotropic surface stress tensors. The
two independent projections of this vectorial
balance are in fact generalizations of the
known Laplace equation and serve as bound-
ary conditions for the three-dimensional dy-
namic problem. If the disjoining pressure is
not zero, the film surface tensions depend in
general on the position along the film, even
for static films.

In the disjoining pressure approach, used in
the present study, the film excess properties
are accounted for only through the boundary
conditions at the film surfaces. In the body
force approach of Felderhof (27) an excess
body force potential is included in the equa-
tions of motion in the bulk phases. It is shown
that these two different approaches correspond
to two different choices of the idealized system.
In the case of predominating van der Waals
interactions in the film the two approaches are
essentially equivalent. The case when the film
surfaces are electrically charged requires a
particular study.

In summary, the disjoining pressure ap-
proach followed in this paper is conceptually
simple and allows generalization for arbitrarily
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curved films without making model simplifi-
cations.
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