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Slow quasistatic deformations of a fluid interface or membrane are investigated theoretically from a
micromechanical viewpoint. The surface rate-of-strain tensor is characterized by its invariants, « and 8,
which account for the interfacial dilation and shear, respectively. The macroscopic interfacial stretching
and shearing tensions and the bending and torsion moments are expressed through integrals over the
components of the pressure tensor. The results are applied to derive the Gibbsian fundamental ther-
modynamic equations of an arbitrarily curved interface from the fundamental equations of the adjacent
bulk phases. Then, by means of a variational principle, the conditions for interfacial mechanical equilibrium

are derived. © 1990 Academic Press, Inc.

1. INTRODUCTION

According to Gibbs (1) the mechanical
work for deformation of a fluid interface can
be written in the form

ow = yda + BOI + ©sD.  [1.1]

Here 6w is the elementary work of deformation
per unit area, 6« = [6(AA4)]/AA is the relative
increase in the area A4 of the dividing surface,
and

H=3(c1+ ), D=j(a—-c) [12]

where ¢; and ¢, are the two principal curva-
tures of this surface; H and D are the mean
and the deviatoric curvatures ( the latter being
a measure for the local deviation of the surface
from the spherical shape). Equation [1.1]
contains only intensive parameters and there-
fore it holds at each point of the surface. One
sees from Eq. [1.1] that vyé« is the work for
pure dilation (6¢; = ¢, = 0) of the interface,
B&H is the work for pure bending of the in-
terface (8¢, = 8¢, 6 = ), and O6D is the
work for pure torsion of the interface (dc¢;

= —§cy, 0 = 0; see Fig. 1). That is why the
quantities B and O are called bending and tor-
sion moments, respectively (2). v is the in-
terfacial tension.

For a spherical interface H = —1/ry, D =0,
and Eq. [1.1] reduces to the known expression
(3-5)

B
ow = yba + = bro, [1.3]

ro

where ry is the radius of the dividing surface.

From Eq. [1.3] Kondo (3) has derived in a

thermodynamic way the generalized Laplace

equation for a spherical interface,
2_7 + E — PI _ PII.

o r(z)

[1.4]

here P' and P™ are the pressures in the two
adjacent phases and

[L.5]

where [dv/dry] is a formal derivative, corre-
sponding to changes in the radius of the di-
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FIG. 1. Bending and torsion modes of deformation of
a surface element.

viding surface, ry, at fixed physical state [ for
details see Refs. (4-6)]. Obviously the bending
moment, B, is zero at the Gibbsian surface of
tension, where vy has minimum value and the
formal derivative in Eq. [1.5] is zero. When
the interface is a thin liquid film intervening
between two bulk phases, v is the film tension
characterizing the film as a membrane of zero
thickness (5, 6).

Tolman (7) and Buff (8) derived the fol-
lowing expressions for the interfacial tension
v and bending moment B of a spherical in-
terface:

mo_ 2
7=L (P Pe(r) S, [16]

418

B’=g [P— Pr(N](ro — rrdr. [1.7]
To Jn

Here Pr(r) is the tangential (with respect to
the spherical dividing surface) component of
the real nonisotropic pressure tensor,

P = Pyee, + Pr(ee, +e.e,), [1.8]

with e,, 4, and e, being the unit vectors of the
local basis in spherical coordinates 7, 8, ¢; P
is the isotropic pressure in the two adjacent

phases:

P=PO(ro—r)+ PU%(r—r,), [1.9]
(x)=1 for x>0;
=0 for x<O. [1.10]

Egs. [1.6] and [1.7] express the interfacial
tension, v, and the bending moment, B, as
surface excess quantities. Indeed, Pr(r) is the
tangential component of the real pressure ten-
sor P, whereas P is the isotropic pressure in
the idealized system, which is composed of two
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bulk phases and a mathematical dividing sur-
face between them. The condition B = 0 de-
termines the so-called “surface of tension” (4).

Buff (9, 10) derived expressions of the type
of Egs. [1.6] and [1.7] for ¥, B, and O in the
general case of an arbitrarily curved interface.
However, he used some approximations.
Some years later Murphy (2) derived rigorous
expressions for v, B, and O, but for the special
case, when the pressure tensor P is transversely
isotropic. ( The definitions of the bending and
torsion moments in the work of Murphy (2)
are somewhat different from the definitions of
Gibbs (1), which are used here.)

As pointed out by Evans and Skalak (11),
the mechanical and thermodynamical prop-
erties of the biomembranes can be successfully
described by means of a two-dimensional
continuum, analogous to a Gibbs dividing
surface. As discussed in Ref. (6) a thin liquid
film can be described macroscopically as a
membrane of zero thickness (the so-called
“membrane approach’). Then it is possible
to describe the mechanical properties of fluid—
liquid interfaces, thin liquid films, and bio-
membranes using the same formalism. The
equations below in this paper are applicable
to interfaces as well as to membranes. The sys-
tem can be specified by substitution of an ap-
propriate model expression for P in the general
equations.

Our purposes in this paper are:

(i) to continue the investigations of the
previous authors (2, 9, 10) and to derive
expressions for v, B, and O of more general
validity;

(ii) to derive analogous expression for the
shearing tension, {, which can be important
for subjects of the type of the biomembranes
(11);

(iii) to derive the local fundamental equa-
tions of the interfacial thermodynamics from
the respective equations in.the bulk phases,
paying special attention to the role of v, {, B,
and O;

(iv) to derive the condition for interfacial
mechanical equilibrium, generalizing Eq.
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[1.4], by means of a thermodynamic varia-
tional principle.

It is known that one must impose some
physical conditions to define the position of
the dividing surface [see, e.g., Refs. (4-6, 12-
14)]. Here and hereafter in this paper the di-
viding surface supposedly has been chosen in
a certain way, irrespective of its concrete def-
inition. The results thus obtained are valid for
any choice of the dividing surface. The analysis
of the dependence of v, {, B, and O on the
choice of the (arbitrarily curved ) dividing sur-
face is postponed to further investigations.

Despite the fact that we will finally arrive
at some quasistatic relationships, it is conve-
nient to work in the beginning with the rates
of change of some quantities with time. Then
it is easy to obtain the respective infinitesimal
increments of these quantities during an ele-
mentary quasistatic process. For example, if
ot 1s a time increment, if @ is the space rate-
of-strain tensor, and if H is the time derivative
of the mean curvature, H, then 6® = ®61 is
the space strain tensor and 6H = Hdt is the
differential of H, which takes part in Eq. [1.1].

2. SURFACE RATE-OF-STRAIN TENSOR

Before studying the tensions in a membrane
we will discuss briefly its deformations. The
mathematical description of surface defor--
mations has been worked out by Scriven (15),
Aris (16), Eliassen (17), and Evans and Skalak
(11). Some of their results are adapted and
extended below according to our needs. The
mathematical apparatus of the differential ge-
ometry is described in detail in Refs. (17-19).

(a) Stretching and Shearing Parameters

Let (!, u?) be curvilinear coordinates on
the surface, and let R(u', 42, #) be the running
position vector of the dividing surface. Then

_ 4R
aﬂ_ru" [2.1]
and
Vip=a* 2.2
n=a u* [2.2]
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are the vectors of the surface basis and the
surface gradient operator. Here and hereafter
the Greek indices take values 1 and 2, and
summation over the repeating indices is car-
ried out. It is known that the curvature tensor

b =-Vyn [2.3]

(n is the running unit normal to the surface)
is a symmetrical surface tensor, whose eigen-
values are the two principal curvatures, ¢; and
¢>. Then it is clear that the trace of b is equal
to 2H (cf. Eq. [1.2]) and the determinant of
b is the Gaussian curvature K = ¢, ¢,.

Uy=aa, and q= (b~ HUy) [24]
are the surface idemfactor and curvature de-
viatoric tensor. The eigenvalues of q are 1 and
—1, whereas both eigenvalues of Uy are equal
to 1. Therefore Uy and q are constant surface
tensors; i.e., the covariant derivatives of their
components are zero:

= (. [2.5]

In particular, the components of Uy

a)\[.L,V = q)\u,v

a,, =a,-a, [2.6]

are in fact the components of the surface met-
ric tensor. In view of Eq. [2.4] the curvature
tensor can be expressed as a sum of isotropic
and deviatoric parts:

b)\” = HaM + DQ)\H. [27]

Being a constant tensor in the regular points,
q is not defined in the ombilic points (where
D = 0). However, in all equations of geomet-
rical or physical importance q is multiplied by
a factor, which tends to zero when approaching
an ombilic point (cf. Eq. [2.7]) and the con-
tribution of q is zero in these special points.

Let us suppose in addition that (u', u?) are
the material surface coordinates [see Ref. (17)
for details]. Then

[2.8]

is the velocity of the surface material points.
According to Eliassen (17) the surface rate-of
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(stretching )-strain tensor, d,,,, is defined by the
expression

1 da,,
2 dr
1 [7]
=3 (v, + v, — 25,0y, [2.9]
where
v,=2a,-v and v =n-v. [2.10]
Let us consider the scalar quantities
1 da,,
a=a"”d“,,—5a“ dtﬂ
= qg"v,, — 2Hv!" [2.11]
1 da
_ ‘wd — v faid
f=q"du 2 dt
= g*v,, — 2Dy [2.12]

(cf. Egs. [2.7]and [2.9]). To find the meaning
of « let us recall the identity (16, 17, 20)
L o B

T

1/2
2 dt (a)

=(a)” X [2.13]

where a is the determinant of the surface met-
ric tensor a,,. If

A1) = ff(a)”zdulduz [2.14]

is the area of a material surface parcel, then
from Eqgs. [2.11],[2.13], and [2.14] it follows

that
=ff a(a) " du’du’.

(Note that (a)'/? is in fact the Jacobian of the
surface curvilinear coordinates.) Hence « is
the rate of dilation (stretching) per unit area
of the surface. Similarly, 8 represents the rate
of shear per unit area (see Fig. 2). An alter-
native expression for &, which follows directly
from Eqgs. [2.2], [2.10], and [2.11] is

[2.15]

&=Vy-v. [2.16]
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FIG. 2. A surface element before (a) and after (b) a
deformation of shearing at constant area.

The total dilation and the total shear per
unit area of the surface are (cf. Egs. [2.11]~
[2.13])

a—fadt 2f wr “”dz

__1 a(l)

B= fﬁdr zf w ””dz [2.18]

where a(0) is the value of 4 in the initial mo-
ment ¢t = 0. It is noteworthy that éa = &d¢ is
the increment, which takes part in the right-
hand side of Eq. [1.1].

Equations [2.17] and [2.18] considerably
simplify when the rate-of-strain tensor is di-
agonal in the basis of the principal curvatures
all the time. (This is so, for example, in the
familiar case of axisymmetric deformations of
an axisymmetric membrane; see Refs. (11,
21).) Then the lines of curvature can serve as
material coordinate lines on the surface. Due
to the orthogonality of these coordinates one
has

[2.17]

qg''=a' = 1/ayn, 6122 =—a¥=~1/ay

a2 =g = q12 - q21 =0,
=01 =qg2=¢g1 =0, [2.19]

and one obtains from Eqgs. [2.17] and [2.18]

a _1 n a1 (t)ax(t)
a11(0)ax(0) ’
_ 1. |an(?)ax(0)
R PTG P
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To elucidate the geometrical meaning of «
and 8 let us consider an elementary cell from
the coordinate network, produced by the lines
of curvature (see Fig. 3). Let 6s,, u = 1, 2, be
the sides of this deformable surface element.
It is known from the differential geometry
(19), that

ds1(2) = (ay;)"/*ou’,

682 = (a)'?6u’. [2.21]

The circumferential extension ratios along the
coordinate lines are

_ 651 (1) _— 85,(1)
S es(0)° P 6s(0)

In view of Eqs. [2.21] and [2.22] one can
transform Eqgs. [2.20] into the following form:

B =1In(\/N). [2.23]

One sees now that when the surface extension
is isotropic (A; = X,) the shearing parameter
8 is zero, and vice versa, if an interfacial de-
formation at constant area [65(f)ds2(¢)
= 65:(0)65,(0) = const] takes place, then
)_\15\2 =1land a = 0.

Evans and Skalak (11) have proposed al-
ternative parameters, o and 3, characterizing
the interfacial dilation and shear, which are
connected with A, and X, as follows:

IXZ - 19

A [2.22]

a = In(A\y),

Il
>

o

B=(N+N)/(2\N\) — 1. [2.24]

(a)

(b)

FIG. 3. Deformation of a surface element with sides of
length &s, and ds, at the initial moment ¢ = 0 (a) and at
a subsequent moment ¢ (b). The coordinate lines u®
= const are lines of curvature.
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From Eqgs. [2.23] and [2.24] one obtains
a = expla) — 1,
B = cosh(B) — 1.

Hence a ~ « only for small deformations. In
general, if 6« in Eq. [1.1] was replaced by
da, the coeflicient v in Eq. [1.1] would no
longer have the meaning of interfacial tension.
The problem is discussed in more detail in
Ref. (21), where some applications of this for-
malism to deforming axisymmetric mem-
branes are also given.

We will use below the stretching and shear-
ing parameters, « and 3, because of their sim-
ple relations with the rate-of-strain tensor (see
Egs. [2.11] and [2.12]).

For future reference we quote here also the
equations

H= H "+ (H? + D*)p"
+ damol) [2.26]
D= D, v*+ 2HDv" + Lgwplnl - [2.27]

Eq. [2.26] was obtained by Eliassen (17), and
Eq.[2.27] can easily be derived from Eliassen’s
expression for K (K = H* — D? is the Gaussian
curvature).

[2.25]

(b) Examples

We will consider now two simple examples
which demonstrate the advantages of the for-
malism, illustrate the meaning, and give an
idea for the values of some quantities, es-
pecially of the shearing parameter, 3.

Example 1. Let

z=z(x, 1) [2.28]

be the equation which determines the shape
of a sheet (say, of paper) at time, ¢ (see Fig.
4). The sheet is supposed to have translational
symmetry about the axis y, which is orthog-
onal to the plane of the drawing. We suppose
that at the initial moment, ¢ = 0, the sheet has
been flat and lying in the plane z = 0. Let the
abscissa, x, and the ordinate, y, be the local
surface coordinates. The material points on
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X

F1G. 4. Shape of a deforming sheet, which has transla-
tional symmetry along the y-axis.

the sheet are numerated by their coordinates
at the initial moment # = 0: u' = x, #? = v,.
During the deformation one has

x=x(X0, 1), y=y. [2.29]

Let i, j, and k be the unit vectors along the
axes x, y, and z. Then the position vector of
a point of the sheet is

R =ix +jy + kz(x, 1). [2.30]
Then from Eq. [2.1] one obtains

R | Ox ox
=—=j—+ kz' —
on aXO aX()

dR | , dz
ap=—-=j, z=|{—]|.
2 Mo ! 8xt

Egs. [2.6] and [2.31] lead to

a;

[2.31]

2
an() = (1+ z'Z)(;—;) ,

an(t) =1, [2.32]

and the mixed components of a,, are equal to
zero. The values of the respective components
at the initial moment are
a1 (0) = a»(0) =1,
a12(0) = az,(0) = 0. [2.33]

The sheet is incompressible. Hence « = 0 and
it follows from Eq. [2.20] that

an (1) (1) = a; (0)an(0). [2.34]
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By substituting Eqs. [2.32] and [2.33] in-
to [2.34] and subsequent integration one
finds the explicit form of the function xp
= xo(x, t):

Xo(x, 1) = J:(l + 2 2dx.  [2.35]

Moreover, it follows from Egs. [2.201, [2.32],
[2.33], and [2.34] that not only «, but also §
is identically zero during the deformation. Al-
though intuitively transparent this result is by
no means trivial, becausitneither the curva-
tures H and D (H = D due\to the translational
symmetry) nor the surface velocity field

v—ia—x +k§£
ot ot
x0 xp

in the right-hand side of Eqgs. [2.11] and [2.12]
is equal to zero.

Example 2. Let us consider the deformation.
of a sphere into a biconcave disk at constant
area. [Similar deformations are observed in
experiments with red blood cells (11).] It is
convenient to use spherical coordinates r, 6,
¢. The equation of the surface is

R = ir(8)sin 6 cos ¢

+ jr(#)sin 6 sin ¢ + kr(f)cos 8 [2.36]
with
r*(8) = b*cos?f + c*sin’f,
b<c, O<b<w [2.37]

(see Fig. 5). We choose # and ¢ as local surface
coordinates. In the initial moment ¢ = 0 the
surface was a sphere of radius R (b = ¢ = R).
The surface material points are numerated by
their coordinates u' = 0, and u? = ¢, at the
initial moment. Similarly to [2.32] one derives

96 \? )
— + 12
a1y (800) (r r'),

ax = r’sin%, r' = %; [2.38]
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Z
Lo

FIG. 5. Deformation of a sphere into a biconcave disk.
6 is the polar angle and €2 = 1 — b*/c* (cf. Eq. [2.37]).

the other components of the tensor a,, are
zero. In the initial moment
ain(0) = R%  an(0) = R%in%,. [2.39]

The instantaneous area of the surface is
1
A= 27rcz[(l — )12 + — arcsin(e) |,
€

e2=1-b*c* [2.40]

The incompressibility condition, Eq. [2.34],
along with Eqgs. [2.37], [2.38], and the
boundary condition 8y |-,/,» = /2, leads to

1
cos b = oy [(1 — €%cos?0)/%cos 0

1 )
+ —arcsin( e cos B)} , [2.41]
€

where
R* 1 1
=—=-[(1 —€)"? + - arcsi .
D 25 [( €”) - arcsm(e)]

[2.42]

The latter equation follows from Eq. [2.40].
Finally, Eqgs. [2.20] and [2.34] yield

B8 = In[axn(0)/axn(1)],

and then from Eqgs. [2.37-2.40] and [2.42]
one obtains
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6 ~In 14 sin200
[sin%0 + (1 — €2)!/?cos?0]sin’0
[2.43]

Egs. [2.41] and [2.43] determine 8 as a func-
tion of #. At the initial moment e =0, p = 1,
f = o, and B is identically zero. When 0 < ¢
<V3 /2, B8 is a function of 8, which takes neg-
ative values. If € > Vg/ 2 a dimple appears at
the center of the disk and 8 is positive in the
proximity of the dimple (see Fig. 6).

3. ELEMENTARY WORK OF INTERFACIAL
DEFORMATION

(a) Micromechanical Derivation

As mentioned earlier, the continuous and
nonisotropic real pressure tensor P is replaced
in the idealized system by an isotropic tensor

P=PU, P=P9(—))+P%N\), [3.1]

which is discontinuous at the dividing surface.
P'and P" are the values of the isotropic pres-
sures in the two neighboring bulk phases of
the idealized system and U is the space idem-

0.2

0.17

0.0

€ =09

HIG. 6. Plots of the shearing parameter, 3, vs polar angle,
8, for the three axisymmetric surfaces shown in Fig. 5.
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factor. The mechanical work, done for defor-
mation of the interface during a small time
interval 6¢, can be expressed as an excess
quantity (5):

f owdA = —f (P—P):(®dr)dV. [3.2]
4 v

Here 6w is the work of interfacial deforma-
tion per unit area of the dividing surface, dA4
= a2 du'du? is a surface element, “:” denotes
double scalar product of two tensors, and @ is
the space rate-of-strain tensor:

&= L[Vw+ (Vw)*]. [3.3]

Here w is the velocity field in the bulk phases
and “+” denotes conjugation. For slow qua-
sistatic processes we will use Eliassen’s (17)
kinematical restriction

w=v— AVgv)*n, [3.4]

where \ is the perpendicular distance from the
point in the space to the dividing surface. The
three coordinates (', %, ) form a curvilinear
coordinate network in space. This network
moves together with the deforming dividing
surface. Eq. [3.4] states that ecach material
point is fixed at a point of the moving coor-
dinate network (u!, #2, \). In particular, each
layer of material points, corresponding to A
= const at a given time moment, remains par-
allel to the dividing surface during the further
deformation. The integration in the left-hand
side of Eq. [ 3.2] is carried out over an arbitrary
parcel of the dividing surface and the integra-
tion in the right-hand side—over the respective
volume shown in Fig. 7. The latteral surface
of this volume is orthogonal to the dividing
surface. The vectorial element ds on the lateral
surface can be expressed in the form (17)

ds = v-LdMdl, [3.5]

where dl is an arc element on the contour C
(see Fig. 7), v is the outer running unit normal
to C in the dividing surface, and

L=(1-2)Uy+ b  [3.6]
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FIG. 7. An imaginary cylinder whose lateral surface is
orthogonal to the dividing surface (between phases I and
II) and whose bases are parallel to it. n and » are running
normals to the dividing surface and to the contour C,
respectively.

is a surface tensor. Similarly to Eq. [3.5] one
can express the volume element in Eq. [3.2]
in the form (17, 22)

dV = xdAd\,
X = (1 — NH)? — \*D> [3.7]
The substitution of Eq. [3.4] in Eq. [3.3] leads
to

1
$ = o [(1 = 2M)

X (W, + W,,) + AW, by + w,,by)
— 2(b,, — AKa,,)v'"]a*a*. [3.8]

The derivation of Eq. [ 3.8]is given in the Ap-

pendix. Introducing the tensor
Bx = _P - E; [3 '9]

one obtains from Eqgs. [3.2] and [3.7]
f owdA = —f P*: ®orxdrdA. [3.10]
A Vv

Then using the arbitrariness of the parcel 4
one obtains from Eq. [3.10] the expression



CURVED INTERFACES, THIN FILMS, AND MEMBRANES, I

A2
6w=—f P*:®orxdh.  [3.11]
AL

Further simplifications in the right-hand side
of Eq. [3.11] are possible only if some infor-
mation about the nature of the process is
available. Let the surface tensor ® be expressed
in the form

$®=3Uy:®)Uy+ %(ﬂ 1 ®)g. [3.12]

Eq. [ 3.12] means that the tensor & is diagonal
in the basis of the principal curvatures. In other
words, the curvature of the dividing surface is
in correspondence with the deformations in
the adjacent phases or vice versa.

From Eq. [3.12] it follows directly that

P :® =P [Uy(Uy: @) +a(q: ®)]
[3.13]

The same equation [3.13] can be obtained
under another assumption. If the real pressure
tensor has the form

P=1(Un: P)Uy

+1(q: P)q+ Pynn, [3.14]

then Eq. [ 3.13] holds without any limitations
on the form of ®. The representation [3.14],
which was introduced in slightly different (but
equivalent) form by Buff (9, 10), means that
at each point of the material continuum two
of the eigenvectors of P are directed along the
two lines of curvature of the surface A = const
passing through the same point. The third ei-
genvector is always orthogonal to the dividing
surface. These properties of P in the space can
be thought of as being induced by the geometry
of the interface.

Some computations, included in the Ap-
pendix, yield

1 . .
Un(Up:2)+q(q:2) = X (XUpa + Xq8

— 2ALH — 2)\q-LD), [3.15]

where, as usual, the dot symbolizes time de-
rivative. The substitution from Egs. [3.13] and
[3.15] into Eq. [3.11] leads to
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ow = yéa + {88 + BOH + ©sD  [3.16]
with
da = &dt, 68 = Bét,
8H = Hbét, oD =Dét  [3.17]
and
A2
Y= "% Uy : P*XdA,
AL
A2
§=—%f q: PXxd\, [3.18]
PV
A2
B= f L: P*\d)\,
Ap
A2
o= (q-L): PXXd\. [3.19]

A

Eq. [3.16] gives the sought-for expression for
the mechanical work of interfacial deforma-
tion. da is the dilation of the dividing surface
and « is the interfacial (stretching) tension;
68 measures the clementary shearing of the
dividing surface and ¢ is the interfacial shear-
ing tension. 6H and 6D represent the elemen-
tary bending and torsion of the interface, and
B and O are the corresponding interfacial
bending and torsion moments.

(b) Discussion

Equation [3.16] expresses the interfacial
deformation as a superposition of dilation,
shear, bending, and torsion. A comparison of
Eq. [3.16] with Gibbs’ equation [1.1] shows
that a new term, {63, appears. For a common
liquid interface this term is usually neglected.
However, as pointed out by Evans and Skalak
(11), the shearing effect is very important for
biological membranes, which often deform at
constant area (6o = 0). If the pressure tensor

P is transversely isotropic, i.e., if
P = PrUy + Pynn [3.20]

it follows from Eq. [3.18] that { is identically
zero. Hence Eq. [3.20] should not be applied
when describing subjects like biomembranes.
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The stretching, bending, and torsion effects
have been investigated by Murphy (2), who
have used the condition for transversal iso-
tropy [3.20]. By substitution of Eq. [3.20] in
Eqgs. [3.18] and [3.19] one can derive the re-
sults of Murphy as a special case. (Murphy
has used 6H and 6K as independent variations.
We preferred to use here the Gibbs variables
0H and &D because of their geometrical trans-
parency (see Fig. 1) and physical convenience:
they lead to coefficients B and O having one
and the same physical dimension.) Sometimes
it is convenient to introduce the quantities

Yi=v+{§ and v =y - [3.21]

(It is shown in Ref. (6) that v, and v, are the
eigenvalues of the hydrostatic surface stress
tensor at the surface of tension.) Moreover,
one can define

B =3(B+0), B,=3(B-0), [322]
Pri=3(Un+gq): P,
Pry = %(HII“E):B- [3.23]

Then one easily derives from Eqgs. [3.7] and
[3.18] that

Az

vi = (P — Pr)(1 — 2AH + A\2K)d\,
A

i=1,2. [3.24]

Similarly, it follows from Egs. [2.7], [3.6],
and [3.19] that

A2 _
Bi:f (PTI_P){X_)\Z
A

X [H+ (=1)'D1}d\, i=1,2. [3.25]

If one can neglect the contribution of the long-
range interactions in the integrals [3.24] and
[3.25] (it is not always possible), one can drop
out the terms with A? and thus the results of
Buff (9, 10) are obtained as approximate ver-
sions of Eqs. [3.24] and [3.25]. (Buff has de-
noted B;, i = 1, 2, by C;/s and called them
“the intensive curvature terms.”)
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For a spherical dividing surface with radius
roonehas H=—1/r,, D=0,¢{=0,0 =0,
Pry = P2, v1 =7v2=v,B,=B,=B/2and
it follows from Egs. [3.24] and [3.25] that

Ay

Y= (P — Pr)(1 + N/ ro)*dA,
Ap

A2
B= (Pr— P)(1 + N/ ro)MdA.  [3.26]
A
Eqgs. [3.26] are in fact equivalent to Egs. [1.6]
and [1.7], which have been first obtained by
Tolman (7).
Boruvka et al. (24, 25) follow another
(slightly different) way in the thermodynamics
of curved interfaces. Instead of the expression

ow = f dwdA = y64 + BASH + ©AD,
4

which follows from our Eq. [3.16] for { = 0
and for an interface of uniform curvature
(sphere, cylinder, or plane), they used another
equation of the type

ow = vB¥64 + BS(AH) + ©8(AD).

It is obvious that these authors used another
definition of the interfacial (film) tension:

vB =~ — BH — OD.

One sees that v?" has the meaning of work
{per unit area) done during an elementary de-
formation of the dividing surface at fixed
products AH and AD. Such a deformation is
a combination of dilation, bending, and tor-
sion (cf. Fig. 1). In contrast, the usual inter-
facial tension, 7, is connected only with the
simple dilation of the surface area (at constant
H and D). That is why, following Refs. (3, 4,
10) we deal with v (instead of v2") in the
present text.

4. FUNDAMENTAL EQUATIONS OF THE
LOCAL INTERFACIAL THERMODYNAMICS

(a) Micromechanical Derivation

There are two approaches in the interfacial
thermodynamics. In one of them Gibbs fun-
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damental equations are postulated for all bulk,
surface, line, and even point phases (4, 5, 24).
In the other approach, the interfacial funda-
mental equations are derived from the fun-
damental equations of the bulk phases (4, 13,
26). So far this last approach has been applied
rigorously only for flat and spherical interfaces.
Our aim below is to extend the second ap-
proach to interfaces of arbitrary curvature.

As is known (2, 6) the adsorptions of the
components in a multicomponent system can
be expressed as

A2

Fk:

T

(px — Pr)XdA,

k=1,2,...,N, [4.1]

where p; and
P = pkO(—X) + pio(N)

are the density profiles of the kth component
in the real and in the idealized systems. Indeed,
in view of Eq. [3.7] one obtains the total in-
terfacial (excess) mass of the kth component
by simple integration of Eq. [4.1]:

[4.2]

Ni=f deA=f (ox — pr)dV.
A 14

If u# and s are the local bulk densities of the
internal energy and entropy in the real non-
homogeneous system, one can similarly derive
expressions for the surface excess densities of
these quantities,

A2

U, = (u — ) Xd\,
A
V]
S = (s — 5)XdA, [4.3]
A
with
u= ulﬁ(—k) + unﬁ(}\),
§= SIH(—X) + s"f)()\). [4.4]

As usual, the superscripts I and II denote the
values of the respective quantity in the two
phases of the idealized system. As far as we
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know, the expressions [4.1] and [4.3] have
been first obtained by Murphy (2). Our pur-
pose below is to derive thermodynamic rela-
tionships between u,, s, 'y (k=1,2,...,N)
from the Gibbs fundamental equations in the
bulk phases. For the sake of simplicity we will
restrict ourselves only to slow equilibrium
processes, for which the temperature, 7", and
the chemical potentials, u;, of the soluble
components are constant throughout the sys-
tem. It is not necessary to presume that the
chemical potentials of the insoluble compo-
nents (present only at the interface) are con-
stant throughout the dividing surface.

Let i, §, and x; be the local (bulk) mass
densities of internal energy, entropy, and mass
of the kth component:

§=38/p, Xi= pilp,
k=1,2,...,N.

i=ulp,
[4.5]

The Gibbs fundamental equation of a noniso-
tropic material continuum is usually written
in the form (20)

M =

ol = T6§ — — P ®ot + D, mdxp. [4.6]

-

k

Here 64 stands for (dii/ dt)ét (the same for 6§
and 6x;). Then by means of the continuity
equation

dp

— 4+ oV-w=0

ar VY
and of Eq. [4.5] one can easily transform Eq.
[4.6] as follows:

du

+ uV-w =T(—d—s+sV-w)
dt

dt

N
—P:d+ > uk(fiﬂc“JFPkV'W)- [4.7]
1 dr

On the other hand, it was proven by Eliassen
(Ref. (17), Eq. [D.2.18]) that

ax
— 0 = X(V‘W_VH'V).

i [4.8]
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By means of Eq. [4.8] one can easily prove
that the equation

du _d(ux)
X( 7 + uv w) == + uXxVy-v [4.9]

is identically satisfied. In the idealized system
instead of Egs. [4.7] and [4.9] one has

d Y Y
—c-iul—+uYV~w=T(%St—+sYV-w)
N Y
d
~PY:d+ 3 uk(ﬂw/’w-w),
k=1 dt
Y=L1I, [4.10]
and
Y
X(%—+MYV~W)
Y.
=i%§+quvH~v. [4.11]

Then from Egs. [4.4] and [4.11] one obtains
du’ du
X[H(—A) i + 6(\) o + yv- w]
_ d(ux)

dr

The subtraction of Eq. [4.12] from Eq. [4.9],
followed by integration with respect to A, leads
to

+ ﬁXVH‘V. [412]

A du du' du
J;l d)\X[E‘ —6(—N) E — B8(X) ?

[4.13]

+(u—u)V-w _%+ v
u—u) i UV *v

(see also Eq. [4.3]).

Equations of the type of Eq. [4.13] can be
derived also for the entropy and mass densities,
sand pr, k= 1,2, ..., N. Then from Egs.
[4.7] and [4.9] one easily derives

du . ds . J‘“
> =T|—>+ s,a] — P*: &4\
i + U, (dt soz) N

N T
+ 3 uk(—d kit I‘kd), [4.14]
k=1 dr
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where Egs. [2.16],[3.9], [4.1], and [4.3] have
been used. The multiplication of Eq. [4.14]
by 6t in view of Egs. [3.11],[3.16],and [3.17]
leads to the interfacial fundamental equation
N
dug, = Toss + 2 pedly + (v — wg)ba
k=1

+ {68 + BoH + ©3D, [4.15]

where
]\7

ws = Uy — TS5 — Z 7
k=1

[4.16]

is the interfacial density of the grand ther-
modynamical potential. If the interface is an
ideal two-dimensional fluid and the adsorbed
matter is soluble in the bulk phases, then v
= ws, { = 0, and Eq. [4.16] transforms into
(6)

N

dus = Tosy + 2, w6 + BoH + O68D.
k=1

[4.17]

The interfacial density of the free energy is

N

fs‘:us—TSs'—_ws—l' E Ty,
k=1

[4.18]

Then the fundamental equation [4.15] can be
rewritten in the form

N
ofy = =501 + 2 w4+ (v — ws)ba
k=1

+ {68 + BoH + O6D. [4.19]

(b) Discussion

If all components present at the interface
are soluble at least in one of the neighboring
bulk phases, then v = w, and the term with
da in Eqgs. [4.15] and [4.19] will disappear.
However, if there are insoluble components
at the interface, which are not in contact with
a bulk reservoir containing these components,
then the respective variations 6T, should be
connected somehow with the interfacial dila-
tion da. Some additional information can be
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gained by means of the interfacial mass bal-
ance equation of an insoluble component

%& + IWVyev= =V I},
where 13 = I'y(v, — v) is the mass current due
to surface difusion with v, being the velocity
of the kth surface component. We deal with
an insoluble adsorbed component and that is
why we have omitted the contribution of the
mass exchange between the bulk and the in-
terface in Eq. [4.20]. It is known that the right-
hand side of Eq. [4.20] represents the mass
current due to the surface diffusion. Let us
multiply this equation by 6¢. In view of Egs.
[2.16] and [3.17] we obtain

[4.20]

(Sl‘k = —I‘kéa - 6Ak, [421]

where
0Ax = (Vi 1)t = {Vy - [Tr(ve — v)]}ot.

6Ay is the elementary amount of matter trans-
ported by surface diffusion. The experiments
show (11, 27, 28) that a change in the shape
of the interface can produce redistribution of
the adsorbed matter: depending on their shape
the molecules of some adsorbed components
prefer to occupy those parts of the area which
have positive values of the mean curvature,
H_, whereas the molecules of other components
concentrate around places with negative H.
Therefore, a deformation, which causes ex-
tension of one of the adsorbed components
could lead to compression of another adsorbed
component. This redistribution gives rise to
the increment 6A; even for quasistatic pro-
cesses.

When the composition of the insoluble sur-
face mixture is uniform throughout the inter-
face (i.e., the composition does not depend on
the local curvature), then 6A; = 0 and one
obtains from Eq. [4.21]

ol = —Tiéa,
k=M+1,M+2, ...,N. [4.22]

It is supposed here that the adsorbed compo-
nents with k = M + 1, M+ 2,..., N are
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insoluble in the bulk phases. In view of Eq.
[4.22] one can transform Eq. [4.19] to read
M
0oy = —s5,0T — 2, Tibpr + (v — &5)da
k=1

+ {68 + BoH + O6D, [4.23]
where
N M
Oy =w;+ 2 Tpwe= fi— 2 T
k=M+1 k=1
[4.24]

is the surface density of the modified grand
potential (cf. Eq. [4.18]). The chemical po-
tentials of the soluble components are appro-
priate parameters of the thermodynamic state,
because they are determined by the compo-
sition in the bulk phases. In particular, one
can derive from Eq. [4.23] a version of the
Shuttleworth (20, 29) equation:

W

da

v =@+ ( [4.25]

)T,ﬁ,H,D,m, e RM
The derivative in Eq. [4.25] is zero only at
equilibrium spreading (contact with reservoir
of the insoluble adsorbed component) or when

there are no adsorbed insoluble components
at all (see Refs. (30, 31)).

5. CONDITIONS FOR INTERFACIAL
MECHANICAL EQUILIBRIUM

(a) Derivation by Variational Principle

The integral excess interfacial free energy
and its first variation are

Fo = f fdA,
A

oF° = 6f fidA = f (6fs + fsba)dA,
4 4

where we used the fact that 6 = 6(dA)/dA.
The substitution of f;and éf; from Egs. [4.18]
and [4.19], and the assumption that the tem-
perature and the chemical potentials as well
as their variations are uniform throughout the
interface, yield
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N
OF* = —=S°6T + 3, 0N,
k=1

+ f (vda + £66 + B6H + ©8D)dA, [5.1]
A
where
S* = f s°d4 and Ni=f T.dA,
A A

k=1,2,...,N [52]

are the total interfacial amounts of entropy
and mass of the different components. The
variation in the free energy of the two bulk
phases of the idealized system is

N
OF® = —(S'+ SMST + 3 md(Nk + NF)
k=1

— PV — PIspI [5.3]

where S¥, NY, VY (Y = 1, II) stand for the
entropy, the mass of the kth component, and
the volume of the bulk phase Y. The total
amounts of the respective quantities for all the
system are

F=F+F, S=58"+8"+s°,
V=pl4+pl
Ne=NL+ NI+ N3, k=1,2,...,N.

Then the summation of Egs. [5.1] and [5.3]
yields

N
oF = '—SﬁT'f‘ z p,kaNk
k=1

— (P' = P")oV! — PUoV + L

X (yda + {68 + BOH + ©sD)dA. [5.4]

When deriving Eq. [5.4] we supposed that all
chemical potentials are uniform throughout
the system; if some components are present
only in the film (interface), their chemical po-
tentials are uniform throughout the film (in-
terface).

Now, let the elementary process in the sys-
tem be a deformation of the interface
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SR = {*a, + 7n [5.5]

(R is the running position vector of the divid-
ing surface and # is its unit running normal)
at fixed boundaries
{'=¢2=9=0,
n, =0 over the contour C [5.6]

(&* = v*8t and n = v!"16¢ are infinitesimal
quantities and C is the contour comprising the
surface). T, V,and Ny (k=1,2,..., N) are
constant during such a process and hence

oF = —(P'— PM) L ndA

+ f (vba + ¢66 + B6H + ©8D)dA. [5.7]
A
By multiplication of Egs. [2.11], [2.12],
[2.26], and [2.27] by &f one obtains
oo = a*’§, , — 2Hn,
o3 =q*"$u. — 2D,
6H = H,* + (H* + D*)n + {a*n,,,
6D = D, {* + 2HDy + 1q*n,,.
These equations in conjunction with the equi-
librium condition 6F = 0 yield
0= L [(va" + $¢*) {0

+ (BH, + OD,,){*]dA
+f {[P"— P'~ 2Hy — 2D¢
A

+ (H* + D*)B + 2HD#]qy
+ 3(Ba* + ©¢*)n,,}dA. [5.8]

Using the known Green theorem (19) one can
represent the surface integrals in Eq. [5.8],
which contain the derivatives ¢, , and 7, in
the integrand, as sums of surface integrals
containing {, and », and line integrals over the
contour C. The integrals over C are equal to
zero due to Eq. [5.6]. Moreover, the variations
$. (p =1, 2) and 7 are independent. Then by
setting the coefficients before {, (u = 1,2) and
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n equal to zero one finally obtains the sought-
for conditions for mechanical equilibrium:

o+ $.q5=BH,+0OD,, p=12 [59]
—2Hy — 2D¢ + (H* + D*)B + 2HDO
+1@*”B,, +q0,,)=P —P" [510]

which must hold in each point of the dividing
surface. More precisely, Eq. [5.11] is a con-
dition for tangential and Eq. [5.12] for normal
equilibrium. (Murphy (2) has erroneously
considered » and 7, as being independent
variations and thus the number of equations
obtained by him is greater than the real num-
ber of the independent variations.)

(b) Discussion

Equation [5.10] 1s a generalized form of the
Laplace equation [1.4]. Except for the last
term in the left-hand side of Eq. [5.10] it was
obtained by Buff (9, 10) from a phenome-
nological expression for the surface stress ten-
sor postulated by him. Indeed, by means of
Eqgs. [1.2], [3.21], and [3.22] Eq. [5.10] (ir-
respective of the term with the second deriv-
atives) can be transformed to read

—ciy1 — vz + 1By + 3By = P' - PU,

which is the result of Buff (9, 10). (Note that
in Refs. (9, 10) Buff accounts also for the
weight of the interface, which is neglected
here.) However, the tangential balance in Ref.

(10)
(v —BH),=0, n=12

differs significantly from our expression (Eq.
[5.91). This could mean that the phenome-
nological surface stress tensor postulated in
Ref. (10) is not entirely correct.

At the surface of tension (see Ref. (6)) B
= O = 0 and the balance equations [5.9] and
[5.10] considerably simplify:

(ya*" + $q*). =0, n=1,2;
—2Hy — 2D¢ = P! — PU.

[5.11]
[5.12]
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If the coordinate lines are chosen to be the
lines of curvature, from Eqgs. [2.7],[3.21], and
[5.11] one obtains

(’Yl),l =0, (‘Yz),z =0,

which means that one of the v;’s (i = 1, 2)
must be constant along the lines of maximum
curvature and the other must be constant
along the lines of minimum curvature. More-
over,¢; = —1/R;(i = 1, 2), where R, and R,
are the two principal radii of curvature, Then
Eq. [5.12] along with Eq. [1.2] leads to

[5.13]

Y(1/R + 1/Rp) + {(1/Ry — 1/Ry)

= P'— PY [5.14]

If the shearing tension { is zero (the interface
is a two-dimensional fluid), Eq. [5.14] reduces
to the usual Laplace equation. In addition, ¢
= 0 vyields v, = v, = v and then Eq. [5.13]
shows that in this case v must be constant
throughout the whole interface.

6. CONCLUDING REMARKS

An investigation of the interfacial rate-of-
strain tensor, d, and of the mechanical work
for interfacial deformation is presented in this
paper. The interfacial shear deformation was
characterized by a scalar parameter 3. The
important special case, when the tensor d is
diagonal in the basis of the principal curva-
tures, was considered in more detail. The in-
terfacial stretching and shearing tensions, vy
and {, and the interfacial bending and torsion
moments, Band O, were expressed asintegrals
over the components of the pressure tensor.
These expressions are more general than the
respective equations of Buff (10) and Mur-
phy (2).

The Gibbs fundamental equations of an in-
terface are derived in Section 4 from the fun-
damental equations of the bulk phases. Then
by variation of the total free energy of the sys-
tem the interfacial conditions for mechanical
equilibrium which generalize the equations
obtained earlier by Buff (10) are derived. The
normal balance equation reduces to the known
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Laplace equation when B = © = 0. The last
relation is satisfied at a special dividing surface,
the so-called ““surface of tension.”

APPENDIX
In view of Egs. [2.10] and [3.4] one has
w = a*w, + nol",
=v, — Nbov, + o).  [A.1]

Wy

The surface gradient of the space vector w is
(17)

Vuw = a*a’(w,, — b, v
+ a*n(biw, + vlM).

Moreover, the space gradient operator can be
represented in the form (17)

v-lrL. v tnl
Y
(cf. Egs. [3.6] and [3.7]). Then

Vw = % [(1 —2XH)a,, + Ab,,]a*a”
ow
X Vogw +n 5
=a*a’[(l — 22 H)w,,
— (1 = 2MH)b,, 0" + Nbiw,,
— Ab2h,, v /X + a*n[(1 — 2\H)
X biw, + (1 — 2X\H)vl
+ NbLbIw, + Nbgv /X

—na“[biv, + vIM]. [A2]

The substitution of Eq. [A.2] in Eq. [3.3]
along with Eq. [3.7] and the Gauss equation
biby, = 2Hb}, — Ko, leads to Eq. [3.8].

By means of Egs. [2.7], [2.11], [2.12],
[2.26], [2.27], [A.1], and the identity b,,,
= b,,,», One obtains that

A, =a"”w,, = a+ 2Hv"

— MHea + DB + 2H)
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Il

Ay = g*w,, = 8 + 2Dp!™

— M(HB + Dé + 2D)
By = 1a*(w, b5 + w,,b3) = HA, + DA,
B, = g (w,, b5 + w,,b5) = DA, + HA,
C, = a*(b,, — \Ka,,)v'"! = 2(H — AK)v'"
Cy = ¢*(b,, — N\Ka,,)v'" = 2 Do,
Then it follows from Eq. [3.8] that

1 _
a”®,, =—[(1 — 2XH)A,; + AB, — C{]
¥ox

1 _
qg“®,, = X [(1 —2MH)A, + AB; — (3],
[A.3]

where &,, = a,-®-a,. Moreover, Uy = a*
X auava g = q’“’aﬂall9 L = ( 1 - 2)\H)HII + >\Dq9

and one can derive Eq. [3.15] from Eq. [A.3]
by means of some simple but time-consuming
calculations.
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